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PREFACE TO THE SIXTH REVISED EDITION 


A number of changes have been made in this edition. Some of these 
are: 

An appendix is added to Section 4.2. In this appendix alternative 
proofs of Cauchy's and Sylow’s Theorems are provided and two 
sections have been re-written. Some problems have been added and 
some are deleted to give place to new ones. A few more exercises 
have been worked out. 

We are grateful to Dr V. N. Dixit, Dr T. D. Narang, Dr Harbans 
Lal, Dr (Miss) Saroj Malik and Mr V. K. Khanna for their valuable 
suggestions and critical comments. We are also thankful to many of 
our former students, in particular to Sanjay Arora and Devender 
Singh Malik, who have helped us in one way or other in the 
improvement of problem sections. 

Suggestions for further improvement will be duly acknowledged. 


SURJEET SINGH 
QAZI ZAMEERUDDIN 


PREFACE TO THE FIRST EDITION 


During the present century the developments in various aspects of 
Modern Algebra have been quite rapid, and so many new concepts 
and branches are coming up in the subject, at such a fast rate that[it 
is almost impossible for an individual to keep track of all these ideas. 
In an introductory text like ours, it is indeed impossible even to give 
a glimpse of the developments which are taking place in the subject 
these days. All that we have discussed here can only be regarded as 
a classical part of Modern Algebra. However, we feel that this part is 
basic to all that is being developed in the subject. 

In India the importance of the subject was realized only in the 
late fifties and in recent times large number of universities in this 
country have introduced courses in Modern Algebra at both under- 
graduate and postgraduate levels. The contents and scope of the 
syllabi vary significantly from place to place. It is, indeed, very 
difficult to say precisely as to how much an introductory course on 
Modern Algebra should include at undergraduate and postgraduate 
levels. The opinion can differ from person to person. 

Whatever we have included in this textbook, we feel from our 
teaching experience, should be learnt by all those who want to pursue 
mathematics. There are many topics, like Peano's axioms on number 
system, some canonical forms of matrices over fields, general theory 
of modules, lattices, inner product spaces, etc. which can find right- 
ful place in an introductory text on Modern Algebra. But keeping in 
view the scope and size of the book we felt it advisable not to include 
the same here. 

We have made free use of elementary theory of numbers (including 
Euclid's division algorithm), matrices over complex numbers, calculus 
and Euclidean geometry in the construction of various examples and 
counter examples given in the book. Indeed this book can be bene- 
ficially read by those who have some knowledge of the Subjects men- 
tioned above. 

We are extremely grateful to all those mathematicians whose text- 
books on Modern Algebra and research papers have influenced our 
learning of the subject. We are deeply thankful to our reverend 
teacher, Dr Р.В. Bhattacharya, Department of Mathematics, Delhi 
University, whose constant inspiration and suggestions had à great 
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influence on the book. Our Sincere thanks are due to all those friends 
and colleagues (in particular Dr Ravinder Kumar) who read some 
portions of the manuscript and gave their valuable suggestions. As 
it is our firm conviction that any form of presentation of any matter 
can always be improved upon, we shall gratefully accept all sugges- 
tions, comments or criticisms, which can be effectively used to 
improve the book. 


SURJEET SINGH 
Qazi ZAMEERUDDIN 
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NOTATIONS AND SYMBOLS 


€ : Belongs to 
v. : For all 
> : There exists 
=> : Implies 
e» : Implies that and is implied by 
Z: Set of all-Integers 
Q : Set of all Rational Numbers 
R : Set of all Real Numbers 
C: Set of all Complex Numbers 
N : Set of all Natural Numbers 
a|b:a divides b 
c | A: Restriction of mapping в to set A 
$ : Null set 
A<B: Set A is strictly contained in set B 
UE : F]: Dimension of vector space E over a field F 
a X b : a does not divide b 


: End of a proof. 


PRE-REQUISITES 


erties of natural numbers, in- 


A fair knowledge of elementary prop 
real and complex numbers is 


egers, rational and irrational numbers, 


presupposed. 
Basic properties of determinants and matrices with entries from 


complex numbers will be frequently employed in the examples illu 
trating many concepts of Modern Algebra. s 
Acquaintance with fundamentals of real analvsis wi 
wi 
assumed. у ill also be 
for the topics needing the use of aforesaid concepts, th 
, the 


Except 
book is almost self-contained. 


1 


SET THEORY 


E n MET of set is most basic in Matherhatics. Indeed almost 
all mathematical systems are certain collections of sets. All these 
mathematical systems and their theories can be treated as parts of 
set theory. In any mathematical system there are undefined terms 
which are related to one another by some logically consistent state- 
ments (2) called postulates. In the theory of sets, the concepts of ser, 
object, equality and *is an element of? are undefined. We do not 
intend to discuss the axioms in set theory, as the axiomatic devzlop- 
ment of set theory is not within the scope of this book. Here we 
shall treat some preliminaries of set theory, which we need later in 
the book, rather intuitively. We do not claim any logical perfection 
in the proofs of various results discussed here. 

Intuitively speaking a set is synonym with a collection of objects. 
Thus for us the collection of positive integers, the collection of 
students in a particular class, the collection of articles in a particular 
house, the collection of all triangles in a plane, are some examples 
of set. A set will be denoted by a Capital Roman letter (antique or 
italic) and an object or element by lower case letters, 

The Symbols №, Z, Q, Е, C will be usually. reserved for sets of 
natural numbers, integers, rational numbers, real numbers and complex 
numbers respectively. 

Let A be a set. If x is any object (element) which belongs to 4 
then we write x € A, and say that x is a member of A. 

If x does not belong to A, then we write xA. For example 2c N, 
but $ g N; however į Є Q. If A is the set of all triangles in a plane 
and x is any square, then х 6 A. Usually the elements of a set can 
be specified by some property P(x) in the sense that given a set 4 it 

Possible to specify some property P(x), such that 4 con- 


is usually 
sists É 
5 of all those objects x, which satisfy P(x). In that case we write 


^ 
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A={x | Р(х). 
A set having no clement is called a пи! set or an empty set and is 
denoted by the symbel ¢. 
EXAMPLE 1. Let P(x)=‘x is а natural number’. Since N is the 
set of all natural numbers, we can 5ау that 
N={x | x is a natural number}. 
eum’ н, Let 4 be the set of all those natural numbers 
А A 
which are perfect square. We can say ; foe. 
E —— me natura number yj. 
Aix | x «y! for so 


S ERO 
If a set A consists of elements 4 4 а;, + Ans А 


тагу to write 


apie р" | ee A consists of 1, 5, 6 only. In this 
25s 


For example 4 ut 2 Æ 4.3 EA, 46 A, 7 € А etc. 

case 1 € 4, 5€ sat Ais said to be a subset of a set B (symbo- 
Definition 1.1. sae every number of A isa member of B; further 

lically A C B) in pnr io Беа proper subset B and we write A<B. 

if AAB, then A е of В, we also say A is contained їп B, or B contains 
If A isa posti of 4. For example N C Qc Rc c. 

AorBisa te from the definition that A C В, B C C implies 
It is immec** 


it is custo- 


„йш, oh 


dic © d pare equal in case they have same elements. Thus 
Two sets 4 vem sets such that A C Band BC A,then А C Bgives 
if A and Bare of d A isa member of B and B C. A gives that 
that every ЖЕГЕ is a member of 4; consequently A and B have 
every member o A=B. 
same members а! е union of two sets A and Bis the set 4 U B, 
Definition I those elements which are either in A or in В, їе. 
consisting of 2^ ©" («|x € 4 or x Є В). ] 
КҮЛҮП. СОН of two sets А and B is the set A N B. 
1.5. "asc X 5 Which are common to A and B, i.e 1 
(x | X € 4 and x € В}. e. 
А 
t A715. 2, 3, 4}, B={3, 4, 2, 5} 
MIPLE 3. Le : Mg cr 
pxAMP En goth Hi 455i. A N B={2, 3, 4- 
£5 M ж ve the'set i i 4 
The PLE 4. Let Then № y Van Mi ex 
an or € For any jf 4 м 4 and B 
opui te ae only} В==А. 
The 3 if and jy if A U В=В. 
В. Then for any x € 4, x Є B. 


inition 
Defi a of all tho 
АО 


al to zero: 
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Clearly А N B С A. Hence 4—4 N B. 
Conversely let A=A N B. Since in general 4 N B C B so 4 C B 
Similar proof holds for (її). id 
We now establish important relationships between intersection and 
union, which are known as laws of distributivity. 
Theorem 1.5. For any three sets A, B and C 
() AN (BU C)=(AN 83) U (А n C). 
(ii) А U (B N C)=(A U B) n (4 U C). 
Proof: x€An(8uoc) 
> хе АапдхЄВ\)С 
> хс Aand(x Є Borx Є С). 
Thus if x € B, then x € AN BC (A N B) U (An C) gives 
x € (AN B) U (4 C). 
Similarly if x € C,since x € A, we again get 
x € (AN B) U (4 n C). 3 
It follows that 
Ап (вос) Сс (AN B) U (4 nC) oe (1) 
Now xEANB 
= хе 4апіхє B 
> хе Aand хє BUG since BEC BUC 
=> хЄ АГ (В\) С). 


Thus4 0 BC AN (BU C). sss (2) 
Similarly 4 (1 € C A n (BU C. «3 X8) 
From (2) and (3) we get 

(4nB)u(4nCc)cAn(Bu С). sie 4 (4) 


Then (1) and (4) yield 
A (B U C)=(AN B) U (А n C). 
We leave it to the readers to prove (ii) on similar lines.& ' 
Definition 1.6. Given two sets A, В, 
the difference set A B is the set {x € A | x £ B). 
Further if В is a subset of A, then A—B is called the complement of 
B in A. 
Sometimes when there is no confusion ardi 
B of A, A—B is also denoted by В’. repar ing A, for aay aubeet 
EXAMPLE 5. Let E be the set of all even natural numbers then 
N—E is the set of all odd natural numbers. , 
EXAMPLE 6. Let A={1, 2, 3, 4, 5, 6} 
В={5, 6, 7, 8}. 
Then 
A— B—(1, 2, 3, 4}, 
B—A-(1, 8}. 


4 MCDERN ALGEBRA 


Clearly here 4— B and B—A are such that they have no member in 
common 
ie., (A—B) N (B—A)=¢. 

Definition 1.7. Given two elements 4, b, the ordered pair (a, b) 
with a as the first co-ordinate and b as the second co-ordinate is the 
set defined by 

(a, b) — (а), (a, b}} 
Thus (a, Б) is a set of sets, whose members are the sets 
{a}, (a, 5). 
For example 
(1, 2)= 01), (1, 23} and (2, 1),={(2}, {2, 1} 
Theorem 1.8. (a, b)—(c, d) if and only if 
а=с and b=d, 

Proof: By definition, 

(as (a, 5j) — (c), с, а} eal) 

Case I. a=b. 

Then 


Ча), (a, b}}={{a}, (a, a) — (а), (a) 
={{a}}. 
From (1) and (2) we get 
{la} — (t6, (c, d)) 
= {а}={с}={с, d)2 a=c=d > a=b=c=d, as a=b, 
Thus a=c and b=d. 
Similarly if c=d, then a=c and b=d. 
Case II. azb and cd. 
Since {a} € {{а), (a, b) it follows from (1) that 
{a} € {fc}, (e, dj) 
= {a}={c} or (a)— (c, а). 
In the latter case, a=c=d; this is a contradiction{since cd, 
So that {a}={c} 
and a=c „=з B) 
Again (1) yields (a, b} Є {fe}, (e, d) 
= (a b}={c} or (a, b) —(c, d). 
In the former case a—b—c, a,contradiction. 
Hence (a, b}={c, d) 
= b € {c,d} > b=c orb=d 
In the former case a=b, since а= с. This again is a contradiction. 
Consequently b=d. 
From (3) and (4) it follows that a—c and b=d. 
Conversely if a—c and b=d, then 


(aj —(c) and fa, b}={c, d) 
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= (a, 5) = (a), (a, =U; (e, Ф}}= (с, d). 

Hence the result follows.m 

Purpose of the above definition and theorem on ordered pairs is 
to give а meaning to the order of arrangement of some elements 
For example the ordered pairs (1, 2) and (2, 1) are different. It B 
well-known that in Euclidean plane the co-ordinates of a point P are 
given by an ordered pair (a, b) of real numbers, where a is called its 
x co-ordinate and b is called its y co-ordinate. The points with co- 
ordinates (1, 2) and (2, 1) are distinct. Howcver the two sets (1, 21 
and (2, 1) are same, since they have same members. 

Definition 1.9. Given two sets A and B, the Cartesian product 4х B 
is defined as the set of all ordered pairs of the form (a, b) where 
ac Aand b € B. 

Since co-ordinates cf a point in a Euclidean plane is an ordered 
pair (a, b) of real numbers and conversely every ordered pair of real 
numbers is the co-ordinates of some point, we can say that the set of 
all co-ordinates of all points in a Euclidean plane is R XR. 

EXAMPLE 7. Let A—(«, 8), B={I, 2, 3). 

Then 
Ax B={(«, 1), (a, 2), (ә, 3), (8, 1), (B, 2), (B, 3). 
Bx A=((1, а), (2, х), (3, о), (1, 8), Q. 8), (3, B)}- 
REMARK. If aset A has n elements, then we write | А | =n. 
Thus in example 3, 
[414,181 =4 140 В| = Sand] 40 Bi = 3. 


WORKED-OUT EXERCISES 


Exercise 1. Jf tuo sets A and B are such ‘that | A | = mand 
| ВІ n then 
[АОВ = л ЕГ АП В| =mt+n—-|An BJ. 


In particular if A and B are disjoint then | A U В | = m+n, 
Solution. Note that when we count the number of elements ; 
A U B, elements of A N Bare counted twice, once in the counti in 
of elements of A and second time in the counting of the element ng 
B. So first resuit follows. s of 

The second part follows from the observation that I?120 

Exercise 2. A survey shows that 63% of the Americans А 
whereas 76%, like apples. What can you say about the 
the Americans who like both cheese and apples? 

Solution. Let A denote the set of the Americans wh 


and let B denote those who like apples. Assume that th 


like cheese 
Percentage of 


© like cheese 
* Population 


6 MCDERN ALGEBRA 


of America is 100, Then | 4 | = 63 and | B| =76. 
Now| A U B| =. [41+ 181-140 В| 
= 1408 |= 139— [408]. 
But | A U B | < 100, so that | A N B| > 39. 
Further AQ BC A and AN BC Bimpy| ANB|<|A] 
and|AM B| < |B], that is 
1407 B| <63and| 4AM В| < 76. 
Hence 39<|ANB| «623. 
Consequently the percentage of the Americans who like both 
cheese and apples lie between 39 and 63. 
Exercise 3. Two sets X and Y are equal if and only if 
XUY=X ПУ. 
Solution. In case X —Y, X U Y=X and Y N УХ and so 
XW Y=X (Y. 
Conversely if X U Y=X N У, then Y CXUY-xn ECK 
and Y C X UY=X NYC X imply x=y. 
Exercise 4. For any three sets A, B, C, 
А—(В U C)=(4-B) n (4—C) 
and 4—(8 N C)=(A—B) U (4-С). 
(These are known as De Morgan’s Laws for complements.) 
Solution. x € A—(B U С) =» хє Aand x € (BU C) 
> (x Є A such that x 6 B)and (x € A such that x © C) 
= x E€ A—Band хє 4—Cxc (4—В) N (4—C). 
Hence A—(B U C) С (A—B) N (A-C). 
Conversely y € (4—B) N (A—C) = y € A—B andy € A-C 
= (y E Abut y  B)and(y € A but y С) 
= y E A andy Æ (BUC) > y € A-(BU C) 
Hence (4—B) N (А—С) C A-(B U C). 
Consequently 4—(B U C)=(A—B) n (4—0). 
For second part x € A—(B N C) > x € A but x ВОС 
=> either (x € A but x É B)or(x € A but x € С) 
=x € A-Borx € 4—C 2 x E (АВ) YU (4— C) 
So we get 4- (B N C) C (4— B) U (4—C) 
Conversely y € (4—B) U (A-C) = either y € A—B 
or y € A—C = either (y € A and y & B) 
or (y € Aand y É C) > y € Aandy (в п C) 
=> y E€ A—(B N С). 
Therefore (4—B) U (4—C) C A-(BN C). 
As a consequence we get 4—(B N C)- (4—B) U (4—C). 
Exercise 5. Let X, Y, А be three sets Such that A CY X—4 N Y and 
AU X-AU Y then X=Y. 


SET THEORY 
Solution. We show that Y C Y 
Y C X will follow by.symmetry of given conditions. 
Let x € X. Two cases arise 
Case 1. x € A. 
NowxE€ ¥>xECANX=ANY 
=» хЄ Ү. 
Case П. x É A 
Since x € X > x E A U XSA UY 
—XxC€AUYandxg&gaA 
-x€fY. 
Hence in each case x Е X implies x Є У. 
Consequently y C Y. 


PROBLEMS 


]. For any three sets A, B, C prove that 
)AU(BUC)-(4UB)U С. 
(ii) AN (B NA Су=(А N B) П С. 

2. Prove that the null set is a subset of every set. 
3. Given A=={I, 2, 3}, answer the following: 

(i) What are elements of A? 

(ii) How many subsets does А have and find them? (Ans, 8) 

(iii) Let B={3, 4, 5). Is Ba subset of A?. Find A—B and B— 4. 

4. For any 2 sets 41, Ac, . . . An, define А, U 4... . U An induc- 
tively as follows: 

ALU Ay e U A,7 (А, U Ag ау U An) UA,. 

Similarly define А, N 4; Гу... A A,.. Prove the following: 

(i) (А, U As) U 45—(4; U 4) U А.=А, U А U Аз. 

(ii) (А, N A200 A5 (A4. N А») A 44, N А„ N 4. 

5. If A hasn elements and В has m elements, what can you say 
about the largest or smallest number of elements that A=B can 
have? 

6. For any two sets A and B, prove that 4— B and B—4 are dis- 
joint in the sense that they have no member in common. 

7. For any three sets А, B, C prove the following: 

(i) (A N B)XC=(AXC) N (BXC). 

(ii) (A U B)xC=(AXC) U (BXC). 

(iii) (AxC)-(BxO - (4 8)х C. 

8. If A and B are two sets having m and п elements respectivel 
Show that 4x B has mn elements У, 
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9. Given А={1, 2, 5, 6), B—(1, 2, 3}. Determine 
(4XB) U (Bx A), (Ax B) N (Bx), (4x B) (Bx A). 


10. The set of all subsets of a set A is called the power set of A 


and is denoted by P(A). If A has n members show that P(A) has 2" 
members, 


ll. A, B, C are three sets such that 141 = тм, |8 | = папа 
[С| = р. Show that] А UBU С | —mctntp—|An B| 
—-|Bnc|— [сп 41+ ]4n 2n Cl. 

12. In a battle 707; of the combatants lost one eye, 80% an ear, 
75% an arm, 85% a leg, x% lost all the four limbs. Find the mini- 
mum value that is possible for x. (Ans. 10) 

13. In a survey of 100 students, the numbers studying the various 
languages were found to be: Spanish 28, German 30, French 424 
Spanish and German 8, Spanish and French 20, German and French 
5, all three languages 3. 

(i) How many were studying no language? 

(ii) How many had French as their only language? 

[Ans. (i) 20; (ii) 30.] 

14. Let X U Y—X for all sets Y. Prove that Y=¢. 

15. If P, Q, R are subsets of A and let the 
(' ) be with respect to A. Prove the following: 

(i) P C О if and only if P п Q'—4 

(ii) P C Q if and oniy if P' U Q—4 

(ii) P C Qifandonlyif PAQ C P 

(iv) P C Q if and only if PA Q' c Q 

() PC Qifandonlyif PAQCRAR 

16. A and B are two sets. Which of the foll 
is false? Justify your answer. 

(i) P(A N B)=P(A) N P(B) 

(ii) P(A U B)=P(A) U P(B) 

(iii) P(A—B)=P(A)—P(B). 


relative. complements 


owing is true and which 


[Ans. (i) true (ii) false (iii) false. 
17. Lei. X, Y, S, T be sets such that 


Xx U Y=T U S and XN Y=T n S=¢. 
Prove that X—4 if and only if Т=(Х гу S)U (ҮГҮТ). 


2, Relations and Mappings 

In every day context we frequently speak of relations which hold 
between two or amcng several things. For example (i) 2 divides 4, 
(ii) Akbar was the father of Jehangir, (iii) 6 is greater than 4, are 
three examples of relation in every-day context. In these examples 
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we find that some sort of connections between 
given. Thus these examples express some relations between Pairs of 
objects. One might think of relation between several objects. This 
vague idea of an intuitive connectedness may be dispensed with in 

the formal definition of a relation. Rather we define a relation as 

follows: 

Definition 1.10. Let X and Y be two non-empty sets. Then any 
subset of XXY is called a binary rclation of Y to Y. A relation is 
also called a correspondence. 

If ¥=Y=S, then a subset of $x S is called a binary relation on S. 

In this book we are only concerned with binary relations, hence 
by a ‘relation’ we shall always mean a ‘binary relation’. If T is a 
relation of A to B and (a, b) € T, then we write aTb and say that ‘a 
has relation Т to Ё. If (a, b) GT, then we say ‘a does not have 
relation T to b’. It follows from definition that on a set S, there are 
as many. relations as the number of subsets of Sx S. Among these, 
the equivalence relations discussed later in this section are of great 
importance. 

Definition 1.11. Let X and Y betwo non-empty sets. A subset T 
of X xY is called a mapping of X into Y if for each x € Y, there exists 
one and only one y € Y such that (х, у) € T. A mapping is also 
known as a function. 

For any x €X if (x, y) ET then yis called the value of T at x or 
the image of x under Тог y is said to correspond to x under Т and 
we write y—T(x). If T is a mapping of X into Y, then Y is called 
the domain of T (dom T) and the set (y€Y | v—T(x) for some 
x€X) is called the range of T (range T). Y is called co-domain of 
T (co-dom 7). 

NorarioN. The symbol f : XY will denote that f is a mapping 
of X into Y. 

Definition 1.12. Let f be a mapping of a set Y into a set Y, 

Then (i) f is said to be a one-to-one mapping if for all x,, x, ЄХ, 
f (x,)=f (x:) implies that x,—x,. 
(ii) If the range of f is Y then fis said to be an onto mapping. 

(iii) If fis both one-to-one and onto then it is called a one-to-one 
correspondence (1— 1 correspondence). 

Theorem 1.12 (а). Two mappings f, g of a set X into a set Y are 
equal if and only if f(x) = g(x) for all xE X. 


Proof: Suppose f=8- 
Let x € X, (,f0)) € f 
Since f—g we get (x, /() € 8- 


pairs of objects are 
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This gives f(x)—g(x^. 
Conversely let f(x)=g(x) for all x € X. 
Let (a, b) € f. Then b—f(a) = (а) gives (а, b) € g. So f C. g 
Similarly it can be proved that g С f. 
Hence. g=f m 
REMARK. A one-to-one mapping is also called an injection and am 


onto mapping is also called a surjection. A 1—1 correspondence is 
also called a bijection. 


EXAMPLE 8. Let X be a non-void set, define į: X + X by 
i(x)=x¥ x € X. In terms of ordered pairs 
i={(x, x) | xe Y). 
і is called the identity mapping on X. 
EXAMPLE 9. Let Y—Y—Z. Define f: Z+Z by f(x)=2x 
v x€Z. Since for any x,, X: EZ, (х) = f(x.) = 2x,22x,2x,— 3X, 
f is a one-to-one mapping. Now range f= 


-(UG) | хє2}={2х | 
x € Z}=Set of all even integers. Thus range fÆ Z and, f is not 
onto. 


EXAMPLE 10. Let X=ZxZ. Define f:ZxZ->Z by 
f(n, т)=п+т. v (n, m) Є ZXZ. fis onto, since for every nc Z, we 
have /(0, n)=0+n=n andn€ range f and so, range f —Z. However 
f is not a one-to-one mapping since f (1, 3)=14+3=4=242—,(2, 2), 
but (1, 3)4(2, 2). 

EXAMPLE 11. Let Y—(x, Хә Хә Xj, Y={a, B. Define 
ЈЕУ асі that f. а), о) Gla, F (хуа, fis onto 
but not one-to-one, Define g : ХУ by 2(x%,)=a, 80) a, g(x;) = 
g(x)—*, then range £-—ía)z5Y. So g is not onto. Also g is not 
one-to-one. 

Definition 1.13. If f : XY and g:Y-»Zare two Mappings, then 
their composite gof (also called the product of f and g) is a mapping 
of ¥ into Z such that for every xc x, (gof) (x)=g( f(x)). 

Here in the composite gof we say that for any x € X, firstly f 
operates on х and then g operate: on f (x). 

afore we proceed to dis:uss various properties of mappings we 
pause to give a few examples of composite mappings. 

EXAMPLE 12. Let Y= {a,b,c}, Y={x, y, Z,uj, S={a, B, ү}. 
Define f: ¥ Y by f@=x, f(b)—y, f(c)—z. Define g : Y > S 
by g(x)--o, 200) =P, 8(®)=Ү, в(и)==@. Then gof : X — Sis such that 
(вога) e(f(a)) 79) =, (of X5) 80) =20)=B, (0f Xc) eNe) 
—e(z)-Y. 

p“ Pai of any two distinct members under sof are distinct, 
"^ one-to-one. Also range gof=S shows that gofis onto. Thus 
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gof is a bijection. However neitherfnor g is a bijection, g is not 
even one-to-one. 

EXAMPLE 13. Let X¥=Y=Z. Define f: 2-2, ¢:Z+Z by 
f(x)=—x and g(x)=x+2VxEN 

Then for any x € X, (gof)(x)=g(f()) 22(—x)— —x+2 
and (foz)(x)=f(e(x)) =f(x + 2)= — (х--2). 

Since —x-}:24—(x+2) X x, we get foggof. 

Theorem 1.14. Let f: U>V, g: VX, h: X>Y be any three 
mappings. Then 

(a) ho(gof)=(hog) of. 

(b) If f and g are both one-to-one then so is gof. 

(c) If f and gare both onto, then so is gof. 

(d) Ifi: UU and j : VV are identity mappings then foi=f and 
jof=f. 

Proof: Letu € U. 

(a) By definition [ho(gof ))(«) == Al(gof )()] = C /(и))] 

Also [(hog) of Kw) = (hog) fu) = fan)]. 

Thus [ho(gof (wu) [(0g)of Yu) v. и € О. 

Therefore /10/gof) =(hog)of 

(b) Let 4, u, € U, 

(gof u) - (gof ee) > eCféu)) -8((2)) 
= f(u)—f(w),since g is one-to-one 
=> иу==и,, Since f is one-to-one. 

Consequently gof is one-to-one. 

(c) To show that gof is onto it is enough to show that every 
member of X is an image of some member of U under gof. Consider 
x € X.Since g is onto, 3 v € V such that g(v)—x. Now as 
f: U—V is onto, 3 uC U such that Ји) =v. Then (sgaf)(u)— 
g(f(u) ) == (v)2 x. So that gof is onto. 

(d) Now for any и Є U, since i is identity mapping on U, we 
have i (u)=u > f(i(u)) =f = Cfoi)(u) Ји) > foi=f. 

For any и € U; since f(u) E V and j is identity map on V, we 
have j (f())f(t. i.e. Gof)(u) —f(u). Hence jof=f. 

This proves the thcorem.i 

Thus in the above theorem if both f and g are bijections then 
(b) and (c) give gof is also a bijection. So we get. 

Corollary 1.15. Iff: UV and g : V—X are both bijections then 
gof : UX is also a bijection.m 

Definition 1.16. Giveh amy set X, any one-to-one mapping of Х 
onto Y itself is called a non-singular transformatian or permutation 
of X. 
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The sympol S(X) 
have the following. а 

Theoren 1.17. Let Х be а non-void set and let f, g, h' € S(X). 
Then 

о) fog € SX). | 

(b) (fog)oh— fo(goh). 

(c) If i: X + X is the identity map on Y, then iof =f=foi. 

There exists f’ € S(X) such that Jof =f 'of—i, 

Proof : (a) Since f and g are one-to- 
and(c) of Theorem 1.14 
gof € S(x). 

(b) follows from part (a) of Theorem 1.14. 

i) follows from part (d) of Theorem 1.14. 

(d) Define f’ : X + X as follows. Consider x E X.S 
is onto 3 y € Y such that f(y) = х. As fis 1—1 

Now define f'(x)— y, 

ie., for any x, у є X, define Fal) 

Consider x,, x, € X. Let f ©) 
SO) =x. 

Г) (ху > yi» = fo) = %1=%:. So that f' is one- 
to-one. Since given x Є X, if f(x)=y, then by definition у” ()2x; 
We get x € range f" ; thus X С range f’ and X=range ў". Hence f 
is a permutation of Y and f' є S(X). Now for any x,y c х, 

fo)-yifand only if f'(y) -x gives Cof o) — f SOY=f'Q) =x 
=i (x) and ( fof')(») =f =f) 9 y—i(y) 

Hence fof’ =f'of=i 

This proves the theorem.m 

Definition 1.18, Let f: X—>Y be a mapping. For any subset 4 
of X, the set ( f(a) | a € A) which isa subset of Y, is called the 
image of А under f and it is denoted by f(A). For an 


у subset B of Y, 
the set {x € x | fo) є Bj which is a subset of y. is called the pre- 
image of B and it is denoted by f-(B). 


We state the following results without 
readers. 


will denote the set of all permutations of X. We 


one as wellonto, by parts (b) 
we get gof is one-to-one as well onto. So 


imee f: X 
› у is unique. 


=y if and only if f(y)=x. 
1 Гоз)=у». So Дуу)=х, апа 


proof. Proof is left to the 


Theorem 1.19. Consider а mapping f : 
A. of X, By, В, of Y 
(¢)=¢. 
a A; implies f(4,) C. ДА.). 
А, U Ag) f(41) ОХА). 
(AA. 40 € f) Pf. 
(е) f° W)=*. 


X — Y. For any subsets Em 
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(J) f£? (В, U В.) = (By) U f^ (B,). 

(9) 7 (В, N B)=f (В) O f? (В). 

(л) B, С Р, implies f~ (Bj) C f^! (B.).m 

EXAMPLE 14. Let X—(1, 2, 3), Y — (s, B}. 

Define f : X — Y such that /(1)—2, f(2)—a, f(3)=8. 

Consider 4,7 (1), 42={2}. Then f((4)—U(0)—(4)-/(4.). So 
ДА, A 4.) = (9). However А, N 4,—4À gives ҚА, п A.)=f($) 

Thus f(4i N 42) 3 f(41) O NA). 

Let B,={a}, B=Y={%, B). 

Since f(I)=a=/(2), we get 

f7(8,)—(1, 2). However f-(B)—(l, 2, 3, so we have 
f^) € [7 (B:) but f?(B)Ef (B). 

Theorem 1.19 (a). Let f : ХҮ be a 1—V onto function. Then there 
exists a function g : YX such that for any y € Y, #(у)=х,х € 5 
whenever f(x)=y. 

Proof: Since f is onto, for any y € Y, there exists x Є Y such that 
y=f(x). This by definition, implies that g(y)=x € X. Hence gisa 
relation from X to Y. 

To prove that g is a function we suppose that y, and y, є Y are 
such that y, —y,, g(y;)--x, and g(y;)—x, for some ху, x, Є y. 

Again the definition of g gives that f(x )=yı=y:=f(x.). As f is 
1—1, we at once get x,—x,. Hence g is a function from Y to Х.ш 

Definition 1.19(b). A 1--1 onto function f: XY is called inver- 
tible function. ` 

Remark. By Theorem 1.19 (a), there exists a function g : Y-« y 
defined by g(y)=x whenever f(x) =); x € X, y € Y. This g is called 
an inverse of f. In next theorem we show that inverse of an inver- 
tible function is unique and further it is also 1—1 and onto. 

Theorem 1.19 (c). For any invertible function f : X + Y, inverse is 
unique. 

Proof: Let g and h be two inverses of f : X—Y. By definition for 
any y € Y, g0)-—x, x € X whenever f(x)=y and hQ)=x,, х, ЕХ 
wherever f(x,)=y. Thus f(x)=f(m). As f is 1—1, we get xx, 
hence g(y)—A()). 

Consequently g—/.m 

Noration. If f is an invertible function then its inverse is denoted 
by уз. 

Following theorem provides an equivalent definition of an inyer. 
tible function. 
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Theorem 1.19(d), А function f: X—Y is invertible if and only if 
there exists a function g : Y+X such that gof=i, and fog—i, where 
i, is identity function on X and i, is identity function on Y. 

Proof: Suppose f: X—Y is invertible. By Definition 1.19(b) 
there exists g : Y—X such that g(y)=x whenever f(x)=y;x € X, 
y € Y. For any x € X, gof(x)=g[ f(x)|=g(y)=x and for any y € Y 
fog(y) -f lg0)]—f/ 6C) —» 

Hence gof=i, and fog —i,. 

Conversely let g : Y > X be a function such that 

gof— i, and fog=i,. 

Let Xj, Xy € X be such that /(х,)=/(х›) 

Then  g[f(x)]—8L/62)] = (gof )03) =(gof )(x2) 

=> ie (х) =, (x) > хх, 

Hence fis 1—1. 

Finally let y € Y, then y—i, (y) gives у= fog)(y) =f [g(y)]. 

As g(y) € X, f is onto. 

Consequently f is invertible by definition 1.19(b).m 

Sometimes the range of a function is deemed 
tant than the function itself; in that case we change the terminology 
and use a new term called family which we define as follows: 

Definition 1.20. Let Tand X be two sets. Then a function f: [+X 
is called a family, each member of 7 is called an index. Iis called an 
index set, the range of fis called an indexed set (indexed by I). For 
each i € 1, f(i) is called ith term of the family f. ' 

Iff: I-X is a family, then, for each i Є Lit is cu 
denote f(i) by f; and we say that (fiir is a family. If the range of 
fisaset of sets then fis called а family of sets. Thus whenever we 
say that {Sx} «sa is a family of sets indexed by the set A, this means 


there is a function f from A into a set Y of sets such that f(a)-—S« 
for alla Є A. 


Definition 1.21. Let {Se}xsa be a famil 
this family is the set UaeaSs consisting of all those elements x which 
belong to atleast one Są. The intersection of this family, in the set 
С\вел 5 consisting of all those elements x which are common to 
all Se. 

EXAMPLE 15. Let A;={a, B} As (a, B ү}, A,={a, Yi 
Ay={a, B, 8j, I—(l, 2, 3, 4, X—«, б, v, 8). 

Define f : J>P(X) by 

f)—A, fQ) 94» f3)— 4; f(4)  4,. 


Then we can say thatfisa family of sets indexed by 7. We can 


to be more impor- 


Stomary to 


y of sets then the union of 
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write f= {Ager 

The union of this famiiy is 

40, Bs Ys бу=А, U ds U A; U Ay 
and intersection of this family is {+}. 

Again we turn Our attention to general relations. 

Definition 1.22. Let R be a relation on a set X. Then 

(ау R is said to be reflexive, if (x, x) € R for every x € N, 

(b) R is said to be symmetric, if for every x, y € X, (x, y) € R 

implies (y, X) € R. 5 
(с) R is said to be transitive if (x,y) Є А, (V, 2) € R imply 
(x, z) Є Rforx,»z€ x 

(d) Ris said to be anti-symmetric if for all x,y € X, (х, у) E R 

and 1), X) € & imply x=). 

Definition 1.23. А relation R on a set X is said to be an equiva- 
lence relation if it is rellexive, symmetric and transitive. 

Definition 1.24. A relation R on a set X is said to be a purtial 
ordering if R is reflexive, anti-symmetric and transitive. 

NOTATION. A partial ordering is usually denoted by «. 

If a<b but ab then we write a<b. 

EXAMPLE 16. The ordinary relation of equality of two elements 
in a set S is an equivalence relation on S. 

EXAMPLE 17. Let X be the set of all lines in a plane. For any 
two lines a, b define a ~ b if and only if a is parallel to б. Thin for 
any three a, b, c € X, the following holds: 

(i) Since a is parallel to a itself, a~ a. 

(ii) a ~ b = ais parallel to b > b is parallel to a > b ~ a. 

М (li) a ~ b,b ~c > ais parallel tob and b is parallel toc — a 
is parallel to c => a ~ с. 

Thus — is reflexive, symmetric as wellas transitive, Hence — is 
an equivalence relation on X. 

EXAMPLE 18. Let п be a fixed positive integer For any two 
integers a, b, define a = b (mod п) if and only if n divides a—b, It 
can be immediately verified that for any three integers a, b, c, " 

(i) a = а (mod п) 

(ii) а = b (mod n) = b = а (mod n) 

(ii) a = b (mod n), b zc (mod п) > а = c (mod n). 

Р Thus the relation = оп Z is an equivalence relation. This relation 
is known as the relation of congruence modulo n. 


EXAMPLE 19. For any a, b € N, the set of natural number 
а < b rand оул ов b. Thon for any three natural 
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numbers a, b, c 


(i) Since а= 1a implies a divides a, we get a « a. 
(ii) a S b, b < a. = a divides b and b divides a. 
=> a=b. 
(iii) a «; b, b < c > a divides b and b divides c 
= a divides c > a « c. j 
Thus ‘<’ defined above is reflexive, anti-symmetric and transitive. 
on N, hence ‘Q’ is a partial ordering on N. Here notice that, as 
| neither 2 divides 3 nor 3 divides 2; by definition 2 4: 3 and 3'« 2: 
Definition 1.25. Let ~ be an equivalence relation on a non-empty 
sct X. For any a € X, the equivalence class of @ under the relation 
~ istheseta/~= {b € X|a- b). 
When there is no ambiguity concerning the equivalence relation 
~ on X, we shall denote the equivalence class a le by CI (a). 


Theorem 1.26. Let ~ be an equivalence relation on a set X. For 
anya,b € X 


(i) a € CI (a). 
(ii) Either Cl (а) A СІ (b)=ġ or CI (a)=Cl (b) (ie, any two 
equivalence classes are either disjoint or equal). 
(iii) X is the union of the equivalence classes СІ (а). 
Proof: (i) By definition CI @=(6E x 
reflexivity, we have a € CI (a). 
Gi) Cl (à) N СІ (Б) = Дх є сї (а) N СІ (b) 
= Gc xand b e x 
>a~xandx~ b (by Symmetry) 
7 d ~ b. (by transitivity) 
Let y € СІ (b). Then b ~ у. Usin 
~, we get a ~ у, i.e., y € CI (a). 
Thus Cl (b) С CI (a). 
Similarly, interchanging the role of a and b we get Cl (a) С СІ (b). 
Hence CI (а) = CI (b). 
(iii) Let Y— Ua ex CI (a). Clearly Y CY: 
Since for each a € X, a c CI (a) 
Xe 
т proves the theorem.m 
In the above theorem we have seen that an equivalence relation 
set X decomposes X into disjoint equivalence classes. In general 
ite set X, a set F of non-empty subsets of X is called a partition 
given ES pu every distinct pair of members of F are disjoint and X 
s ide of members of F. Thus if we take F={CI (а) | a є X) 


| а ~ b}. Since a ~ a, by 


g (1) and the transitivity of 


>a@EY we get X C Y. 
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in the theorem above, we see that Fisa partition of Y. Hence each 
equivalence relation on а set X determines a partition of Y. We 
prove the converse. * 

Theorem 1.27. Let F=(Sx}aea be a partition of X. Then the 
exists an equivalence relation on X, such that Fis the set e uli 
equivalence classes under that relation. 

Proof : For any a, b € X, define a — b if and only if a, b are in 
same Sg. Then for any a, b,cin X, we have: 

(i) Reflexivity. Since by definition Y=U Sz, 3 Є A such that 
a € 5. So that by definition, a — a. 

(ii) Symmetry. а ~ b За € A suchthata, b € 5. => b 
a Є 8, = b~a. , 

(iii) Transitivity. а ~ b,b ~c = 44,8 Є Asuchthata, b € S. 
and b,c € Sa- If a = Q then by definition S4 N 58 =ф. 

However b Є Sx N Sa ; зо «= 6. Consequently а, с Є Su and 
а ~ с. 

Hence ~ is ап equivalence relation on X. 

Consider any S; and a € Sa. Now Cl (a)={b € X | a ~ bj. 

Since a ~ b if and only a and b are both in the same member 
of Fas а € Sa we get b € Sa- Hence Cl (a)=Sx. So that each 
5, is an equivalence class. Conversely since given any b € X, b Є Sp 
(ог some 6 € A we have CI (b) —Sg. Hence Fis the set of all equi- 
valence classes under ~. This completes the proof.m 

Detinition 1.27 (a). Two sets X and Y are called Equipotent if there 
exists a 1 — 1 correspondence between X and Y. 

Noration : If X and Y are equipotent, we write X — Y. 

. EXAMPLE 19(a) Z is equipotent to E, the set of even 
integers, since the function f: Z Е given by f (x)-2x isa 1—1 
correspondence. 

Definition 1.27 (b). A set X is said to be infinite if it is equipotent to 
a proper subset of itself. A set Y is said to be finite if it is equipotent 
to a set (1, 2, 3,.... п) for any natural number л. 

Remark : Empty set is regarded as a finite set. 

EXAMPLE 19 (b). Z is an infinite set as E is a proper subset 
of Z and f : Z — E given by f(@)=2x for all x € Z, isa 1—1 
correspondence. The set {a b, c djis a finite set as the mapping 
g : fa, b, c, d) > (1, 2, 3, 4) given by g(a)=2, g(b)=1, 8(c)—-3, 
g(d)—-4 isa 1—1 correspondence. i * 

Definition 1.27 (c). ^ set X is called. denumerable if it is equi- 
potent to N, the set of natural numbers. 

Definition 1.27 (d). A set X is called countable if it is equi 
potent to a subset of N. Thus every denumerable set is wool 
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while a countable set need not be denumerable (give an example !) 

Definition 1.27 (e). If f : X > Y isa function and T is a subset 
of X, then a function g : T — Y is called Restriction cf f to T if 
8(tj—f(1) for all t € T. We denote g by fr. 


WORKED-OUT EXERCISES 


Exercise 1. Let A and B be two sets each having n elements. Show 
that the number of bijections from A to B is n! 

Solution, We apply induction on л. For n=1, A={a,} and 
B={b,}. There is only one bijection f : A — B given ty f(a,)—b,. 

Let n> l and let the theorem be true for all sets having n—1 
elements. Let A={a,,a,, .., a,) and B={b,, by... b,}. Let f bea 
bijection from A to B. Suppose that f 4,)=bi, for some i, 1 ican. 
Since f is bijection from A to B, Jy is also a bijection from the 
subset Y=A—{a,} to B—{bi}. Thus the number of bijections from 
A to B which take a, to b, is equal to the number of bijections of 
A—{a,} to B—{bi}. By induction hypothesis, therefore, number of 
bijections of A to B which take a, to b; is equal to (n—1) ! As i сап 
take up any value from | to n and 4, сап go to any of b, Ь,,..., bn; 
the total number of bijections from А to Bis n(n—1)!=n! — 

Exercise 2. If X і, an infinite sct then every superset of X is also 
an infinite set. 

Solution. Since X is infinite set, there exists 
Y of X such that f : X > Y isa 1—1 correspondenc 

Let Т be a superset of X. 

Define g : T— Y U (T—X) by g(t)=f(t) for t € x 

= fort € T—-X 

Clearly g is 1— 1 and onto. 

Since Y is a proper subset of Y, there is an 
that y & Y. 

Now y € T but y ¢ T-X. 

Hence Y U (T— X) is a proper subset of T. 

As a consequence T'is an infinite set. 

Exercise 3. Jf B is a subset of A and f: A > Bisal1—] function 
then there exists a 1—1 correspondence between A and B. 

Solution. А == В then i4 is the required Correspondence. 

Now let AFB. 

We define /^—i4 and for any positive integer К > 1, f*2f* f). 
put C={a € А | there exists a non-negative integer n such that 
ace] i ees КА o 

Now for each у € A, define g (у) -f(y) ity € c 


а proper subset 
e. 


element y Є X such 


| 
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Evidently A-B C C. died 

For each z in C there is only one non-negative integer п and 
only one element x in 4 —Bsuchthat z-f"(x) Let t € fic) 23 
t—f(c) for some c € C, so c=f"(*) for some integer K 20, x € A us 
Thus t=f'(x) > t€ C. So f(C) С С Now for each u Є "t 
either u € Boru € A - B. In case u € A—B,u € C,g(u) -f(u)e B. 
In case u € Beitheru € C oru & C. In each case by definition 
of g, (и) € B. By construction g is 1—1. Again let b Є В. In 
case b С, b=g(b, and in case b € C, b=f*(x) for some x € A— В. 
s cannot be zero otherwise b—x € А—В which is absurd. 'So 
$21, b=f [fr (х)]== 21770). Hence gis а 1—1 correspondence, 

Exercise 4. (Schroder-Bernstein's Theorem) If A and B are two 
sets such that A~X for some X С В and B~Y for some Y C A, then 
Ac- B. 

Solution. Let f: A > X be a 1—1 correspondence and g : B — Y 
be а 1—1 correspondence. Now gf: A > Y is a 1—1 function as 
X C B. Since Y C 4 and gf: 4 — Y is 1—1, we get by exercise 3, 
a 1—1 correspondence h : A > Y. Then g^ ^: A > Bisal1—l 
and onto function. Hence A~B. 

Exercise 5. The set of all real numbers x, О « x«lisnot 
denumerable. 

Solution. Suppose X¥={x|0 < х < 1} is denumerable. So 
X ~N. Hence N ~ X. Let f: N > X be a 1—1 correspondence, 

Let f(1)—' Cu Ci; Cis 

FOLE Cor Cos Cag sever 
f) Car Саз [or 
In general f(K)=" Са Cre Cia for any integer k > 1, where 
Су denotes the i th decimal digit of f(j). Consider a real number 


dy dy у where for all i=1, 2,3,...... ‚ di 5 Cin di Æ 0 and 
а, = 9. Since f is onto, there exists an integer n > 1 such that 
а d, ds... m fnm C, Cag Cua However, if two decimal 


expressions are representations of the same number, then they must 
be identical expansions, unless in one of the expansions the digit 0 is 
repeated from some point on and in the other the digit Ө: ox 

геа; 


*120000..... = :11999...... Since this case is excluded by th 
assumption that d; = 0 and di 52 9, we therefore have d;— С, ^ © 
all i=1, 2, . . . and in particular d,=Cun which contradicts Pu a 

ü 


Solution. Define f : X > R, by 
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Ba 2х—1 | 
J= ez | 2x—1 | , 


| 
| 2 x—1 | = 2x—1 for x > 4 and | 
=1—2 х(огх <<} | 

In the first case 1— | 2 х—1 | = 2—2 х=2 (1-х) > 0а50 < х <l 


where 


In the second case 1— | 2 x 1| = 2 x0. In either case denomi- 
nator is positive. 
2x— = 
Let f(x)=f(y). Then х1 5.1 


1- |2x-1| “i= [25-1] 
gives that both 2 x — 1 and 2 y—1 must be positive or negative simul- 
taneously. Let x, y > 4. 


, х= 2) — | 
IOE э 53 e | 


= (2х—1)(1—у)=(2 y-1) (1-х) 


= х=у, 
In case х, у <A f(x)=fy) = 2—1 20-1 


> x=y. Hence fis 1—1]. 
To prove f is onto, we proceed as under: 


1 | 
Е ШУО, thes | 
ley ER pi sa 2 (1—y) Sh 
and (a> = |» 


Further if y > 0 then Z PET 


2(Lry) 21 
2 y41 1 y 
2у+1 1-у ` (1+) 
апа == =з ja = Py 
Axes, “92941 =) 
1+; (1+y) 
Hence 


X~R, Consequently R ~ x. 
Exercise 7. R is uncountable. 


Solution. If R were countable, R would have been equipotent to 
some subset Y of N. If Y=N then by exercise 6, Y ~ N which would 
be against the result of exercise 5. 

Let Y С №, then as NS N C R, by Schroder-Bernstein theorem 
we shall get R ~ N which is again absurd in view of exercises 5 
and 6. 


PROBLEMS 


1. Let Sand T be two sets having m and m el 


ements respec- 
Sp Р T* 

" w any relations?of S into Т exist? 
tively. Ho 


(Ans. 27") 
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2. Let S and T have m and n elements ге s 
there exist 1" mappings of S into T. spectively, show that 

3. f: X> Yis an onto mapping and X is finite, show that y 
cannot have more members than X. 

4. Consider the sets X1, 2, 3, 4), Y—(«, B, v). 

Let fL а), (2 2) (3, 8), (4, 0) 

f.— (0, а), (L 8), ©, а), (3, 8), (4, D) 
f=, 9), (2, 8), (3, 8), (4, ү) 
A=, 2), (2, 8), (3, 0»). 

Answer the following: А 

(i) Which of these fs are mappings of X into Y? What are their 
ranges? 

(ii) Which of the mappings are onto? 

(iii) If some f; is not a mapping, explain why it is not so? 

5.Letf:X—Ybea mapping. On X define x, ~ x, if and only 
if fo) =/ 0). Show that ~ is an equivalence relation on X. 

6. Let f: X > Y. g:Y —^ 2 be two functions such that gof is 
1—1 and onto. Show that f is 1—1 and g is onto. Give examples 
to show that f need not be onto and = need not be 1—1 while gof 
is 1—1 and onto. 

7. Let X be the set of all mappings of a set A into the set R of 
all real numbers. For any f, g € X, define f < g if and only if f(a) 
« g(a) v a € A. Show that « is a partial ordering on X. 

$.Letf:A— Bg: BC be two bijections. Prove that 

(gof)? —f^ 087. 

9. Given a set Y, the set A={G@, x)|x € X}is called the 
diagonal of Хх X. For any relation R on X, the inverse of R is the 
relation 

к-ъ={(у, x) | 0) E В} 

Prove the following: | 

(i) A relation R on X is reflexive if and only if A С А. 

(i?) A relation R on X is symmetric if and only if А= А-1, 

10. You know that a mapping f : X — Y isa relation. Give an 
example of a relation f : X — Y which is not mapping. 

11. Let F be a set of sets. For any A, B € Fdefine A < B if 
and only if A is a subset of B. Show that < is a partial ordering 
on F. (This partial ordering is called the inclusion relation) 

12. Let Y be the set of all lines. For any a, b € X define 
am~ bifand only if а is perpendicular to b. Show that ~ jg 
symmetric but neither reflexive nor transitive. 

13. Let Y be the set of all пхп matrices over the reals, For 
A € X, let | A | denote its determinant. Given А, 5 


hee? - 16686 


any 
ех, define 
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А ~ Bif and only if | A | 
relation on Y. 

14. Let X—(1, 2, 3). 

(i) Find all relations on X. 

(ii) Find all equivalence relations on X А 

(iii) Find all partial orderings on X. 

(iv) Find all those relations on X which are reflexive but neither 
Symmetric nor transitive. 

(v) Find all those relations on 
reflexive, nor transitive. 

(vi) Find all those relatio 
reflexive nor symmetric, 

(vii) Find all those relations on X 
Symmetric nor anti-symmetric, nor tr. 

15. Let f: X = Y bea given mapping. Prove the following: 

(i) For any B C Ff-*(B)csB. Further ffi (B)—-B В GY 
if and only if f is onto. 

(ii) For any subset A of ХАС ГУА). Further A=f"f(A) 
м A C X if and only if f isa One-to-one mapping. 

(iii) Ау Y 43) —f(41) N f(4,) holds for all subsets A, A, of X if 
and only if f is one-to-one. К 

(v) For any subset А of X let A’ denote its complement in X. 
Then f(A’) D f(A)’, the complement of ЛА) in Y for every 4 C X 
if and only if fis onto; f(A’) C f(A) if and only if fis1—1, 

16. Prove the following: 

(i) The relation of equipotence among sets in an equivalence 
relation. 


= | B | . Verify that ~ is an equivalence 


X which are symmetric but neither 
ns on X which are transitive, but neither 


which are neither reflexive, nor 
‘ansitive. 


(ii) If A, B, A’, B' are any four set 
A ~ А, В ~ В then А UB 
(iii) For any two Sets A, 


s such that 4 N В=4А' 
~A' U B' and AXB ~ A’ 
B let A® denote the Set of a 
of B into A. Show that Ac А,В (о В implies АВ ~ A'B'. 

(iv) Show that a set 4 can never be equipotent to its power set. 

17. Prove the following: 

(i) Any subset of a countable Set is countable, 

(ii) Show that the mapping f : Z > N such that 


S(n)=2n п 1, f(n)— —2n--1 x n «0 
is a bijection. Deduce that Z js denumerable, 


(iti) Define f: NXN > N by fi(n, m)=2".3", Show that f is a one- 
to-one mapping and by using (i) Show that NxN is denumerable, 

(iv) Let (aw be a countable family of countable sets, Show that 
its union is countable, [Hint : Use (iii)]. 

(у) Show that Q is denumerable. 
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(vi) Show that the set of all real numbers is not co 
show that R~P(N), the power set of N. 

Let {Sx}aea and {Tp}aer be any two families of sets. Prove the 
following: 

(i) (User Sa) U (Neer Ta&— Usa (Sx N Ta). 

(This is called the generalized law of distributivity.) 

19. Let f: X¥>Y,g:¥>Zandh:Z-+xX be three functions such 
that both Agf and gfh are 1—1 and fhg is onto. Prove that each of 
f, g and л is a 1—1 correspondence. 

20. If a set S has п elements and let х : S+S and 8: $->$ be such 
that | a(S) | = | &(S) | = 2—1, show that there exist permutations 
f and g on S such that $—f « g. 

21. Let k bean integer such that 1 < k < mand let X be a set 
having k elements and Y be a set having n elements. Prove that a num- 


untable. Indeed 


Sut Ads Е п! 
ber of injections from X to У is equal to (СЮТ 

22. Let m be an integer such that 1 <m<n. Let c, (m) be the 
number of surjections from a set having n elements to a set having m 


elements. Show that c,(m)—m^— = "C, c, (К). 
k 


Tnfer that 
m—1 m | ' 
с, (m= X (-1)*"C, (т К)" X (—DY™ "C, je 
k=0 j=l 
23. Let g,,, be the number of k-tuples (a, ..., ay) of natural 
numbers such that a,+a,+. . .--a;—n 


n 
(a) Show that g,,,—1 and that g,,,— È Zir- forall n € N and 
i=0 


all k > 2. 

(b) Show that g,,4—8, j-FEs-i for all п> 1 and for all 
k OA 

(c) Conclude that 

ъ=" Cr foralla € N, k € N. 

24. A function f: A—B is said to be left-cancellable if for any 
set C and for any mappings g and/ from C to A such that fe =fh 
we have g —/t. 
^ Prove that a function f : 4—B is left-cancellable if and only if f 
151—1. 

[Hint: Let f be left-cancellable, and let f(a) —f(b). Put 
define à : Y+A by Xx)—a у x € X, and 
v x € X. Show that /А=/и.] 


X={a} and 
ы: ХУА by p Q)-b 
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25. A function f : A > B is said to be right-cancellable if for any 
set C and for any mappings g and h from B to C such that gf=hf 
we have g=h. 

Prove that a function f : AB is onto if and only if f is right- 
cancellable. 

[Hint: Let f be rignt-cancellable. 

Put X—(B—f(4)) U {9} where 9 is null set. 

Define A: B — X by ^ (b) -ó when b € f(A) 

and à (D) B—f(A) when b c B—f(A). Further define wi: Boy 

by р (6)=9 v b € B. Show that \f=pf] 


3. Binary Compositions 
After having discussed relation and ma 
the concept of a binary composition on a set. 


pectively of Z. We can look upon addition, multiplication and 


» Which for each ele- 
1+n, mn, and m—n 


Definition 1.28. Given a set X, am 
called a binary composition on X. 

Let f be a binary composition on X. By definiti i i 
of Xx X into X. Given (a, b) E Xx X, fia, aa the ес, 
convenience, we shall write аҳ for f (a, b), where x ls ae appro- 
priate fixed symbol and shall Say that *.' isa binary com sion 
on X. Thus for every (a,b) € Хх X,'&' determines an ean 
a,b (unique, of course !) of Y, The bina: 
addition, multiplication or a cir 
write ‘+’, *^ 


y mapping of Xx Y into Y is 


on X, a  b—b x a must hold for all a, b in 
we shall discuss after a few definitions 
above. 
Definition 1.29. Let ‘x’ be а binary composition on а set y. Then 
(i) The binary composition *;^ is said to be commutative if axb 
=b „a for alla, b € X. 


——— 
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(ii) The binary composition ‘;. is said to se 
a (b a с) (а x b) x c for all a, b; c € X. Ur ER 

(iii) An element e of X is said to be a left identity of 
to “7 if e a—aforalla € X. ; 

(iv) An element f of X is said to be a right identity of X with res- 
pect to ‘,’ if a x f=a for alla є X. 

(v) If an element i of X is a left as well as right identity then it is 
called an identity of X. 

(vi) If e is an identity of X under *;' and а € XY, then a' € Xis 
called a left or right inverse of a according to a' X a—e ora» a/—e, 
If an element a" is both a right and left inverse of a, then a" is called 
an inverse of a and a itself is said to be an invertible element. 

Theorem 1.30. Let ‘x’ be a binary composition on a set X. Then the 
following hold: 

(i) Jf X has a left identity and a right identity then they are equal. 

(ii) If X has an identity (two— sided) then it is unique. 

Proof: (i) Let e and f be left and right identity respectively, of Y. 
Then € x f—f, since e is left identity. 
and € x f=e, since f is a right identity. 

Consequently e=f. 

For second part, let e, and е, be two identities of X. Then since e, 
is a left identity and e., a right identity; by first part we have 
е, = е.а 

EXAMPLE 20. For апу three integers т, л, р we know that 

(i) т+ п=п--т 
(ii) m+ (n+p)=(m +n)+p 

(iii) m+0=m=0+m 

(iv) m+(—m)=0 =(—m)+m and —m is an integer. Here (i) and 
(ii) show that addition is commutative and associative binary 
composition on Z. (iii) shows that 0 is the identity of Z under 
addition. (iv) show that for each т € Z, —m is its inverse under 
addition. 

EXAMPLE 21. For any three integers m, n, p we know that 

(i) m.n-n.m (ii) т. (п. р)=(т.п).р 

(iii) т. 1=т=1. т 
This shows that the usual multiplication composition on Z is 
commutative. associative and 1 is the identity of Z with Tespect to 
multiplication. Now (—1).(—1)—1 shows that —1 is its own in- 
verse under multiplication. We know that for any integer m, different 
from 1 and —1, thers exists no integer n such that m . n= A Thus j 
has no inverse in Z under multiplication. n 

EXAMPLE 22. We know that for any two integers m and n, т--п 


if 


X with respect 
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is again an integer. Thus the operation of subtraction is a binary 
composition on Z. Now 2, 3, 5 Є Zand 

(i) 2—33:3—2 

(ii) 2—(3—5)2:(2—3)—5 

(iii) 2—0—24:0—2 
(i) and (ii) show that subtraction is neither commutative nor asso- 
ciative. Since for any integer К, k—0—k, 0 is right identity of Ж 
under ‘—’,-but (iii) shows Ois not a left identity under *—'. So that 
Z has right identity but no left identity under subtraction. 

EXAMPLE 23. Let X be any set having at least three elements 
and let S(X) denote the set of all permutations of Y. Theorem 1.17 
shows that the resultant composition *o' is associative, the identity 
map i on X is the identity and each element of S(X) is invertible. 
Let a,b,c be three distinct elements of X. Define f: Х->Х and 
g : XX as follows: Р 

Ҳа) =Ь, f(b) -a and f(x) 2x ¥ x € X different from a and b. 


8(a)=b, (b) —c, g(c)=a and g(x)=x x xa, b, c. 
Then 


hg Є S(X). 
Now (eof Y(a) —gl f(a)] —g(b) —c 
and (Jog)(a) —f(e(a)) —f(b) — a. 
Thus CfogY(a)*(gof (a). 
Consequently fogz*gof. 


Hence the resultant composition on S(X) is not commutative. 
EXAMPLE 24. Let M, be the set 


, of all 2x2 matrices whose 
elements are rational numbers. For any two matrices 


4-| 4, b, i в-| a, b, 
€ d, j €; d, 
the usual sum and product 


4+в-| ста by +b, | 4n-| ads bb,. ab, bd, 
1 2 


d, td, CGd,dc, cb,d;d; 
are again in M,. So that usual matrix addition and multiplication 


are two binary compositions on М,. From the well-known properties 


of matrices we know that addition in M, is commutative and associa- 
tive, The matrix 


Lo о 
0 o | 
is the identity under addition and 
=a ==) 
e| SN 
is the inverse of A under addition. Same way multiplication is 
associative. 
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me t 


is the identity under multiplication. Only non-singular matrices have 
inverse under multiplication. 


3 p! 
Since for 4-[ i $ | a-[ b ^ ] 
AB3-BA, multiplication is not even commutative. 


Composition tables for finite sets 

Let X be a finite non-void set and „ be a binary composition on 
X. The composition table for + is to be constructed as follows: 

Let Aes з Naso se 9 У 

We write the elements х, Xs, . . ., X, of the set of X in a horizontal 
row as wellas in a vertical column. Then put down the element 
Xi ж x; at the intersection of the row headed by x, (1 « i « п) and 
the column headed by х(1 <j < п). Then we get the following 
table. 


x; Xo Xs T Xi m Xj as xu 
x XieX1 XisXo X14X3 zm Xi. Xi e| Хв e| XisXn 
хә XoeX| Xo0X3 Xo.X3 ex | M93 ase | Kae Xs Dé] XPeXn 
хз Хз»Х | ХзеХ ә ХзөХз |з sar | Хө ө Хз Ху 
Xi XisXı Xie Xo XigXs se] XxbheXp e| Vey хах, 
ЕЕ 
X5 | хех | Хех | Хоз | j| Xx: Хув) хах 
XjaXn 
*n XneX Xn XY: Xn X sie | ae; с 
neXi XneXo Хп»Хз Lon NneX, 
пж Xnedn 
EXAMPLE 25. Let X={0, 1, 2, 3}. Define a com On 


Osition у. 
X as follows: Given a, b Є X define a „ b=c, where c "s ee Ie on 
vi east 


non-negative remainder got when a+b is divided by 4. For ex 1 
. ample 
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1+3=0, 2. 3=1, 3 „ 3=2. Following is the composition table for 
the binary composition „оп X 


O O : 
EXAMPLE 26. Let X={0, 1, 2, 3. Given a, b € X define 


а x b—a. For example 2 4 3=2, 3 „2=3. Following is the composi- 
tion table for the composition у 


We now come back to our old friend, t 


E be the set of all even integers. Then E « Z. We know that if m 
and п are even integers, then mnis also an even integer, In other 
words given m, n € E, then m+n € E. We Say that E is a closed 
subset of Z with respect to (or under) addition composition on Z. 
We define closed subset of a set under a binary composition. 

Definition 1.31. Let X be a non-void set and y be a binary com- 
position on X. A subset H of X is said to be closed under the binary 
composition x, if a b € H for all a,b c H. 

Let X be a non-void set with a binary composition . and A, а 
subset of X closed under the binary composition x. Since for any 
a,b € A,a«b € A, we get a mapping f: AXA>A such that 
fla, b)a « b for all a, bc A. Thus by definition, 7 is а binary com- 
position on A. This binary composition f on A is said to be induced 
by ж, OF simply an induced binary composition. 


he set of integers Z, Let 
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EXAMPLE 27. The set Е of all even integers is a closed. subset 
of Z under addition composition. , 

EXAMPLE 28. Let К be the set of all odd integers. K is а sub- 
set of Z. However the sum of two odd integers is an even integer 
Thus if m € K, n € К, then m+n@K. Consequently К is not closed 
under addition. However K is a closed subset of Z under multiplica- 
tion. | 

Example 28 shows that if set X has more than one binary com- 
position, then a subset A of X may be closed under one binary com- 
position but may not be closed under the other binary composition. 


PROBLEMS 


1. If a set A has n members, then what is the number of binary 
compositions on А? (Ans. п") 


2. For any a, b € Q, define a x b=. Show that Z is not 


closed under 4, however Е, set of all even integers is closed under x. 
Verify further that 4. is associative, commutative, and 2 is the iden- 
tity for x. Further every non-zero element of Q is invertible under К> 
3 For any two integers m,n define m  n=m-+n+1 show the 
following: 
(i) E, the set of all even integers is not closed under x 
(ii) K, the set of all odd integers is closed under ж. 
(iii) ж is associative, commutative. Identity with respect to œ exists 
in Z and every element of Z is invertible under x. 
4. Let M, be the set of all 2x2 matrices over the rational num- 
bers. For any А, B € М,, define 
AoB= AST BA 5 
Prove the following 
(i) o is commutative 


ss 1 0 3 == Ч l 
(ii) For 4-| о 0 } в-| 01 } 
0 0 
c=[ i ] 
(AoB)oC#Ao( BoC). This shows that o is not associative. 


(iif) =i H " ] 


is the identity under ‘0’. 
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5. For any two matrices A, B in M., define 


Prove the following: 
(i) For any A € М,, A x A=U, where О is zero matrix. 
(i) For A, B C € M, 
A x (B „ C)H-B x (C « A+ C & (A x B)—0. 
(ii) There exists no identity in М, with respect to p. 
(iv) For any A, B, C € M., 
А x (B--C) - A x B+ A „ C. 
(B+C) x A=B x A+C „А. 
(у) Show that „15 neither commutative nor associative. 
6. Let Z{i] denote the set of all com 
a-r bi, where a, b are integers. Show the 
(i) Z[i] is closed under usual addition 
plex numbers. Z[i] contains an identity 
an identity with respect to multiplicatio 


plex numbers of the form 
following: 

and multiplication of com- 
With respect to addition and 


TE n. Show that these two iden- 
titics are distinct. 

(ii) Find all those elements of Z{i] which are invertible under 
multiplication. 


7. For any two sets A and B, the set 
the symmetric differences of A and B and is denoted by AVB. Let X 
be any set and P(X) be its power set, prove the following: 

(i) For any 4, B € P(X), AJB c Р(Х). 

For any А, B, C Є P(X), 

(ii) AVB—BV A. 

(iii) (AVB)VC=BY(BYC). 

(iv) AVB=A if and only if B=¢ (Poretsky’s Law). 

(0) AV A=¢. 

Qi) A N (BYC)=(4 n B)Y(A m C). 

[Hint for (iii) : (Аў B7 C—[A—(B U CU [B-(C U AJ u. 

(C-(4U BULA NB N С]. 

8. For any sets А,, A», B, and B.. Prove that 

(А, U А) V (В, U B)C (4, V В) U (4, V B.) 

9, Show that there exists no binary system with identity апа two- 
sided inverses in which the associative law fails for Just one ordered 
аз" set A has n elements, what is the number of commutative 


binary composition on A? "en 
Ans, р 2 


(4—B) U (B-A) is called 
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4. Some Elementary Results of Number Theory 
In the chapters to follow, a frequent use is made of certain results 


‘of number theory. Since most of these results are not taught in an 
‘elementary course on algebra, we now give a brief resume’ of that 


portion of Number theory which will be needed by us in subsequent 
part of the book. 
REMARK. Throughout this section, all symbols written in lower- 
case Latin letters will stand for integers. 
Definition 1.32. A non-zero integer bissaid to divide a if a=bk 
for some k. 
NOTATION. If 5 divides а, we write b | a. 
Remark, Following statements are equivalent: 
‘b divides a’, ‘b is a divisor of а, ‘b is a factor of a’, ‘ais a multi 
ple of b’. 
Theorem 1.33. Let a be a non-zero integer, then 
(i) a | 0. 
(ii) a | a. 
(ii) a | b, then for each с, a | be. 
(iv) a | band a | с, then a | (bx 4- cy) for all x, y. 
(v) a | b and b | c (640), then a | с. 
(vi) a | b and b | a (650), then а= b, 
Proof : (i) 0—a0. 
(ii) a—al. 
(ii) a | b = b=ak for some k = Ьс=а(кс) = a | bc. 
(iv) a | b = =ak for some k ; a | с = c=al for some 1. 
Thus a | b and a | с = b=ak and c=al. 
This in turn gives 
bk--cy sakx-+-aly=a(kx+ly) = a | (bx cy). 
(v) а | b = b=ak for some k 
b | c + c—bl for some / > c=(ak)l=a(kl) > a | c. 
(ri) a | b = b=ak for some k 
b |a = а=! for some ! 
Thus b—ak-blk = Ik=1 
Hence l=+1, ie. a=+b.m 
Before starting next theorem, we recall the principle of well- 
ordering. 
Principle of well-ordering. Every non-empty set of real numbers 
which is bounded below must possess a least element. 
As a particular case we get “If x is a subset of integers and y is a 
positive integer in X. then X contains least positive integer." ` 
Following theorem is one ofthe fundamental results of Numbe 
theory. This is commonly known as Division Algorithm or sonei 
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as Euclidean Algorithm. 


Theorem 1.34. If a and b are integers, b40, then there exist integers 
q and ғ, such that a=bq+r with Ө < r < |b |. Further if a=bq, +r; 
with 0 <r, < |b |; then r=r, and q=q,. 

Proof : Firstly we suppose that b > 0, then | 5| = b. Three cases 
arise: 

Case І. a > b. If a—bk for some k we have q—k and r=0, So 
the theorem holds in this case. 

If, there exists no integer ksuch that a=bk, consider the set 
X—(a—bt | t € Z}. X is non-empty as a—b0=a€ X and since a>0, 
X has at least one positive integer. By principle of well-ordering, X 


has a least positive integer as its member. Let it be r=a—bg. Now 
r=bis not possible otherwise we shall get a—b(g-- 1) which is against 
the assumption of this case. Suppose then r > b. This implies that 
н e es OE aA > 0. Clearly a—b(q+1) € X. Further 
a—bq)—(a—b(q+1))=b > 0 gi um ich i 
against the dis EUN Sor E ICON ES WR 

Hence a=bg+r with 0 <r < p. 

Case IL. 0 X; a < b. 

We write a=b0-+-a. 

Case Ш. а < 0. This gives —a > 0 
case II, —a=bq'+s with 0 & s < p, ee get es | = 
If s=0, —s=0 and the result holds trivially. If s > 0, th get n 
write a=b(—q'—1)-+(b—s) with 0 < b а 


es <Б, = 
e qub Е a Hence a=bq+r 
Secondly we discuss the case p <0. Неге | b 7 
—b > 0, by our earlier discussion we ca |Р] ——b. Since 


; ; n fiid q, and hat 
a=(—-b)q, +r with 0<r<—b. This can be written us [uan 
Taking q— — 41, we get a=bq-+-r with 0 <r< |b]. ГА 

Thus the first statement of the theorem is 


: Toved, i 
part, le r > ry. This means qq, р For uniqueness 
Then a=bq+r= bqi+r, > b(q—q,)—r,—r. 
ex [01 14-20] — [n—r | =, As | 
. 4 =й | 21, 
п> |b| m r2 n4 | VEN i 


which is against first part. 
So г < гу. Similarly it can be proved that MER 
Hence r=r, and as a consequence of this b 
This completes the proof of the theorem.m 
Definition 1.35. A positive integer cis said to be Highest Common. 
Factor (HCF) of two non-zero integers a and b if 
(i) c | aand c | b 
(ii) Ifd| a and d | b, then d | c. 


q-—bq, > q=q. 
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Definition 1.36. A positive integer g is called Least Common Multi- 
ple (LCM) of two non-zero integers a and b, if 
(i) a | g and b | g- 
(й) Ifa | ^ and b | h, then g | à. 
Noration. HCF of a and b is denoted by (a, Б). 
LCM of a and b is denoted by [a, b]. 

Rewark. If HCF of two integers a and b exists then it must be 
unique. For suppose c' is another HCF of a and b. Then by (ii) of 
definition 1.35 

c| c' and c' | c = с=с’ (Theorem 1.33) 

= c—c' as both c and c' are positive. 

Similarly it can be shown that if LCM of two numbers a and b 
exists, it must be unique. 

EXAMPLE 29. 6 is HCF of 12 and 18. ' 

All the factors of 12 are +1, +2, +3, +4, +6, +12, while all 
the factors of 18 are +1, +2, +3, +6, +9, +18. 

Then clearly 6 | 12 and 6 | 18 and every common factor of 12 and 
18 is also a factor of 6. 

EXAMPLE 30. 36 is LCM of 12 and 18. 

Clearly 12 | 36 and 18 | 36. 

If 12 | hand 18 | A, then 4 | лапа 9 | л. Then 4.9—36 | h. 

[Cf. Corollary 2, Theorem 1.39, as (4, 9)= 1]. 

Following theorem shows the existence of HCF for every pair of 
non-zero integers. 

Theorem 1.37. Each pair of non-zero integers a and b has HCF. 

Proof: Let X—(ta--ub | t, u € Z}. 

Mud a=la-+ob € X. So X contains at least a non-zero integer. 
er if «—fa--ub € X is negative integer then —«—(—1)a4- 

(—u)b is positive integer in X. . 

А Thus X is non-empty subset of integers having at least опе Positive 

integer. 

By principle of well-ordering there exists c— xa-i- y 
positive integer belonging to X. We claim TM ^32 Fe Tuae 

By division algorithm for any ka--Ib € X, ka--Ib 
Ox r < c. If rA0, then 
Р r=ka+lb – сд =Ка--10—(хад + ybq)=(k—xq)a+(I—yq)b 
is a positive integer belonging to X. 

As r « c, we get a contradiction to the choice of c, Hence p= 0 

In other words c | ka+/b. Thus c is a factor of every element - 
set X. As a=la+0b and b— 0а > 
Bd ¢ | b, 23 +16 are elements of Y, we get c| 

Suppose now d | a and d | Б, then d | (xa--yb), 


—cq-kr with 


of 
a 


(Theorem 1.33), 
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ie., d | c. Hence c=(a, b).m 

Definition 1.38. Two non-negative integers a and b are said to be 
co-prime or relatively prime if (a, b)—1. 

EXAMPLE 31. 4 and 9 are co-prime as factors of 4 are +1, +2, 
1-4 while those of 9 are +1, +3, +9. 

Hence HCF of 4 and 9 is 1. 

Theorem 1.39. Two ron-zero integers a and b are co-prime if and only 
if there exist x, y such that ax+by=1. (Bezout’s Identity), 


Proof : Let (a, b)=1, then by Theorem 1:37. l—ax--by for. some 
x and y. 


Conversely let ax+by=1 for some x, y. 


Suppose c—(a, b). Then cla and c | b. By Theorem 1,33 
€ | (ax+by) > c | 1. Р 
AS c > 0, this immediately gives c=1, Hence (a, b) - 1.m 
Corollary 1. If à | bc and (a, b)—1, then a [ с. 
Proof : As (а, b)=] + ax +by=1 for some 
acx+-bey=c, 


Now a | a, a | be, so by Theorem 1.33 а | [a(ex) і 
„33 +(bc)y] i e, „ш 
Corollary 2. If a I5 c|b and (a, c) —1, then ac | d pin » 


Proof: As (a, c) -1 aX+cy=1 for some x, y. 


X, y we get 


me k. Th ; 
bx-Fkcy—k. US we get akx--key—k i.e. 


Asc|b апіс | c, c | (xb 4 kyc), (Theorem 1.33) 
This implies c | k or k=cd for some d, ` 
Hence b=ak=acd > ac jou ^? 
Definition 1.40.. An integer p > 1 js called a pri "ii 
it the only factors of p are 41, s Prime (prime number) 
EXAMPLE 32, 2,5, 5. 7 11, 13, 17, 19 a i 
at, А те al і 
6, 8, 10 аге not prime, ( i и 
Definition 1.41. An int i iteif к: 
К к. Integer n > 1 is called a composite if it is not 
In other words an integer n > 
factored as ab with a > 1 and b 
Theorem 1.42. If p is a prime number then for any integer n, either 
(n, p)=1 or (n, р)==р. ү 
Proof : Suppose (n, p)=d then d [рапа d | n. 
Now dis positive and the only positive factors of 
Hence the theorem follows.m b Mer 
Corollary. If p is a prime number such that 
or p | 5. ‚ 
Proof : By above theorem if p } a then (р, a)=1, 
Invoking Corollary 1 of Theorem 1.39, we get p | b.m 


, 


lis called comp 


osite if n can be 
exe. 


P | ab, then either p| a 
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We are - ‹ 

Р. a all set for the so-called Fundamental Theorem of 

Theorem 1.43. (Fundamental Theorem of Arithmetic). 

ERR ыл esti tes ob ora 
2 Ea E ane: 9 + are prime numbers 
and for all i, 1 <i « t, ki are integers > 0. 

Proof : We shall apply induction on л. 

For n=2, the theorem trivially holds as we can take ;— Ty Ei 
pi—2. i 

Let the theorem be true for all integers m, 2 $ m < n. 

Now if n is a prime number then again the theorem holds as we 
can take t=1, &,=1 and p,—z. If n is not a prime number.then we 
can write n—ab with a > 1, b > 1. 

As a» 1, b < n; similarly a < n. By induction hypothesis 
a=p,%)...pfr and b=q,™ .. .9,8* with p, and q; are prime num- 
bers and «i, 8; are integers > Oforalll <icr,l<j<s, Hence 
the theorem holds for n. 

For the uniqueness we apply a similar technique. 

Suppose that n=p,*t p.. р qj... Gr 
where py > pi >... > рі > d$ >... >q and k; s; are inte- 
gers > Oforalll <i<41<j<r. 

The result is true for n—2. Suppose this is true for all integers 
m,2 «m « n. 

Now pp... pq qj... qus, and k, > 0, so 
рі divides left hand side. This implies р, | q% 4:° ... qr 

By Corollary to Theorem 1.42, there exists ani, 1 sz i « y such 
that p | qi. As q; is prime this gives p,—q;. 

Now qı > qi = qı > ру. In the same way we get q,—p; for some 
1 <j € t and p, >q,. As a consequence p,—4;. 

If Kk, > 51, then after cancelling p, from sides we get 

p, sip, ke tee рій =q. q. 
This wili in turn imply, by the arguments given earlier, that P= 
This is absurd as 4; > q,. Hence Кү <s,. Similarly it can be Айе 
that s, < Ку. Hence k,=s,. So we can cancel p,*iq,51 from bot} 
sides to obtain p, . . . p, —q,9 . . . q. TM 

If cop... pët =q; ... 9," =1 then k,—., .=k,= 
=0, this is absurd as each k; > 0, s; > 0. 

Henee c > 1. Evidently c < л. So by induction hypothesis 
=ї—1 and k;=s,,pi=qi v 2 i & r—1. Thus ку and ES 
L;=s, for all 1 <j < г. Hence the theorem i p= 


Se 


1 


S completely proved. 
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Corollary. The set of prime numbers is not finite. 

Proof : Suppose that the set of prime numbers is finite. So it can 
be put into 1—1 correspondence with the set (1,2, 3, . . .,n) for some 
natural number n. 

Put f()=p: for alll < і < п. Then (p, p.,..., D.) is the set of 
all prime numbers. 

Consider the integer p; pops... p,+1. 

AS Pi P2P3---Putl > 1, by above theorem there exists a 
prime number q such that q | (p; p pa... Pr+1). 

Now all primes must be in the set {Pi Pay 
some 1 <i<n. This implies q| р,р,... Рл. AS a consequence 
q | 1, which is absurd. Hence our contention is established. 

Definition 1.44. For any integer n > 1, the number of ali integers 
b 1 < i < n such that (n, i)=1 is called Euler’s ¢-function (or Totient 
function) and is denoted by ¢(n), 

EXAMPLE 33. 4(1)—1, 4(2)=1, 4(3)=2, 4(4)—2. 

To compute 4(12), we consider 1, 2, x85, 12; 

Starting with 1 we note that (1, 12)=1; 211035 irt =f 
(4, 12-4; (5, 12)=1; (6, 170—6; 0,122 S ae ae ш. 
(10, 12)—2; (11, 12)—1 and (12, 12)--12. , = : 

Thus only 1,5, 7, 11 fulfil the condition of our definition, Hence 
#(12)=4. à 

In the following we give a formu i : 
едк ы o la which makes the computation 

Theorem 1.45. If p, p,,. 


+ +» Рл}, SO q=p. for 


* » Px are distinct prime factors of n then 


Hd ету 


; x Bg Qu 3 
1 Ae a UAR wote ep Sg. pE wiih % > 0 for all 

Let | < т. n. Then if (m, n)=d, d > | if a 
1 «€ i k, isa factor of d. This gives that ¢ 
gers lying between 1 and n Which do not hay 
as a factor. 

Now we apply induction on k. 

For k=1, let X—(1,2,.. ., n). 


nd only if one of рг, 
(n)—number of inte- 
€ any of p,, р,,..., рь 


Out of the integers in X, only p, 2p,, 3p,..., (+p, are divi- 
1 


sible by p,. These ае. in number, Therefore 
1 
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Hence theorem holds for k=1. 
Let now & > 1 and theorem holds for number of distinct. prime 


factors of л, less than k. 
So the number of integers lying between 1 and n, Which do not 


have any of p,, p, . . ., p,-, as a factor is given by 


ICE 


Again, out of the integers in Y, only p, 2p; . . ., (z-) ji ee 
T. 3 n 
divisible by p,. Put r-I Dh ilis =. es (=) I Among the inte- 
gers in Y, the number of integers not having the factors p,, Por „ Ps 


is equalio the number of coefficients 1, 2,..., (- y co-prime 
н; 


to py, «+. Pe~ AS (рь, P:)=1 for all jk. By induction hypothesis 
this number is equal to 
30. eee 
Pr p P: Pea Г 
Also by induction hypothesis, the number of integers in Y not 
having Pj, P» . . ., p, is equal to 
n( —;-X L= =) ses ( i-e 
Pr р» J Рал J 
Among these, those integers are also taken into account which are 
divisible by p,. But the number of such integers is 


ала 
Pr Pi Ps Pr~ 

Thus the total number of integers lying between 1 and п and not 
having any of the factors pi, ps, » . ., рь is given by 


uis ш окелш? 2-1)... 
og lento Бул а а 


Corollary. If a and b are integers > 1 such that (а, b) 1, then 
(а) = (а) 60). 

Proof : If any of a, b is 1, the result is obviously true as ф(1)=1. 
So let а> land b> 1. Then a=p,"! .. p and bog __ 
qÈ" where all 1 <i € k, 1 SJ 5 Pi d; are prime numbers and 
а 0, 8; > 0. As (a, Б)=1, pis Pa» + + +> рь Я d35..., 7; are all 

distinct prime numbers. 
Now арр. lp 4101... 9.8". 
By above theorem 
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#@ў=р,®...р®а® д8, ( i-zJ( i-i) | 4 1-2) 
(i xG0-)... (:-+) 
=p, ®рз.. pn 1-2) I) ( 1—5) 


ха... -9,Ps ( 1-2) 1-) a ( 1-1) 


= #(а) 4(b). 
EXAMPLE 34, 36—223: so $(36) -36(1—3(1—3)—12, 
Directly one can check. that only 1, 5, 7, 11, 13, 17, 19, 23, 25, 29, 
31, 35 are Co-prime to 36 and are less than 36 
REMARK, The corollary given above is no 
For example take a=4, b— 6, 


Then ab—24, 4(a)=4(4)=2, $(b)—4(6)—2 апа $(ab) —4(24)—8 
but 8222.2. e 


Theorem 1.46, Ifn>landd > 


Proof : If n=], then the only positive factor of 1 is 1 SO we get 
4£, #®=#йбу=1—=п, 
n 


t true if (a, Ь)51. 
1 then X Ф(9)=п 
d|n 


If n > 1; let us first assume that D—p;* @, + (у 
The only positive factors of n are 1, Py, ру. s p, 


60 A $(4)=4(1)+-$(p,)+4(p,2)-+. 6783) 


=la(1- 1) 4p (1- 3. bp, z ) 
=1+(P1-1)+(p2p,)+, . (p, — p 3 
=рүї=п, 
Let п=р,®1р,® , , | p. t the result be true for 
all integers > 1 having k—1 disti i 
We can write п= р with 9=р;“ . 
Evidently (9, p,)— 1. 


Now the positive factors of n are precisely of the types а, dpi» 
dp? арі where d ranges over the divisors of q. 
qoe 


= d У d(dp,)+, zh | 
тыр E 46D EP )+ aj, Ip, p (dp, 2] 
= X $4) E $d) Ap)... + X (4) d(p,%) 
d\q d\q d|q 
= E $(dd-4(p) X (4)... 4,9) x ga) 
dla 419 419 
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={1+¢(p,)+. . заа Фа) 


q 
=p,“ q, by induction hypothesis 
=л.ш 


WORKED-OUT EXERCISES 


Exercise 1. Jf a, b, c are natural numbers, then 
Max {min (a, Б), min (a, c)) - Min (a, max (b, c). 

Solution. If a is the least among a,b,c, then LHS=M, 
=a. Nowa < banda < с implies a < max (b, с). So RH 

Hence the result holds in this case. 

If a is the greatest among a, b, c, then LHS— 
a>b,a > c implies a > max (bc). So Min {a, max (b, с)} 
= Мах (b, c). Hence the result holds in this case too. 

So only two cases are to be discussed b Sa<e and c xax b. 
Because of symmetry in b and c of the result to be proved, it is suffi- 
cient to discuss the case 5 ace. 

LHS=Max (5, а)=а. 

RHS —Min (a, с)=а. 

Hence the result follows for alla, b,c € N. 

Exercise 2. If a,b,c € N, then [(a, b), (а, c)]—(a, [b, c]). 

In other words *operation of taking HCF? is distributive over ‘opera- 
tion of taking LCM’. а 

Solution, Ifa=1, LHS=[I, 1]=1 and RHS=1. 

If b=1, LHS=[1, (a, c)] —(a, c) and RHS = (а, c). 

The case c— 1 is similar to that of b=1. 

So suppose each of a, b, c is greater than 1. 
a=") p22... puta 
b=p,'t p: sae pP: 

C= Pil! ре), ip, Ye 
where for all 1 & i « s, Zis Bis Y; are non-negative inte 
3,—min (z; B), 6;—min (а, Ү;), h;—max (8, 0), д, 


ax (a, a) 
S=a. 


Max (b, c). Again 


We can write 


gers. Let 


= тах (8, Yi) 
and Ф, = тіп (æi, ¢,). 
As (a, b) p, piè? . ..p2 (prove !) (a, c)=p,% Pat... pi 

[b, с]=р,®1 p? г... ps (& [b, e] p ji, Let, 
and [(a, b), (a, c)]—-p,^ pi... pts 


SO we are required to prove у= for all 7. 
In other words we are to prove max [min (ш, 82, min (x, 


= тіп [s $;]—min [оу max (Bj ү] for all 1 Ki 
But this is what we have proved in Exercise 1, 


> vj] 
S s. 
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Exercise 3, If a,b are positive 
[a, b]=d, then ab=cd. 

Solution, Since (a, b)=c,a=ke, b 
(1, k)=d’, then d’ | Zand d' | к. 

So d'c | a and d'c | 
Ог c— d'cu for some и. 

In other words d'u—1 so d' 


b | x, then x=aw=by > kew=Icy > 


This gives that w =Im or x=alm=Ikem,. 


quence Ike=[a, b]. 
=(ke)(Ic)=ab, 
Exercise 4, Show that ifm> 
gers which are less than m and с 
Solution, Let 1 
Now if (m—x, m) —d, then 
d | m and d | (m—x) = 
This gives (тх, т)=1. 


By uniqueness 


> 2 then the sum 


o-prime to тыз im Ф(т). 
S X < m such that (x, m) 


integers such that (а, b) —c and 


=lc, we claim that (7, k)—1. If 


b; but by definition of HCF this implies d'c | c 


=1. Hence our claim is established. 
Now consider Ike. Clearly а | kc and b | lke. 


Let a| x and 
kw=ly. But (1, k)=1 sol| w. 
Hence Ike | x, As а conse- 
of LCM we get d=Ike or cd 


of all positive intg- 


=1. 


d| x, sod] 1 d=]. 


| Also PORE =т= E gud ut l 
gives m—x < m, 


Le X= {x | 1 


and —(m—x ll<x < 
There is 1—1 Correspondens 

m—x. So| X| = БА = ф(т). 
Thus [x,-+( 


"—Х)]-+{х,-+(т—х„у].. MT 
—2 (sum of positive 


S x < m, (x, m)=1} 


m, (x, m)=1}, 
2 betwee 


sn X and Y given by f(x) = 


Fix, +(m —Xn)] 
integers less than m and 


CO-prime to m) 
ie. m4 m4- --m—2 S, wher Si i 
ош Є 5 15 required sum, 
Ф (m) terms 
Hence = 2m d(m). 
PROBLEMS 


1. Ifa-p,'1 .. . p,% and b 
distinct prime numbers and w 
prove that 


(i) (а, b)=p,** pè: . Pot, where 8;—min (a, 
(ii) [a, bj=p [AC ГАС where Yi 
2. Given a, b, on applying Euclidean 


have : a=qb+r,, 0$ ғ < | b | 


=p, 81 p,9* ачаа 
here each x; > 0, 


рк where the ргу аге 
» B: > 0 are integers, 


8,) for each 7. 
max (a;, 8.) for each ;. 


algorithm Successively we 
П b—q, "on, 


Sr < гр 
T= 0 <<, ..., TE Тт, 0 S rus < eae 
Since the integers гь are decreasing and are all non-ne 


Bative, there 
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is a first integer п such that Tnt1=0, Prove that r, 


Consider here r,— | b |). 7G. b). (We 


a b 
3. 1e ela e| (2, SEL TEN E 


4. If a, b, c € N, then show that ([a, 5], [a, c)-la, (b, c). 

5. Show that if a and bare Positive integers Such that (a, b)=1 
then (a+b, a—b) is either 1 or 2. 

6. Prove thatn > 1 is a Prime number if and only if for anya 
either (a, n) 1 or n | a. 

7. If a, b, c € N are such that a*-- D? —c? then show that a=2kmn 
b=k (т? —п?), c=k (т? 4-п?) for some k, m, n € N such that m > Н 
and m,n агг of opposite parity (i.e. either m is odd and z is even 
Or m is even and z is odd). 
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Give an example to show that if we drop "identity" from the 
above question, the result need not be true. 

[Hint: Consider G={0, 2) under multiplication modulo 4.] 

5. Let G be a semi-group with identity e with the property that 
given a € G there exists ana’ € С such that either aa'—e or a'a—e. 
Prove that G is a group. 

6. Let G be a semi-group with exactly one idempotent e such 

that." 

(i) Each element in G has at least one left inverse with respect to e. 

(ii) Each element in G has at most one right inverse with respect 
to e. 

Show that G is a group. 

7. If G is a group such that (abj—ab* for all a, b € G show that 
- G must be Abelian. 

Give example to show that this result does not hold for a semi- 
group. 

8. If G is a group in which (ab)‘=a‘bi for three consecutive inte- 
gers i and for all a, b € С. Show that С is Abelian. Give an example 
to show that this result does not hold for semi-groups P 

[Hint: Consider Example 14.] ' 

9. Show that the conclusion of problem , 
assume the relation (ab)"—a"b" for just v сйн E e 
[Hint: Consider T=(+1, -Ei, Ej 4, define Pade sed 
and ij=—Ji=k, jk= —kj=i and ki— --ik—j. Then nM md 
called Quaternion ee Take n=4, 5.] group dos 

10. Show that if in a group С, a?= . 

[Hint: (abre = abes (ab debit as G then G is Abelian. 

11. Show that if Gis a finite i-e UT 
laws, i.e. Ху=у2 = x=z, then С Iun | qr kids ii oq 

pis „Consider p-a] group. 

12. If in a group G, there i j 
Roo el со e Y 
is commutative. a, b; then show that С 
.Foranya i 
м у а їп а group С and any integer п define а" as 
me =e 
If n is positive, then 
А Р а-аа 
If п is negative, say, п= —m for some positive integer т then 
a^—(a71)» 
Prove the following laws: 


(i) (27)? —(a3)^—a-*. 
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(ii) ara™ —gn*n, 

(iii) qnm an)". 

(iv) (x ax)":=x7 ax for all x € С. 

(v) If ab=ba then (ab)"=a"b". 

14. If in a group G, xy^—y"*'x and yx"—x"*!y for some n Є N, 
show that x=y=e where e is the identity of G. 

15. (Hayes) G is a semi-group. For every x € G there exists unique 
y in G such that xyx—x. Prove that С is a group. 

16. Let S be a semi-group in which for some fixed integer 
k > 1, хіх and xy*x—yx*y for all x, уіп S. Show that S is 
commutative. 

17. Let S be a semi-group such that there exists an e € S 
satisfying xe—x for all x € S. Let, for each ordered pair (x, PES 
x Æy there exists ~ unique w € S such that xw=y. Show that S is 


group. 
18. Let EG Al x, y € R with x430 I. Show that J isa 


semi-group under matrix multiplication. Further show that J has 
a left identity and each element of J has a tight inverse. Is Ja 
group? (Ans. No) 

19. Let S be a semi-group. If for all x, у Є S, Xxymyly, 
prove that S is an Abelian group. 

20. Give an example to show that the result of problem 19 above, 
may not be true if we have only yx —y for all x, y € S in place of 
ху=у=ух ¥ x, y € S. 

(Hint: Take S={a, b} and define a?=a, ab—a, ba=b and b=b] 


3. Subgroups 
Let H be a non-void set and x be a binary composition on H; 
let A be a non-void subset of H, We recall that А is said to be closed 
subset of H with respect to the binary composition * if for each pair 
a,b € A, a« b Є А. In that case the mapping f: AXA — 4 in 
which f(a, b) —a ж b is called a binary composition on A induced by y. 
Let G be a group and let 4 be a non-void subset of G. It may 
happen that A is closed with respect to the binary composition on 
Gand А itself isa group under the induced composition. Such a 
Situation occurs quite often. This leads to the following 
Definition 2.14. Subgroup. 
Let G be a group under a binary composition „а 
Non-void subset of G. Then H is called a subgroup diu Р "os n 
the following: шш. 
(1) H is closed with respect to ,. (Closure Property), 


concept. 


2 


GROUPS 


Introduction, In the previous chapter we studied the concept of 
relations, mappings and binary compositions. In this chapter we 
shall confine ourselves to the study of an algebraic system called 
Group. Before we formally define a group, let us emphasize that а 
void set Gand a binary com- 
tulates. The importance of the 


Played very significant part in the 
development of Geometry and Number Theory, in recent times. 
1. Definition and Examples 

! Definition 2l. Group: A system < G, * >, where G is a non” 
void set and ; is a binary composition on G, is called a group if it 
satisfies the following postulates: 
G.1. Associative Law :а y (b s c)=(a « b) су a,b,c є С. 
(2; Existence of Identity : There exists an element e € G called 
an identity, such that a » e—a—e жа ас С. 
G.3. Existence of Inverse : For each а € Gthere exists an ele 
ment a € G, called an inverse of a, such that a x а^ 
e=a! y a. 

If in addition to the above three postulates, the following 
postulate is also satisfied, the group 15 called а Commutativé 
or an Abelian group. 

G.4. Commutative Law : a x l—b „азу ab E С. ч 

A group < G, ж > for which the postulate G4 does not hold # 
called a Non-abelian group. If the set G is finite then < G, x 7 5 
called a finite group, otherwise it is called an Infinite group. - 

For some definite purposes the simpler Concept of a semi-group ! 
important. So we define it. 
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Definition 2.2. A system < С, x > consisting of a non-void set 
G and a binary composition x оп С is called а Semi-group if it 
satisfies the following postulate: 

S.G. 1. Associative Law: а » (5 ж с) =(а x b) xc v a, b, c € С. 

In analogy with groups, we can talk of finite semi-groups, infinite 
semi-groups, Abelian and non-Abelian semi-groups. One notices that 
a group is always a semi-group while the converse is not true in 
general as will be shown later by examples. 

In describing a particular group one has to specify the binary 
composition as well the set С on which it is defined. It was shown 
in the previous chapter that it is possible to define more than one 
binary composition on G. Thus the same set may be the set part of 
many different groups. Nevertheless if in a group < G, x > there 
is no likelihood of any confusion regarding the binary composition, 
we shall simply refer to the set G as a group. If we want to be 
particular about the composition, we shall say that the set Gis a 


group under the binary composition +. 


Exaniples from Numbers 

EXAMPLE 1. As stated in Chapter 1, Section 3, usual addition 
4- оп Z is commutative, associative, 0 is an identity for addition and 
for each a € Z, —a is an additive inverse of a. Hence < Z, + >is 
an Abelian group. Further < 2, + > is an infinite group since Z is 
an infinite set. 

EXAMPLE 2. Let Z' be the set of all non-negative integers. 


'Sincé the sum of two non-negative integers is non-negative, Z' is 


closed under addition ‘+’. Addition on Z' is commutative, associa- 
tive and 0 is an identity for Z'. Thus < Z', + > is an Abelian 
semi-group with identity. It is infinite as Z' is an infinite set. Now 
for any a(40) in Z' there exists no non-negative integer b (i.e. there 
is no bin Z’) such that a+b=0. Thus Z’ is a semi-group which is 
not a group. 

EXAMPLE 3. Let Q* be the set of all non-zero rational num- 
bers. As the product of two non-zero rational numbers is a non-zero 
rational number, Q* is closed under multiplication. For any 
r,s t € Q* we know that (i) r(st) —(rs)t, (ii) 1€ Q* and 1 r—r 1 


1 В 
=r, (iii) + € Q* and r. ucl (iv) r s—s г. 
Thus Q* is an Abelian group under the multiplication composi- 
tion. Q* is an infinite group. 


EXAMPLE 4. On the similar lines as in Example 3, one can sh 
that the set R*, C* of non-zero real numbers and non-zero anm 
ex 
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numbers respectively form Abelian groups under multiplications 
compositions. Both are infinite groups. 

EXAMPLE 5. Let n be a positive integer and G be the set of 
those complex numbers which are nth roots of unity. As there are 
nnth roots of unity, С has n elements. G is a finite Abelian group 
under multiplication composition. 

EXAMPLE 6. Let S={0. 1, 2,..., n—1) where л is a positive 
integer. For a, b € S define a x b to be the least non-negative inte- 
ger c obtained as remainder when a+b is divided byn(e.g. if 
S={0, 1, 2, 3, 4) then 24 4—1,3 . 2-0 сіс.). This is a binary 
composition on S and is called addition modulo n. a x b—r implies 
a+b—r is divisible Ьул. We show that S isa group under this 
binary composition. Let a, b, c € S. 

(i) Associativity. Let a b—d and (a x b) 4 c= 
is the least non-negative remainder got when a-+b i 
havea+b=d-+kn for some integer k. Similarly 
some integer k,. 

Thus (a+b)+c=d+kn+c=r+(kı+k)n, 0 < r< n. The hst 
equation shows that r is the least non-negative remainder got on 
dividing a+(b+c) by n. Similarly ifa ж (b x c)—s, then s is the 
least non-negative remainder got on dividing a+(b+c) by n. How- 
ever (a+b)+c=a+(b+c). So the least non-negative remainders TOS 
must be equal. 

Hence (a y b) y c=a s (b x c). 

(ii) Existence for Identity. For any a € S, we claim that a x 0—a, 
As 0 <a < n, 0+a=a+0=0n-+a gives a is the least non-negative 
remainder got on dividing a by n. So that a „ 0—0 „ a=a. Hence 0 
is the identity of S. 

(iii) Existence of Inverse. For any a € Sifa—0 then 0 ж 02:0. 
If a40 then. as 0 < n-a < n, n—a € S. Further (n—a)--a— 
a+(n—a)=1n+0 gives (n—a) « a=a « (n—a)—0. So thatn—a is 
the inverse of a under ,. Hence S isa group under +. It can be 
verified that — S, x > is an Abelian group. 

NorATION. By a-+b=c (mod п), a,b,c € Z and n isa positive 
integer, we mean that n divides (a+5—c). 

EXAMPLE 7. Let. S-(x € Z| 1 & x «n, and (x, n)—1). 
Define + on S as under: 

Foralla, b € S, as is the least positive integer obtained as 
remainder when ab is divided by n. This is called multiplication 
pot e show that x isa binary composition on S. Let ay b=c, 
Now c can't be zero otherwise n | ab which is absurd as (а, n)=1 


d x с=т. Since d 
S divided by n we 
d+c=r+k,n for 


GROUPS 45 


and (b, п)=1, ѕо 1 « c < n. Further if (с, 7)41 then there exists 
some prime number p such аїр | cand p | п. This gives p | ab 
as a 4 b—c implies ab—c--kp for some integer k ;p being a US 
either p | a or p | b. Thus either p divides HCF of a and п or HCF 
of b and n which is impossible as both (a, л)=1 and (b, 7) 21. Thus 
(c, n)—1. Hence c Є S. This proves our assertion that x is a binary 
composition on S. This composition is called multiplication modulo Я. 

(i) Associativity. If a = b=r, and (a x b) « C=r x c=r, 
so we get ль c—r i.e. r,c—ra-4- k,n for some integer k,. 

Now ab=r,+k,n for some integer k, and ryc=r,+k.n 

=> (ab— k,n) c=r:+ Кп 
E (ab) c—r,-- (ks-- kyc)n. 

This implies ғ; is the least non-negative remainder got ori dividing 
(ab)c by n. Similarly ifa 4 (b x c)—ra then rs, is the least non- 
negative integer obtained as remainder when a(bc) is divided by n. 
But (ар)с==а(6с), SO =з. 

Hence (а x Б) ж с=а x (b x c). 

(ii) Existence" of Identity. Clearly 1 Є Sand ¥ a E S, 1 a= 
a 1—a so | is identity of S. 

(iii) Existence of Inverse. Let a €: S then (a, п)=1. 

So there exist integers x and у such that 

ах+пу=1. If 1 Ş х < папа (х, л)=1, x Є S. 

If not, then by division algorithm in integers there exist integers д 
and г such that x—q n-Fr, Oo<r<n 

Now ах--пу=1 

=> aqn-+-ar+ny=1 
=> ar=1+(—aq—y) (п) 

So ay г=1. Similarly r а=1. Now if (r, п)51, let p be a prime 
number dividing r and л. Then p will divide x.so p divides 1 as 
ax-- ny —1, which is absurd. 

Therefore (r, п)=1, hencer € S. 

Thus < $,4 > isa group. It can be checked th " 
Abelian. MSS, a is 
. By ab=c (mod п) w А 
Meo y ( ) we shall mean ab—c is а multiple 

Remarks 1. One might have noted that in proving 

1 (a x b) x c=a x (b c) 
we did not use a, b, c to be positive integers less than 
prime to п. Hence “2 is associative in general. 

2. Asa particular case if we take n—p, 
integers 1, 2, . . ., p—! are relatively prime t 
In this case < S, = > is called group of integ. 


and relatively 


a prime number then all 
o p and are less than p 
ers under multiplication, 
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modulo p. 


Example from Vectors 
EXAMPLE 8, The set V of all vectors in a plane starting from 
O (the origin) is an infinite Abelian group under vector addition. 
ЕЗ 
In this group the null vector 0 is an additive identity and for 
See = 
eash vector a, —a is an additive inverse of a. 


Examples from Matrices 

EXAMPLE 9. For any positive integer п, the set C, of all nxn 
Matrices over the complex numbers form an infinite Abelian group 
under matrix addition as binary composition. The zero matrix is an 
additive identity and for any A € G, —A is ап additive inverse 
of A. 

EXAMPLE 1). Let G be the set of the following matrices 


(ОГ fi H. 


zE lo 3 + 16 "s 


+ а 
(т os -1 0) 
where i= V —1. Jt can be easily verified that all the matrices are 
non-singular and set G is closed under the operation of matrix multi- 
plication and G is a group under this operation. G is a finite non- 
commutative group (verify !) 


+ 
AS 


Example of a group of Transformations 
EXAMPLE 11. Let 5 bea non-void set and. let A(S) be the set 
ofallpermutations of S. We proved in Theorem 1.17 that for any 
fig € A(S), fog denotes the mapping of S into S definied as ( fog) 
(s) —f[g(5)) v. s € S, then A(S) has the following properties: 
For all f, g, ^ € A(S) 
(i) fog € A(S). 
(ii) fo (goh) = ( fog)oh. à 
(iii) There exists i Є A(S) such that foi—f— iof. 
(iv) For each f € A(S) there exists f’ € A(S). 
such that fof'—i—f of. Е " 
Thus the operation ‘o’ is a binary composition on A(S) and A(S) 
becomes a group under this operation. If S has п elements than A(S) 
as ту elemente and A(S) is a finite group. Further if $ has 3 or 
i ! 


GROUPS 47 


more elements ther we found in Example 23 (Chapter 1, two 
J. g € A(S) such that fog#gof. Consequently A(S) is a non-Abelian 
group whenever S contains more than two elements. If S is an 
infinite set then A(S) is an infinite non-Abelian group. 


PROBLEMS 


1. Let Q* be the set of positive rational numbers. 

Define э. on Q* as under 
For a,b E О+, а + ь=®. 
Verify that <Q*, x > is an Abelian group. 

2. Let S be the set of all real numbers except —1. Define „оп 
S by ay b—a--b4-ab у a,b € S. Show that < S, > is an 
Abelian group. 

3. Give an example of a non-Abelian group other than that given 
in the text above. 

4. Let R* be the set of all real numbers except 0. Define , on R* 
by ax b= | a | b where | а | denotes the absolute value of a. 

Show that () 4. is associative on R*. 

(i) There exists a left identity for x. 
and a right inverse for each element in R*. Is < R*, x >a group? 
Give reasons in support of your answer. 

[Hint: 1, —1 are both left identities. Refer to $ 2] 

5. Give examples of systems — С, + >, where G is а non-void 
set and x, a binary composition on С such that 

(i) <G, x > satisfies G-1, G-2 but nct G-3. 

(йу <G, x > satisfies G-1, G-3 but not G-2. 

(iii) <G, , > satisfies G-2, G-3 but not G-1. 

Hint: (iii) Consider G={e, а, b) and define „ on С with the help 
of the following table 


| 
| 
| 


b 
———— 
b 
——— 
а 
ттт 
е 


[In this example + in non-commutative, 


Can you ei 
a А А 3 1 "D 
example in which ж is commutative?] Sive a similar 
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6. Determine which of the following systems are groups. Give 
reasons why the Temaining systems are not groups. 

(i) The set G of all non-singular n Xn matrices over complex num- 
bers under matrix multiplication. 

(i) The set N under addition. 

(ii) The set R under 

(iv) The set G-—(l, 
the following composit 


multiplication. 
a, b, c} under a binary composition defined by 


ion table: 

1 a b c 
— ыч ыы —к——— I 
1 1 a b Í ё 

i 
a a 1 с i b 
m ORE eee 
b b e 1 | a 
c c "b a | 1 


[This is known as Klein's 


four group] 
(r) The set G—(s, В, v, 8} under a binary composition defined by 
the following composition table: 
a B Y š 
| e merid c ae 
a а в : 
LIFT M 
i 3 p T è 
peces e Te |t 
T a B * " 
с у. ү т 
a 1 P Y | 8 
(vi) The set C of all nth roots of unity where л varies from 1 to co, 
under multiplication. 


(vii) The set G—((m, n) | m, n integers such that either m40 ог 
nz£0} under the binary composition x defi 


ned on G by 
(а, Б) ж (с, d)=(ac—bd, ad-- bc). 

(viii) The set E of all even integers under addition, | 
(ix) The set E of all even integers under the binary compositions 
ж defined by 


ax b—2a-4-2b 
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(x) The set K of all rational number of type = where q is ап 


odd integer, under usual addition of rational numbers. 

7. In Problem (6) determine, if апу, (i) all Abelian groups, (ii) all 
non-Abelian groups, (iii) all semi-groups which are not groups, and 
(iv) all the systems which are not semi-groups. 

8. If the set of nxn matrices over complex numbers form a 
group under matrix multiplication, then show that either all the 
members of the set are non-singular matrices or all of them are 


singular. 


2. Preliminaries 

In this section we discuss the elementary properties of a group 
which are in fact the building blocks for the development of the 
fascinating and dcep theory of groups. Let us recall our convention 
namely when we say that G is a group under a binary composition 
denoted multiplicatively ог < G, . > isa group. As per convention 
we shall use ab in place of a.b. 

Theorem 2.3. If С is a gronp then 

(1) Identity element of С is unique. 

(2) Every a € G has unique inverse in G. 

(3) For every a € G, (a ?)^1—a, 

(4) For all a, b € С, (a b) = b-t a^. 

Remark. Before we proceed with the proof ofthe theorem let 
us try to understand as to what actually we want to prove and what 
is its significance. Let us recall that ап element e € С is called an 
identity of С if ae=a=ea у a € С. The postulate G—2 in the 
definition of G only assures the existence of an identity e, it does 
not assert that there is only one identity of G. So one may expect 
that there might exist another element f € G such that 
af=a=fa 4 а Є С. Part J of this theorem asscrts that such a case is 
not possible. Similarly the postulate G-3 in the definition of group 
states that given a € С there exists at least one element а-1 EG 
such that а! a=e=aa™ where e is an identity of G but it does not 
state that there exists only one such element. In Part 2 we prove 
that every element has a unique inverse. After following first and 
second parts of the theorem it becomes fairly easy to catch up the 
idea behind our purpose to prove third and fourth Parts of above 
theorem. 

Proof: (1) Let there exist two identities e and 
ase E rs and also ef—e as f is an ecl [^s Шеп fe 

Е 2 РРА г се ef=fre 
This proves the uniqueness of identity. ” 


50 MODERN ALGEBRA 


(2) Let an element a € G have two inverses, say, x and yin G. 
So x a=e=ax and ya=e=a y. This gives x=x e=x (a у)=(х a)y 
=еу=у. | 

Hence inverse of а is unique. 

(3) Since for any a € С, aa=e=a™ a, it follows from definition 
of inverse that (а7:)-!=а. 

(4) Now (a b) (h-! а-1) [а (b b71)] a 

—(ae)a!—aa--—e. 

Also (b-! a~) (a b) —b^ [a^ (а 5)] 

=b™ [(а- a) b] 
—b!(eb)—b^ b—e. 

Consequently (a D)? =b a-'.m 

Theorem 2.4. (Cancellation Laws) 

Let С be a group then for all a, b, c € G 

a b—a c > b=c (left cancellation law) 
b a—c a = bc (right cancellation law) 
Proof: ab-ac = a^ (а b)-a-^ (a c) 
= (a a) b—(a a) c 


= eb=ec 

> b=c. 
Similarly ba=ca = (b a) a?—(c a) a1 

> b=c.m 


REMARK 1. It must be eniphasized that the common factor in 
two equal products in a group can be cancelled only when it occurs 
on the same side. In fact for three elements a, b, c in a group G 
a.b=c.a may not imply b cin general. To show this consider 
S={1, 2, 3} and the group A(S). Define f : S > S, 8:5 — S such 
that f(I)=2, f(2)=3, f(3)=1; g(1)=2, g(2)=1, g(3)=3. Clearly 
fg € A(S). We leave it to the reader to verify that fog —go ( fof) 
but f 5 fof. 

REMARK 2. In a semi-group the cancellation laws may not hold 
as is shown by the following example. 

EXAMPLE 12. The set S of all 2x2 matrices over integers is 


a semi-group under multiplication. Now 4=(4 o) в-(0 t Jana 


G= [т a are three elements of S such that AB=AC but BAC. 


Remark 3. There are semi-groups which are not groups but they 
satisfy cancellation laws. This is shown as follows. 

EXAMPLE 13. The set N is an Abelian 4 semi-group under 
addition. It is well-known that for any three positive integers а, b, ё; 
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a+b=a+c = b-c. But this system is not a group. 

Theorem 2.5. Any finite semi-group in which both cancellation. laws 
hold, is a group. 

Proof: Let S be a finite semi-group in which both cancellation 
laws hold. 


Let S={y, Qz, 05 - +++ ++ 3 An} 5. 
Consider any a, € S, then е 
аа а,аь IgM ++ +++ + ‚аа, 20) 


are all distinct, since for any i and JES LJ Sn) 
аа=а;а, > ai—a; (right cancellation law). 

Hence elements in (2) are all the elements in (1) in possibly some 
other order. So given any a; € 5 2 а; € S such that a;—a;a, ... (3) 

In particular there exists some ag € Ssuch that a,—a;a;. 

Then a,a,— а‹(а„а)==(а:а„ь)а, 

So by right cancellation law in S, ai aa; for all i. 

Similarly considering the elements 44), did» ..... +a, and 
using left cancellation law we can find an element a,such that 
аа; = a; for all i. 

Then we get а„=аа„=а, 

and a,.a;=ai=a,a, for all i21, 2, . . . п. 

Hence a; is the identity element in S. 

Let us write e for а,. Taking i=k in (3) we can say that there 
exists am such that e—a,—a,,a;. In a similar fashion, by considering 
the elements a,4, ааз, . . ., аа, we can find an element a, such that 


4,0, €. 
Then a, ea, = (аһа)а,=а, (аа) =A, — dn 
and аһа=е=ааыь. So aj !—d,. 


Consequently every clement in S has its inverse in S. Sis such 
that for alla, b, c € S 

(i) a(bc) — (ab)c (S is a semi-group). 

(ii) There exists e € 5 such that 

ае=а=еа м a€S. 

(iii) Given a € S,3«a € S such that aa^! —e—a-!q, 

Hence S is a group. 

This proves the theorem.m 

NowifG is any finite group, then by Theorem 2.4, С satisfies 
cancellation laws. So we can say that Gis a finite semi-group with 
cancellation laws. By taking this into consideration we have th 
following. 5 

Theorem 2.6. A finite semi-group С is а group if and only i 
satisfies both the cancellation laws m vifa 

REMARK. Observe that in Example 13, —N, +> is an їп 

е 
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semi-group with cancellation laws, but <N, +> is not a group. 
This means that preceding theorem cannot be generalized to infinite 
semi-groups. 

Theorem 2.7. Given a, b in a group С, the equations ах=Ь and 
ya-b have unique solutions for x and y in G. 

Proof: Since a(a-!b)—(aa-!)b—eb-—b, x=a-b is a solution of 
ax=b in G. Similarly y—ba-! is a solution of the equation ya —b in 
G. The uniqueness of the solution follows from the cancellation laws 
in G.m 

Theorem 2.8. A non-void set G together with a binary composition 
denoted muitiplicatively is a group if and only if 

(1) a(bcj— (ab)c for all a, b, c € С. 

(2) Given any a, b Є С the equations ax=b and ya=b have solu- 
tions in G. 

Proof : “Only if", part. 

Let G be a group. By the definition of group, (1) holds in G and 
(2) follows from Theorem 2.7. 

* If" part 

Let G be a non-void set with a multiplicative binary composition 
satisfving (1) and (2). To show thatG isa group we only need to 
show that С contains an identity and each elemant of G has an 
inverse. 

(1) “Existence of Identity", 

Consider any a € G then by (2) tlie equation ax=a has solution 
in С. Thus there exists an element e € С such that ae—a. Now 
given b € С, by (2) 3 Є G such that b=ya. Then 

be--(ya)e—)(ae) — ya—b 

So be=b for all b € С. 

Similarly since the equation ya—a has solution in G 3f € G such 
that fa =а and fb —b x b Є С. In particular fe=f since be=b for 
аїр € С. Also fe—e sincefb—b v b c С. Consequently e—f and 
we get that be—b-—eb у b € G. 

Hence e is the identity of G, 

(II) “Existence of Inverse". 

Given a € G by (2) За", a” € С such that aa' =e, а"а=е. 

Then  a'—ea'—(a" a)a'=a"(aa')=a"e=a" and we find that 
аа=е = аа. 

Hence a' =a"! exists іп С. 

Thus from (I) and (II) it follows that G is a group.m 

This theorem gives a characterization of a group so we may alter- 


ately define a group as follows: | i 
i pel 2.9. A system < G,. > where С is а non-void set and 
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*.'amultiplicatively denoted binary composition is called a Group 
if it satisfies the following postulates. 

For all a, b, c E G 

(1) a(bc)=(ab)c 

(2) The equations ax=b and ya=b 
have solutions in G. à 

REMARK. However if G is a ѕеті-оголр and if we are given that 
foralla,b € G only the equation ax=b has a solution in G then G 
may not be a group. This is shown by the following example. 

EXAMPLE 14. Let G be any set having at least two elements. 
Given a, b € G define a.b=b. 

(I) Let a,b,c € G. Then a. (b.c)=a.c=c апі (a.b).c=b.c=c. 
Hence (a.b).c=a.(b.c). 

(II) Since a.b=b, x=b is a solution of ax=b. Consider two 
distinct elements a,b in G. Then a.b=b, b.b=b. Consequently 
b.b—a.b but azb. So С does not satisfy cancellation laws. Hence 
G is not a group. 

Theorem 2.10. A non-void set G is a group under a binary composi- 
tion denoted multiplicatively if and only if it satisfies the following: 

(1) a(bc) = (ab)e ¥ a, b, cC G. 

(2) There exists an element e € G such that ae=a № a € С. 

(3) For each a € G, 3 а € G such that аа =e. 

Proof: The “only if” follows from the definition 2.1 of a group. 

“If. Suppose С is a non-void set with binary composition satisfy- 
ing (1), (2) and (3). Let a € G, by (3), За € G such that аа =e. 
Again by (3) 3 a" € С such that a’ a"—e. 

Now a'a —(a'a)e —(a'a) (a'a") —a'[a(a'a")] 


=a [(аа')а"] 

ae (ea")=(a'e)a” 
=a a" 

=e 


Thus аа =e=a'a. 

Further ea=(aa')a=a(a'a)=ae=a so ae=a=ae, 

Hence С is a group. 

In same way we can prove the following., 

Theorem 2.11. A non-void set G isa group under a binary composi- 
tion on G denoted multiplicatively if and only if it satisfies the follow- 
ing: 

(1) a(bc)-(ab)c ¥ а, b, c € С. 

(2) 3e € G such that eaa a € б. 

(3) For eacha € G, За € G such that a'a—e.m 

Theorems 2.10 and 2.11 provide the following alternative defini. 
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tions of a group. 

Definition 2.12. A system < G,. > where G is а non-void set 
and *'is a binary composition оп С is called a group if it satisfies 
the following postulates: 

(1) a.(b.c)=(a.b).c ¥ a,b,c E€ G 

(2) Зе Є G such that a.e=a чає G 

(3) For each a € Ga’ € G such that a.a' =e. 

Definition 2.13. A system < G,. > where С is а non-void set 
and *'isa binary composition on С is called a group if it satisfies 
the following postulates. For alla, b, c € G 

(1) a.(b.c) —(a.D).c. 

(2) There exists an element e € G such that e.a—a. 

(3) For each a € G, there exists a’ € G such that a'.a—e. 

Definition 2.12 is called the right handed definition of a group 
and definition 2.13 is called the left handed definition of a group. 
It should be noted that a semi-group G may be such that G contains 
a left identity e and each element a € G may possess a right inverse 
but G may fail to be a group. This is shown by the following example. 

EXAMPLE 15. Let G be a semi-group considered in Example 14 
and let e be any fixed element of G. Then by definition 

(I) eaa ¥ a Є С. Hence e is a left identity. 

(II) For each a € G, since ae=e so that e is a right inverse. of a 
with respect to e. 

Thus С has left identity e and each element of С has a ri 
verse in G but we know that G is not a group. 

We leave it to the readers to construct similarly an example of a 
semi-group G which has a right identity and left inverse for each of 
its elements but it fails to be a group. 


ght in- 


WORKED-OUT EXERC!SES 


Exercise 1. Jf in a group G, xy!—y'x and yx =x?y, then show 
that x=y=e where e is the identity of G. 
Solution. xy’=y°x > x-yixy? 
х? = xy xy = ху?уху-%=у?хуху-? 


х?у=у?хуху-! .. (1) 
Now yxi-x?y implies yx?— xy?xyxy^! 
>X =y dxyxyxyl 
> х?у=у-!ху?хух Eu. (2) 


By (1) and (2) we obtain 
© ySyyxy i my Ix xac y'a xy xyxy 
> yixyx—xyWyx pxy=yixy xy xy 
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' = (ух) (ху)? m 
Interchange x any y in (3) to get 

(ху) =x)" TS 
Now (3) and (4) imply 


(ху) — ox = (ух) (ух) = (ху)3(ух) 
> е=ху?х > xy 

Further — xyt—y'x > х x?—yxcx 

> хук = ўе. 

Lastly ухё= ху > exi-x3e > х=е. 

Exercise 2. (Isbell). Gis a group and there exist two relatively 
prime positive integers m and n such that а" b™=b” qvi and a"b" = bnan 
for all a, b, € G. Prove that G is Abelian. 

Solution. Since (m, n)=1, we get mx--ny—1 for some у Є 2. 

Now (amb) =ат(Б"а mynz-1 pn 

=a" (bnamyms(bngw)-1 b» 
= (bna mynngmg-mp-ngqn 


= (bran sett 
Similarly it can be proved that 
(a"br)ni = (bran, ^ 6 Q) 


From (1) and (2) we get 
"ibn = (аул улту 

=(b" а'утэ+пи рпа, ve (3) 
Finally ^ ab=amstny рату 

227 а''“(атутгуруп y 

== а" дурт by (3) 

= hmagmepnygny by hypothesis 

= тоф пудтп+пу by (3) 

—ba. 

Hence G is Abelian. 

Exercise 3. S i; а firite semi-group. Show there is an element 
е € S such that e?—e, 

Solution. Let x € S, as 5 is finite €*, X5 x* ..., all cannot be 
distinct. So there exist integers m > n such that x"— y» This gives 
Х"+К y? where k=m—n. 

Now хт x"xntk=x°", By principle of induction it can be prov- 
ed that x"^*t— ymn for any m Є М. 

Also хт. xin уп ys ninth — ymn, 
х" x and so on. 

Again by using principle of induction it can be proved that 
ХЕ хт for any ГЄ М. In particular We get xtntnk 


9. 


xnk ynk, 
Put х", 


ХТЗ утта xt 


= xkn i.e. 
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Exercise 4. С is a group and a € С. Define a binary composition x 
on G such that < С, + > is a group with a as its identity. 

Solution. We define , оп С as under 

X  y=xa y for all x, y € С. 
1. &isAssociative. Let x, y,z-€ С. 
(ха y) = z—(xa іу) = z—(xay)a?z 
==ха ya z. 
Agaia x « (y = z)—x „(уа іс) —xa? (yaz) 
—xa?ya iz 

Hence (x + у) + Z=x = (У + 2) 

2. For any x Є С, 

х „а =хаіа=хе=х where e is identity of G 

Similarly а = х=аа іх=ех=х. 

Hence а is identity of С 

3.Let x € G. 

Then x (ax a)— xa? (ax 3a)—x x !a—ea—a.. 

Further (ax ^a) 4 x—(ax !a) a !x —ax ?x—ae—a. 

Hence x-—ax'a. 

Consequently < С, + > is a group with а as its identity. 

Exercise 5. Show that the equation x*ax=a™ is solvable for x 
in a group G if and only if a is the cube of some element in G. 

Solution. Suppose x'ax—a- is solvable in С, there exists c € С 
such that c'ac=a 1. This gives ca ca—c * = ca ca c—e = ca caca 
=ea=a => (caf =a. 

Conversely let a=b" for some b in С. Then x=b™ is a solution 
of x:ax—a^, since, x'ax—b 9b" — b? while a=b. 

Exercise 6. A semi-group S is called regular if for every y € S 
there exist a € S such that yay=y. 

Let S be a semi-group with at least three elements and x € S is 
such that S—{x} is а group. Prove that S is regular if and only if 
xx. 

Solution. If x"=x, then x'—ix?—x ie. xxx=x. Now G=S - {x} 
is a group, let y € S—{x}, then yy !y—ey —y where e is identity of 
С. As S=G U {x}, S is regular. 

Conversely let S be regular. We claim that for any y € G, xy—x 
ух. Suppose хутёх then xy € G so Qy) =x € G which is 

cd. Hence xy=x. Similarly yx—x. Simoc S is regular, there is 
an element a'€ S such that xax—x. 

жає G then ах=х > Xx—x = F 

1а € G,a=x. Then xax=x > P= 

Let 24x then u=x € б. As S has at least three elements, 


there exists v (#1) in G. 
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Now zu=vis solvable їп С. Because z Є G, zy 
= x"=un, i.e. u—v; which is absurd hence x5— х. 
REMARK. If in a semi-group S, there exists an element гє s 
such that xt=tx=t for all х Є 5 then ris called а ‘zero’ of S. Thus 
in Exercise 6 above we note that if S isa regular semi-group with at 
least three elements and х € S such that S—{x}isa group, then v 
is ‘zero’ of S. Ў 


=2x°=(zx)x= x1 
i 


PROBLEMS 


1. Definition. In a semi-group G, an clement a is called an idem- 
potent if a*=a. 

Show that if G is a group then a € G is an idempotent if and only 
if a=e, the identity of G. А 

2. Give an example of а semi-group containing more than one 
idempotent but containing no identity. 

3. (a) We know from Theorem 2.3 that a finite semi-group satisfy- 
ing cancellation laws is a group. Give an example of a non-void set 
G with a binary composition such that G satisfies both the laws of 
cancellation but G is not a group. 

[Hint: Consider set G—í(1, z, 8 ү, 3) together with binary com- 
position given by the following multiplication table. Since no column 
or row consists of same elements in two or more places hence can- 
cellation laws hold.] 


1 = B Y 

1 1 z B Y 
а eme 1. 1 А 

Y 8 

8 В 8 a 1 

Y Y "в è Ра 

5 8 Y 1 8 


(b) Show that any set G having 1, 2, 3 or 4 elements 
under any binary composition which is cancellative and 
identity exists. 

4. Prove that a finite semi-group G with identi 
only if G contains only one idempotent. 


isa group 
for which 


ty is а group if and 
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(2) H is a group under the binary composition of H induced 
by 4. 

Let e be the identity of a group G. Then trivially G and (ej are 
subgroups of С. These subgroups are called Improper subgroups of 
G. A subgroup H of a group G, is called a Proper subgroup if it 
is different from G as well as from {e}. 

If G is a group and H is a subgroup of G, for the sake of conveni- 
ence we shall usually denote the induced binary composition of А 
by the same symbol which denotes the binary composition on G. 


Examples of Subgroups 
EXAMPLE 16. The set E of all even integers is a subgroup of 
additive group Z. 
EXAMPLE 17. The set Z is a subgroup of the additive group Q- 
EXAMPLE 18. Let G={1, —1, i, —i}, H—(1, —1) where i?— —1- 


Then G is a group under usual multiplication of complex numbers 
and H is a subgroup of G. 


EXAMPLE 19. Let С be the multiplicative group of all non- 


singular 2x2 matrices over complex numbers. Let H be the set of 
the following eight matrics 


i ар 
aes d 


Clearly H C G. As was claimed in Example 10, H isa grouP 
under matrix multiplication. Hence H is a subgroup of G. 

EXAMPLE 20. The set Q+ of all non-zero positive rational num- 
bers is a subgroup of the multiplicative group Q* of all non-zero 
rational numbers. 

From the fact that a group has only one idempotent [Prob. 1 
8 2], and the inverse of any element of С is unique, the following 15 
immediate. 

Lemma 2.15. If G is a group and H is a subgroup of G, then 

(1) e, the identity of G, is also the identity of H, 

(2) for eacha Є Н, a? Є Hm 

We now prove a theorem which supplies us a criterion to check 
whether a given subset of a group is a subzroup or not. 

Theorem 2. 16. A non-void subset H of a group G isa subgroup of 
G if and only if a,b € H > ab? € Н. 

Proof: Let Н be a subgroup of С and let a, b Є Н. By lemma 
5150) 87 € Н. Consequently by the closure property of Р 
ab^! Є Н. 
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Conversely let H be a non-void subset of G such that for 
bc Н; аЬ! Є Н. 

(I) Since H is non-void, there exists a Є H. 

Thus aa € H i.e, e € H. So H contains identity. 

(II) Let b € H. Ase E Н, eb“ i.e., b Є Н. 

Hence b E€ Н = b~ € Н. 

(Ш) a, b € Н = aand b^ € H by (II) 

“ а(6-) Є Н 

i.e. ab € Н, since (b71)-1—b. 
Consequently H is a closed subset of G. 

Trivially the induced binary composition on {H is associative 
because the binary composition on G is associative. Hence H is a 
subgroup of С.в 

Theorem 2.17. Let G be a group and H be a finite non-void subset 
of G. Then Н is a subgroup of G if and only if ab € Н for all a, 
РЄ Н. 

Proof : If Н is a subgroup of С then by definition 

abcHc-abc Н. 
Conversely let H be a finite non-void subset of G such that 
abc H=>abe Н. 
Thus Н is finite semi-group. Further the cancellation laws hold in H 
since the same hold in G. Hence H is a subgroup (Theorem 2.6).m 

We know that given two integers a, b, a = b (mod m) if and only 
Іт | аЬ or equivalently a—b is an integral multiple of m. Thus 
а = b'(mod m) if and only if a—5 Є (m) i.e., the subgroup of Z con- 
sisting of multiples of m. 

Hence congruence between two integers a and b is closely related 
to the subgroup (m). 

Definition 2.18. Right congruence modulo a subgroup. 

Let G bea group and H be a subgroup of G. Given abCcG,a 
is said to be right congruent to b modulo H {symbolically a = E 
(mod H)} if and only if ab? є H. 

Theorem 2.19. If G is a group and H is a subgroup of G. Then 
the relation = , of right congruence modulo H is an equivalence relation 

on С. Further for any a € С the set (ha | h € H) is ihe 
class to which a belongs. 

Pro»f : Let a, b € G and e be identity of H. 

(1) Reflexivity. Since aa! —e € Н, а = ,a (mod H). 

(2) Symmetry. а = ,b (mod Н) > ab? € H, 

= (Бу € Н 
ie. Ба Є Н 
=> b = ,a (mod H). 


all a, 


equivalence 
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(3) Transitivity. a = ,b (mod Н), b = „с (mod Н) 
> ab € Н, bo € H 
=> ac™=(ab~) (bc!) E Н 
=. a = ,c (mod Н) 

Thus the relation of right congruence modulo H is an equivalence 
relation on С. Let СІ (a) denote the equivalence class to which а 
belongs i.e., Cl (a)={b € С | b = ,a (mod H)). 

Let Ha denote the set (ha | h € H). 

Now b € CI (а) = b = ,a (mod Н) 

> ba! € Н = b=(ba™)a € Ha. Thus СІ (a) С Ha. 
Again c € Ha = c=ha for some h € Н = ca !—h EH 
=  ¢=,a (mod Н) = c € Cl (а). Thus Ha С СІ (a). 

Hence CI (а)= На. 

Definition 2.20. Right coset. Let G bea group and Н be a sub- 
group of G. For any a € G, the set Ha—(ha | h € H} is called a 
right coset of H determined by a. 

Thus we find that the right coset Ha is nothing else but the 
equivalence class, determined by the relation of right congruence 
modulo H, to which a belongs. 


In analogy with theorem 2.19 and definitions 2.18 and 2.20 we 
have 

Definition 2.21. Left congruence modulo a subgroup: Let G be a 
group and H bea subgroup of G. Given a, b € G, ais said to be 
left congruent 10 b modulo Н {symbolically a = b (mod H)} if and 
only if ab € Н. 

Theorem 2.22. If G isa group and H is a subgroup of G. Then 
the relation zx , of left congruence modulo H is an equivalence relation 
on G. Further for any a € G the sét (ah|h € H} is the equivalence 
class to which a belongs.m 

Definition 2.23. Left coset. Let G be a group, and H be a sub- 
group of G. For any a € G, the set aH={ah|h € H) is called a 
left coset of H determined by a. 

We now prove а very useful theorem on cosets without using the 
concepts of congruences modulo a subgroup. However this theorem 
is implicitly contained in Theorem 2.19, 

Theorem 2.24. Let G be a group, H bea subgroup of G and a, b € 
G. Then 

(1) Ha=H & a € Н. 

(2) Ha=Hb < ab? € Н. 

(3) aH=bH © ab € Н. 

Proof: (1) Now На=Н > еа Є Ha-Hasec Н 

>ae H. 
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i.e. На=Н > a € Н. 
Leta € H, then ha € H v h € Has H is a subgroup, so by 
definition Ha C H. 
Now for any л € Н, h=(ha™)a € Ha. This yields Н С Ha, 


Thus Ha=H. 

Hence Ha=H € a € Н. 

(2) Ha=Hb = a € Hb since a=ea € Ha. 
=a  =hbforsomeh € H 
= ab-i—h € Н. 

Again ab Є Н —ab-—h forsomeh Є Н 
=> a=hb 


= Ha=H(hb)=(Hh)b 
=Hb, since Hh=H by (1) 

Hence Ha=Hb = ab € Н. 

The proof of (3) is similar to that of (2).m 

If a group С is Abelian and H is a subgroup of С, then for any 
a € С, h Є Н, ah=ha and so Ha=aH. But if a group С is not 
Abelian we cannot say that for any a € Gand any subgroup H of 
G, aH=Ha. However a group G may contain a subgroup H for 
which Ha=aH holds for alla € G, as is shown by the following 
example. 

EXAMPLE 21. Let G be the group of matrices 


1 0 i 0 
5 f 1 а el 
0 1 


(Cf. Example 10) and let Æ be the subgroup consisting of matrices 


1 0 i 0 

> Lo n ES bó =; 

Then H is а subgroup of G (verify !). We leave it to the readers to 
verify that aH — Ha for all a Є С. 

Definition 2.25. ^ subgroup H of a group G is said to be a 
normal subgroup of G if Ha=aH for alla € G. 

For a group G, G and {е} are always normal subgroups of G 
and these subgroups are called trivial normal subgroups. A 
95 {е} which does not have any non-trivial normal subgroup is 
a simple group. In Example 21 above, 
Subgroup of G. 

A normal subgroup is also known as an Invariant 
Subgroup. Clearly every subgroup of an Abelian 
| Subgroup. Following theorem gives an elegant and 
| Zation of a normal subgroup. 


group 
a called 
T is a non-trivial normal 


ог self-conjugate 
group is a normal 
useful characteri- 
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Theorem 2.26. A subgroup H of a group G is normal if and only 
if g> hg € H for every h Є H,g EG. 
Proof: Let Н be a normal subgroup of G. Leth € H, g € С 


Akep! Hg=gH (Definition of normal subgroup) 
Now hg € Hg=gH 
so hg =gh, for some h, € Н. 


ie. ghg—h, € Н. 
Conversely let H be such that 


gh Є HxwhecH,g Є С. 
Considera € G For any h Є Н, aha € Н 


Therefore ha—a(a-!ha) € aH. 
Consequently HaCaH. 
Let b—a^! 
then bhb E H 
But b hb — (a7) ha? =aha-* 
This gives aha Є Н 
so that ah=(aha-) a € Ha 
which proves that aH C Ha. 
Hence aH —Ha.a 


This theorem shows that, equivalently a subgroup H of a group G 

can be defined to be a normal subgroup if 
x ghee H x hE H,g Є С. 

Definition 2.27. Order of a group. The number of elements in 
a group is called the order of the group. 

The order of a group G will be denoted by o(G). A group of 
finite order is called a finite group. By using the concept of cosets 
we prove a theorem due to Lagrange which expresses a relationship 
between the order of a finite group and the order of its subgroup- 
This theorem has played a fundamental role in the development of 
theory of finite groups. | 

Theorem 2.28. (Lagrange). The order of an ite 
group divides the order of the group. y ау aaro vu 

Proof: Let G be a finite group and H a subgroup of G. 

Suppose o(H)—n. For any a € G, define f: Н — Ha such that 
fh) ha. 

This mapping is onto as each member of Ha is of type ha, h € H- 
Further for any two elements /, h, € Н, f(h;)—f(h;) > ha=h,a > 
hh. (right cancellation law). ў ; 

is a 1—1 mapping of Н onto На. Thi 

Hence f oH) = Е На), s means that 
Let На, Ha -+ -+ + + , Ha, be the totality of distinct right cosets of 
Hin б. Then these t right cosets constitute the totality of distinct 


equivalence classes in G determined by the relation of right 
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congruence modulo H (Theorem 2.19). Thus Ha,, Has, . 

disjoint subsets of С and G— Ha, U Ha; U. . -U На,. 
As seen above o(Ha;)—o(H)—n у i=1, 2, . . ., t. 
Therefore o(G)=nt. Hence o(H) | o(G).m 


. , Ha, are 


It is evident from the proof of the above theo em that ae is 
equal to the number of right cosets of Я in С. Similarly it can be 


proved that s 


Definition 2.29. Index of a subgroup: 

Let G be a group and H, a subgroup of G. Then the number of 
right. (left) cosets of H in С is called the Index of H in С. 

The index of H in G is denoted by [G : H]. 

Hence the theorem of Lagrange can be re-sjated as follows: 

Theorem 2.30. For any subgroup H of a finite group G 

o(G)=0(H) [G : H].m 
For a finite group С, if k is a positive integer such that д | o(G), it 
is not necessary that G contains a subgroup of order k [see Theorem 
3.30]. However if С is Abelian and К is a divisor of o(G) then G 
must contain a subgroup of order k. This will be proved later. 

Definition 2.31. Order of an element: 

Let С be a group and let a Є С. Then ais said to be of finite 
order n, if n is the least positive integer such that a^—e, the identity 
of G. 

If for no positive integer К, a*—e, then a is said to be of infinite 
order. 

The symbol о(а) shall denote the order of a. 

Definition 2.32. Cyclic Group. A group С is said to be a cyclic 
group if there exists ап element b Є С, such that every element 
of G is a power of b. b iscalled a generator of G and we denote 
G by <b>. ^ 

if the composition in G were denoted additively then we could 
say that G is a cyclic group if there exists an element a of G such 
that every element of G is of the form na where n is an integer. 


2zri 


is equal to the number of left cosets of H in G. 


EXAMPLE 22. Let G,— (e” |r-0,1,2.. , oa Бе the 
2zi 
group of ath roots of unity. Let a—e " , then a € G, Since fora 
= (By Ы 
integerr, e" aT =a‘, every element of G, is a po 


wer of а, 
Hence G, is a cyclic group generated by a. 
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EXAMPLE 23. The additive group Zis a cyclic group generated 
by 1, since 1 € Z and for every integer п, we have n=n 1. 

Theorem 2.33. A group of order n is cyclic if and only if it has an 
element of order n. 

Proof : Let G be a cyclic group of order n and let a be a generator 
of G. Put Н {а | i € Z}. Clearly Н is a subgroup of G. As G is 
finite а cannot be of infinite order. Let o(a)—7m. We claim that H 
has m elements, Now а, а’, а?,..., 47-1, a"=e all belong to H 
and no two of them are equal as o(a)=m. Hence H has at least т 
elements. Let n € H then x—a, j € Z. Now j=mk+ro<gr<m, 
k and r integers. Then x—a/—(a")* gt=ar, So any element of H 
is one of a, a°, a?, . . ., a". Hence H={a, а, a... a"). This proves 
our claim. Since G=< a — , G C H. In other words С= Н and 
so n—o(G)—o(H)- m=o(a). 

Conversely let G be a group of order and b € G be of order n. 
As before K—(b' | r € Zi isa subgroup of G having n elements as 
o(b)—n. Since К C Gand o(K)-n—o(b), K—G. Consequently С 
is cyclic group generated by b.m 

Now let С be any group and аєсС. Let Н — (a^ 
Consider any two elements x=a", y—a" in Н. We find that 
xyt=ata-™=a"-™ € Н. This implies that H is subgroup of G. 
Clearly H isa cyclic group generated by a. This subgroup is called 
a cyclic subgroup of G generated by a and we write Ик = ас». 

Theorem 2.34. If С is a finite group then order of any element of 
G divides the order of G. 

Proof: Let G be a finite group and a € G. Let H= 
a cyclic subgroup of G generated by a. 

Then o(H)=0(a) (Theorem 2.33). 

By Lagrange's theorem o(H) | o(G). Hence o(a) | o(G).m 

Corollary 2.35. If G isa group finite group then Jor anya € G 

aXG)—e, 


| n is any integer}. 


<a>be 


Proof : Let o(a)=n and o(G)=N, 

Because of Theorem 2.34, N= 
Then a^ —(a")"— e" — e. 

Hence the corollary.m — 

Theorem 2.36. In a group G, following hold: 

(1) For any two elements a, x EG, o(a)—o(x-1ax). 

(2) Iffor any a Є б, о(а) is finite; then for any integer m, а'%®=е 
implies o(a) | m. 
EG Ai two elements a, b € С, o(ab)=o(ba). 

(4) If о(а)=п and a positive integer k | n, then 


nm for some positive integer т. 


Maen Kv xe Hae HO К, 
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о(а)=-- 


Proof : (1) Let n be any positive integer 
qn—e & x a^x—x exe < (х^!аху"==е, 

since (xax) xax, 

Consequently o(a) —o(x !ax). 

(2) Let o(a) —n and let m be any integer such that a^ — e, 

Now by Euclid's algorithm m=ng+r for some integers g and r with 
О<тг<л. 

Тһеп e=a"=(a")"a" — e'ar — ear =a", 

Now n is the least positive integer such inat a"—e, so r < п is 
absurd. 

Hence r=0 and so m- nq i.e., o(a) —n | m. This proves (2). 

(3) Since ab—b-'(ba)b, o(ab)—o(ba) by part (1). 

(4) follows from (2).m 

EXAMPLE 24. Consider the group G={1, —1, i, —i) where 
i-4 —1. Now o(G)—4. 

(i) i*—1 but for no positive integer m < 4 i"—1. 

This means o(i)—4. Trivially 4 | o(G). 

(ii) Now (—1)*—1 and (—1)'zz1. This implies o(—1)—2. 

Clearly о( 1) | o(G). 

(iii) Since 1—i*, --1=1°, —i—i*, i=i we see that С is a cyclic 
group generated by i. Notice that С is also generated by —i. But —] 
or 1 do not generate G. 

Theorem 2.37. For any two subgroups H and K of a group G follow- 
ing hold: 

(1) H N Kis a subgroup of G. 

(2) If H is normal in G then Н CQ K is normal in К. 

(3) If Н and К are both normal in С, then Н A К is normal in G. 

Proof: (1) Since e € Н N К, Н N Kis non-void. 

NowabcHünK-abcHandabck 

= ab" € Handab! c K 
= ab! € HAK. 

Hence H N К is a subgroup of G. 

(2) Let H be normal in С. Let x € K,a € HAK, 

Then xax € K since x, a € К. 

Further xax € H since His normal and a Є Н. Consequently 
Hence Н N К is a normal subgroup of К. 

(3) Let Н and X be normal subgroups of С. 
Nowx€ G,aGHNK>x€GaeHaEeKx 
= xax € Hand xax € K since Н and K both are 
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normal subgroups of G 

This implies хах € Н N К. 

Hence Н N K is a normal subgroups of С.в 

- Definition 2.38. If A and В are two non-void subsets of a group 

< б,» > then by A x В we mean the set (a b |a € A, b € B). 
If the composition in С is multiplication then A , B is denoted by 
AB andis called the product of A and B. If the composition in С is 
addition, then A , B is denoted by A+B and is called the sum of A 
and B. 

Theorem 2.39. Let H and K be two subgroups of a group G, then 
HK is a subgroup of G if and only if HK=KH. 

Proof: Let HK be a subgroup of G. Consider hE Hk € К, 
(khy!—h^k? Є HK; so kh Є НК аз НК isa subgroup of G. Con- 
sequently KH C HK. 

Again hk € HK = (hk)? € HK = (hk)-1—h,k, for some һу, € Н, 
k, E K = hk—(hk)) =k, € KH 

Thus HK C KH. Hence HK=KH. 

Conversely let HK—KH. Clearly e € HK, so HK is non-empty. 
Now let x, y Є HK then x=h,k, and y=A,k, for some h, h, € Н, 
к.к, Є K. 

Thus xy? —hk, (Kk, 7) =) hi. 

Now (k,k;?)h;3 € KH and by supposition KH— HK. 

Consequently (k,k;7)5;" —hk, for some hy € Н, k, € К. 

We get xy?—h,(h,k;)—(hhjk, € HK. 

This means that x, y € HK — xy-! c Hk. 

Hence HK is a subgroup of G.m 

Corollary 2.40. 1f H and K are two subgroupsof G such that either 
H or K is normal in G then HK is a subgroup of G. 

Proof: Let H be a normal subgroup of G. Then for each КЄ К, 
Hk=kH. This gives НК КН. ‘ 

Hence KH is a subgroup of G. Similarly if К is normal then for 
each h Є Н, hK— КА which in turn implies HK—KH. 

Hence the result follows from the above theorem.m 

Corollary 2.41. If Н and К are two subgroups of an Abelian group 
G. Then HK is a subgroup of G.m 

REMARK 1. In Chapter 3, [$ 3, Problem 8], we Bive an example of 
two subgroups H and K of a group G for which HK;-KH. Thus in 
general HK is not a subgroup. 

Remark 2. In Chapter 3, [§ 3, Problem 7, (iii)), we give an example 
of two subgroups H and K of a group G in which HK=KH but 
neither of H and Kis normal in G. (We advise the readers that they 
should not make an attempt to understand and solve the problems 
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referred above before they have grasped thorou hl i 
t 
permutation groups.) 80у the article on 
Theorem 2.42. If H and K are finite subgroups of a group G th 
dies _o(H) o(K) then 
~ ((H(1K)* 


t 
2 Let D= = 
Proof: Le H N Капа let К un Dk,be a decomposition 
K into disjoint right t i ol 
of K into disjoint right cosets of D in K. Then is . Further 


t t 
= DKi)=U HK; si = 
HK=H LU ) red since HD—H follows from D C H. Now 


we claim that the right cosets Hk,, Hk, Hk, are pairwi 
! d. p s a 

distinct. Otherwise let Hk;— Hk, for some i and j Het а 
kik;! € Н, but as kjk;'! Є К, therefore kik; € Hn K=D 
Consequently Dk;— Dk; and i=j. $ 

ence: НЕ, Akiras „мы ‚ Hk, are distinct and so disjoint right 
cosets of H. Each of them has o(H) number of elements. We get 
o(HK)=0(H)t= e(H)o(K) _ o(H)o(K) * 

o(D) (lH N К) 


WORKED-OUT EXERCISES 


Exercise 1. If H and K are two subgroups of a group G then for 
any a, b ЄС either Ha N Kb=¢ or На N Kb=(H N Кус for some 
ce б. 

Solution. Suppose that Ha N Kb is not empty. Let c € Ha N Kb. 
But с € Hcandc Є Kc. Thus c € Ha N He and also c € Kb N Ke 
This in turn implies that Ha=Hc, Kb=Kc. Hence На N Kb 


= Hc A Kc. 
Now H (1 K C H 2 (Н П K)e C Hc 
and НПКСК» (H (1 K)c C, Kc. 


Thus we get (Н (1 K)c C Hc N Kc. 
Again t € Hc N Kc = t—lic—kc for some Л Є H,ke К. 
As a consequence /ri—1c7!—k € H AN К. 
So t € (Н A Kye. 
This gives that Hc N Kc С (Н (1 Кус. 
Hence Ha N Kb=He N Кс=(Н (1 Кус. 
Exercise 2. (Poincare') If Н and К are two 
indices in С, then show that H N К is also of finite ee P of finite 
Solution. Let [G : H]—7m and (С: K]=n and Tea i 
‚+, Ham and Kb, . . Kb; be distinct right cosets of oat TM 
res- 
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is a subgroup of С if and only if HH С Н. 

2. Give an example to show that a group G may have а non-void 
subset H for which HH С Н but Н fails to be a subgroup of G. 

3. Show that if H and K are normal subgroups of a group G then 
HK isa normal subgroup of G. Show further that the result does 
not necessarily hold if only one of them is normal. 

4. Fora group G and a subgroup H of G, let G— Ha, U. . .U Hat 
be a decomposition of G into disjoint right cosets of H. Show that 
СЕНИ NN О ar His a decomposition of С into left 
cosets of H. 

5. Givean example of a group G having a subgroup H and two 
elements a, b such that Ha— Hb but aHzEbH. 

6. If H C K are two subgroups of a finite group G, then show, 
that [G : H]=[G : K] [K : H] 

Hint. By Lagrange's Theorem, o(G) —o(K) [С : К] 

o(K)—o(H) [К : H] and o(G) —o(H) [G : H].] 
7. Let Z be the additive group of integers and for any positive 


integer п, let Н, denote the set of all multiples of n. Show the 
following: 


(i) Н, is a subgroup of Z. 
(ii) Index of H, in Z is n. 
(iii) For any two positive integers m, n, if j and k are their 
HCF and LCM respectively, then 
H,=H,,+H,, and Hy,—H,, (1 Hy. Y 
8. Let H be a subgroup of a group G. Prove the following: 


(i) For any x € G, x Hx-(xhx|h € Н} is a subgroup of G. 
[Hint. Use Theorem 2.16.] 


(ii) o(H)-o(x Hx). 
| [Hint. Show that Л e x?hx isa1—1 correspondence between 
elements of H and those of x-!Hx.] 


(iii) If G is finite and n—o(H) such that G contains no subgroups 
other than H of order n, then prove that Н is normal in G. 


9. If a € G define N(a)—(x € G | ax 2 xa). 
Prove the following: 

(i) N(a) is a subgroup of G. 

(ii) For any two elements x, y Є С, х-1ах=у-!ау 


< N(a)x — N(a)y. 
[Hint. Use the fact that for any Subgroup Н, Нх= Ну <= ху? 
Є H] 
Definition: N(a) is called the Centralizer or Normalizer of a. 
10. If Gisa group, then the centre Z(G) of G is defined bY 
(€ б|зх=хт vx Є G}. Prove that Z is a normal subgrouP 
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of G. 

11. Show by an example that if H is a normal subgroup of G 
and K is a normal subgroup of H then K may not be a normal 
subgroup of G. 

12. Give example of a group G and a subgroup H of G such that 
Тог some a € С aHa! E H. 


à i 13. Let H and K be normal subgroups of G such that HCK=(e). 
Show that Ak=kh v h € Н, к € К. 

[Hint. Show that hkhk € H N K] 

14. Н is a non-empty subset of a group С such that Hx— HxH 
for all x € G, show that Hx—xH. p 

15. Let a, b be two elements of a group С such that ab==ba. 
Prove that if o(a) and o(b) are relatively prime integers then o(ab) — 
€(a) (b). Show by examples that the result is not true when 
(1) abba (ii) ab=ba but o(a) and o(b) are not relatively prime 
integers. 

16. If a cyclic subgroup T of a group G is normal in G, then 
show that every subgroup of T' is normal in G. 

17. Show that every cyclic subgroup of a group G is normal 
then every subgroup of G is normal. 

18. If a is an element of G of finite order and k, any non-zero 
integer, then show that o(a)=o(a") if and only if k and o(a) are 
relatively prime. 

19. Show that every group of prime order is cyclic. 

20. Show that a subgroup H of group G is normal in G if and 
only if the product of any two right cosets of H in G is again a right 
coset of H in G. 

21. If G has only one element a of order ^, prove that 
a € Z(G). 

22. Let H and K be two normal subgroups of a finite group G 
such that o(H) and o(K) are co-prime. Show 
k € К, hk=kh. 

[Hint, Use Lagrange's Theorem.] 

23. (Н.В. Mann) If С is a finite group and А, B are two non- 
Void subsets of С then prove that either G— АВ or o(G) > о(А)--о(В). 

24. Show that if a group С has finite number 
G is finite. 

25. Let А and B be subgroups of group С. If [G : B] is finite 
then prove that [4 : A N B] < [G : B]. Equality holds if and onl 
if G— АВ. y 

26. In problem 25 above, prove that if [G : А] is also finite iin 


that for any л € H, 


of subgroups, then 
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[G : A В] < [G : A] [G : B] with equality if and only if G=AB. _ 

27. If in a group G, a’=e and aba = for a, b € С, prove 
that if b Æ e then o(b) —31. 

28. If H and K are subgroups of a finite group G and 
о(Н) > Vo(G) and o(K) > V o(G). show that o(H N К) > 1. 

29. (Euler) If n is a positive integer and a is relatively prime to п, 
then show that а? (7) = 1 (mod n) where (л) is the number of posi- 
tive integers less than иг and relatively prime to n. 

30. (Fermat) If p is a prime integer and a is any integer, then 
prove that a” = a(mod p). 

31. Let Q be the set of all rational numbers and let G={(a, Б) | a4 
bE Q, a = 0y. Define , on С as follows: E 

(a, b) (c, d) — (ac, ad+ b). 

Show that < G, , > is a non-Abelian group. 

Consider H—í(l, b) | b € О). Prove that H is a normal sub- 
group of G. 

32. If a group G is the union of a family of proper normal sub- 
groups each two of which have only identity in common, then show 
that G is Abelian. 

33. If A and B are subgroups of finite index in a group G, and 


[G : 4] and [G : B] are relatively prime, then show that G— AB. 
[Hint. Use Problem 26 above.] 


k 
34. For a non-empty set S of a group G, define S*—(IU s; | €? 
i=1 


for any positive integer k. Prove that, if G has n elements, then 5" 


is a subgroup of С. 


35. Show that if a group G is of even order then number of cle 
ments of order 2 is odd, 


36. Gis an Abelian group having n elements еу, ga, . , ., Zn. Sho 
that (21, йз... ga)? =e, where e is identity of G. 

31. Give example of a group G and elements a, b € G such that 
o(a) and o(b) are finite but ab is not of finite order. 


[Hint: Consider the group S(R), the set of all 1—1 onto funt^ 
tions from R to В. 


Define а(х) = —x and b (x) 21 —x for 
==?, but ab is not of finite order.] 


all x € R. Clearly o(a) —o(D l 


eee 


3 


QUOTIENT GROUPS, HOMOMORPHISMS 
AND PERMUTATIONS 


Introduction 

We have seen in the last chapter that there are large number of 
examples of groups of various types. In this chapter we attempt to 
do the following: 

(i) We introduce the notion of homomorphism so that we may 
establish relationship between various groups; (ii) give. some 
methods of constructing new groups from known groups; (iii) 
study groups of permutations, and in the last i.e (iv) we introduce 
the conjugacy among elements of a group so that we may explore 
the inner structure of a group. 


1. Quotient Groups " 

Let G be a group and N, a normal subgroup of C. We know that 
Nx—xN у x € G ie. the right and left cosets of N determined by 
any x € Gare equal. Sothere is no need to distinguish between 
left and right cosets of a normal subgroup N. We shall say that Nx 
is a coset of N. Let G/N denote the set of all cosets of N in G. 

Theorem 3.1. Let G be a group and N be a normal subgroup of G. 
The set G[N of all cosets of N in G, is a group under the binary 
composition defined as under. For any Na, Nb € G/N, 

(Na) (Nb) — Nab. 

Proof: Before we go into the details of the Proof, we make а 
remark about the composition defined above. Apparently it looks 
that the product (Na) (Nb)=Nab, depends on the choice of the 
representatives a and b of Na and Nb respectively. However if we 
define the product of two cosets, we will like that this Product should 
not depend upon a and b, but should depend on the cosets Na and 
Nb themselves. It can happen that one may find four elements 
4» b, b, such that азёаз, bb, but Na=Na,, Nb=Nb,. By pos 
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formula for product (Na,)(Nb,)=Na,b, and (Na)(Nb)=Nab As 
Na Na, and Nb=Nb,, we must naturally then expect that (Na)( Nb) 
—(Na)(Nb) ie, Nab=Na,b,; otherwise the composition defined 
above will have no sense. 

Now we come to the actual proof. 

Let Na=Na,, Nb=Nb,. 

This + a,=n,a, b,=n.b for some n, n, € №, 

=> а= (nya) (n,b)=n,a(n,a-)(ab). 

As N is normal, an.a-! € М. This yields nana € N. Conse- 
quently N(njan;a?) — №. 

Then Na,b,=N(n,an,a“)ab=Nab. This proves that the binary 
composition is well-defined. 

Let Na, Nb, Nc € GIN. 

(1) Associativity. Now [(Na) (Nb)] (Nc) — (Nab)(Nc) = N(ab)c. 

Also (Na) [(Nb) (Nc)] = Na(bc). 

But a(bc) —(ab)c. Hence [(Na) (Nb)] (Nc) (Na) [(ND) (Nc)]. 

(2) Existence of Identity. Let e be the identity of G. 

Then N—Ne Є G/N. 

Now (Na)N —(NaY(Ne) = Nae — Na. Similarly (N)(Na) == Na. 

This shows that N is the identity of G/N. 

(3) Existence of Inverse. 

Since (Na)(Na-!) = Naa-! — Ne= Na-ta -=(Na™)(Na), 

we get (Na)! —Na7' € GIN. 

Hence G/N is a group.m 

Definition 3.2. Let G be a group and let N be a normal sub- 
group of С. Then the set G/N of all cosets of Nin G, together with 
the binary composition defined by (Na) (Nb) —-Nab for all Na, Nb 
€ G/N, is a group, and is called the quotient group of G by N. 

A quotient group is also called a factor group. Further if the 
binary composition in G is addition, each coset of N in С is denoted 
as N-+a, then the binary composition in G/N is 
additively i.e. we write (N-+-a)+(N+b)=N+(a+5). 

Lemma 3.3. For a finite group G and for each normal subgroup N 
of G, o(G/N)=o(G)/o(N). 

Proof: Let t be the number of distinct cosets of N in G. Then 
by Lagrange's Theorem o(G)—o(N)r. 

o(G) 


Hence t= суу be o(G/N )=0(G)/o(N).m 


also denoted 


EXAMPLE 1. Let Z be the additile group of integers. Consider 
N=<3>, the subgroup of G consisting of all multiples of 3. Now 
N, N--1, N+2 are three cosets of N in Z. Firstly we show that these 
Arë the only three cosets of N. For, let a be any integer, by division 


= 
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algorithm a=3b-+c for some b, c € Z such that 0 «z c < 3. Then 
a—c=3b € М gives Nta=N+c. Аз с=0, Lor2, N+a is one of 
N, N+1, N+2. Further these three cosets are distinct, as for no two 
distinct non-negative integers a and 5 both less than S ад 45 ri 
multiple of 3 i.e. N+a=N+b. Hence Z/N—(N, N+1, Ар Ag 
(N+ 1)+(N+2)=N+3=N (since 3 Є N),—(V+1)=N+2, 


PROBLEMS 


1. (а) Let G be an Abelian group and N, a subgroup of С. Prove 
that the quotient group G/N is Abelian. 

(b) Give an example of a non-Abelian group G anda Proper 
normal subgroup N of С, such that G/N is Abelian. [Hint. Con- 
sider Quatermion group, problem 9 at the end of Section 2.2.] 

2. (а) Using Lagrange's Theorem, prove that if G is a finite 
group, and N, a normal subgroup of G, then for any x € G, o(x) in 
С is divisible by the order of х= Nx in G/N. 
` (b) If N is- a normal subgroup of a finite group С such that o(N) 
and [С : N] are co-prime, show that for any x& С, xx) — e. xc y. 

3. Let G={l, —1, i, —i} and N—(1, —1) where i2 =T. Show 
that N is normal subgroup of G and construct the multiplication 
table of the quotient group G/N. 

4. Let n be a positive integer and N=<n> be the cyclic sub- 
group of the additive group Z of integers. Show that o(Z/N)—n. 


2. Homomorphisms 

Definition 3.3. (Homomorphism). Let С and  G' be any two 
groups and let “©” and ‘x’ denote their respective binary compositions, 
Then a mapping f: G > G’ is called a homomorphism if 

J(aob)—f(a) » f(b) ¥ a, b € G. 

А homomorphism f, which at the same time is also onto is called 
an epimorphism. A homomorphism f which is at the same time 
1—1 is called a monomorphism. 

A group С” is said to tz a homomorphic image of a group G, if 
there exists a homomorphism f of G onto G'. A homomorphism 
of a group G into itself is called an endomorphism of G. 

EXAMPLE 2. Consider Z, the additive group of integers and 
G={2" :n € Z}. 

G is a group under thz usual multiplication of real numbers, 
Define f : Z > G by f(n) 2^ v n € Z. 

Since f(n--m)—25*»—2^.2^ v n, m € 2. f is a homomorphism 
of Z into G. Clearly f is onto and G is a homomorphic image of Z 


78 MODERN ALGEBRA 


EXAMPLE 3. Let G be the multiplicative group of all non- 
singular пхп matrices over the real numbers. Let R* be the multi- 
plicative group or all non-zero real numbers. 

Define f : С > R* by f(A)=det A for all A € С. 

Since for any two пхп matrices А, B, det (AB)=det A. det B, 
we get f(AB)=f(A)f(B). 

Hence f is a homomorphism of G into R*. f is also onto (verify!). 

EXAMPLE 4. Let G—(l, —1). G is a group under multiplication. 
Define f : Z > G by putting f(n)=1 if n is even, and f(n)=—1 if n 15 
odd. Consider any two integers m, n. Following cases arise. 

Case I. Both m, n are even. Then m+n is even. Consequently 
by definition Sf(m)=1, f(n) = 1. f(m+n)=1. 

This yields f(m4- n) «f(m) f(n). 
‘Case II. One of m and n is even and other is odd. To be definite 
let us suppose m is even and n is odd. 
Then f(m)-—1 and f(n)- — 1. 
Further as m+n is also odd, f(m+-n)= —1=1(—1)=f(m)f(n). 

Case Ш. Both of т and п are odd. 

Then f(m)— — 1 and f(n)— — 1. 

Now as m+n is even, f(m-+-n)=1=(—1)(—1)=f(n) f(n). 
This shows that f(m 4-n) —f(m) f(n) v m, n € Z. 

Since fD=1,/3)=—1, 

we see that fis also onto. 

Hence f is an epimorphism; consequently С is a homomorphi? 
image of Z. 

EXAMPLE 5. Let Е be the additive group of even integers 
Then the mapping f : Z > E in which f(n)=2n v n € Z is a homo 
morphism. Since each member of E is of the form 2n, n Є Z, W? 
get that f is onto. Hence E is a homomorphic image of Z. f is al? 
1—1 mapping (?). А 

Following our usual convention of denoting the binary compos!” 
tion in a group by multiplication, we can say that a mapping f of 2 
group G into a group G' is a homomorphism if 

f(ab)—f(a) f(b) ¥ a,b € С. 

Definition 3.4. (Kernel of a homomorphism). 

Let f be a homomorphism of a group G into a group G', then the 
kernel of f is the set—(x € С | f(x)--e', the identity of С'.} 

We shall denote the kernel of f by Ker f. а 

Theorem 3.5. Let С and rohs any two groups, e and e', the! 
respective identities. If fisa homo:norphism of С into G', then 

Mose. 

Qfe»-  vY*€6 
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(3) Ker f is normal subgroup of G. 

Proof: (1) Since e.e—e, f(e)f(e)=f(e). However f(e) € С gives 
Де) =e'f(e). Thus f(e)fe) ec). = f(e)—e', by right cancellation 
in G'. l 

(2) For any: x € С, since xx™ =e, we get f(x) (xt) e f(xxti 
soze. | 
Similarly x-1x—e gives f(x") /(х)=е'. 

Hence f(x D=. 
(3) Since /(е)=е,еЄ Ker f. 
This shows Кег/ 5 4. 
Now let a,b € Kerf,x E С. a € Ker f, b € Ker f = f(a)—e', 
=e' 
19 = fla=e', ЛЬ) уе 
= flab) =Ј(а) (b)? —e'e' —e' 
= ab^ € Ker f. 

This proves that Ker f is a subgroup of C. It remains to show that 
it is also normal. 

Now хах) = f(x) f(a) ЈО) 

=f(x)7 f(a) f(x) 

=f(x) ef(x) 

= fG)-e. 
Consequently x^lax € Ker f. 

Hence Ker f is a normal subgroup of С.а 

Definition 3.6. (Isomorphism). A homomorphism f of a group G 
onto a group G' is called an isomorphism if f is a 1— 1 mapping. 

It is now clear that an isomorpoism is a homomorphism which is 
simultaneously an epimorphism and a monomorphism. 

Further an isomorphism of a group G onto itself is called an auto- 
morphism of G. 

EXAMPLE 6. For any group С, the identity mapping i: G > G 
is an automorphism of G. Б 
Since by definition i(x)=x v x Є С, i is clearly 1—1 as well as onto 
Further for any x, y € G, i(xv) = ху (х) (у) gives i is an automor- 
phism of G. 

EXAMPLE 7. Let R* be the multiplicative group of all strictly 
positive real numbers. Define f : R*—R* by f(x) xà y x € Rt 
Now for any x, y € Rt, f(xy) = (ху) —x*y*— f(x) f(y). D 
Thus f is an endomorphism of А+. 

Further f(x) -f(») = xi—y* > x=y, since x > 0, у> 0. 

Hence f is а 1—1 mapping. 

Given x € Rt, ух € К+ such that f(A/x) = (4 xy — x, 

This proves that fis also onto. Consequently f is an automorphism 
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of R*. 
EXAMPLE 8. For a fixed a € G, define 
Ja: G> С by Г, (х) =аха ¥ x € С. 
For any x, y € С, f,(xy)=axya7 
=(axa-) (aya?) — f. (x) fal). 
falx)=fel) = axa! —aya = х=у. 
Since f,(axa)— (a-1xa)a? =x, we get, fis also onto. Hence f is аљ 
automorphism of G. 

Further the homomorphisms in Examples 2, 5 are isomorphisms 
while those of Examples 3, 4 are not isomorphisms. 

Theorem 3.7. A homomorphism of a group G into a group G' is a 
monomorphism if and only if Ker f={e}. 

Proof : Let f be a homomorphism of a group G into a group G' 
Suppose that f is 1—1. Let x € Ker f. Then f(x)—e', the identity 
of G'. Also f(e)—e', (Theorem 3.5). Thus f(x) -f(e) = x=e. 

This proves that Ker f— (e). 
Conversely let Ker f={e}. 
Let X, y € G, be such that f(x) —f(y). 
Then f(x) f(y se’ = {OY ) =f(x) f(y?)— e 
= ху € Ker f={e} 
> ху1=е = х=у. 

Hence f is 1— 1.8 

Definition 3.8. A group G is said to be isomorphic to a group G’ 
if there exists an isomorphism of G onto G'. 

Symbolically GG’ will denote that С is isomorphic to G". 

Theorem 3.9. Let Gy, Go, G; be any three groups. 

Then 

(1) G&G, (Reflexivity) 

(2) GSG, > GG, (Symmetry) 

(3) G,gG,, Ge G, > G&G, (Transitivity). | 

Prooff : (1) Define i: G,>G, such that ix)—-x v x € G, Then i. 
the identity map on G,, is an automorphism of G, (Example 6). 

Hence G,2G,. 

(2) G,2:6, = З ап isomorphism f of G, onto G,. Since f is 1—1 
as wellas onto, the mapping J>: G, >G, given by f3(y)-x if 
Јо)=у for any у € Gais, 1-1 as well as onto. Let Yar 3, € Ga 
Since f is onto, we can find x, x, € G, such that /(x,) — y, and 
f(x) =. 

This = fy) =x //-Чу„)=х;. 
However — f(xyx;) =f(™) f(%2)=Yi Ye gives Fa yj)o xx, 0 
710»). 


This proves that /-1 is also a homomorphism, Hence f-! is an i507 
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morphism of С, onto С, and G,=G,. 

(3) Let G,zG,, G&G, = 3 ап isomorphism f of С, onto С, and 
an isomorphism g of С, onto Сз. Since f and g are both 1—1 and 
onto mappings, gof : C, > Оз is alsoa 1—1 as well as onto map- 
ping. Now for any x, y Є G,, (gof) (xy) -g(f(xy)) 

=#(/(х) fo» 
=(/(х)) EO), since f(x), (у) Є G,, 
=[(gof)(x)] [(gof)(>)]. 

This proves that gof is a homomorphism. Hence gof is 
isomorphism of G, onto Сз and G,2«G,. 

This proves the theorem.m ч 

REMARKS. (1) In the proof of part (3) of the above theorem, 
when we prove that gof is a homomorphism, we do not need in the 
proof that g and f are 1—1 or onto. Thus it follows that the 
composite (whenever defined) of two homomorphisms is again a 
homomorphism. ` 

(2) The above theorem asserts that given any family of groups, 
the relation of isomorphism is an equivalence relation on the family. 
Thus if a group G, is isomorphic to a group G, then we simply say 
that G, and G, are isomorphic. When two gtoups are isomorphic 
then for an algebraist they are essentially equal because of the , 
following reasons: 

The algebraist is interested only in the study of binary composi- 
tion on a group and not in the intrinsic nature of the elements of the 
group. So if СС, and fis the underlying isomorphism of G, onto 
C, then for any x, y € G, xy=z = f(x) f(y) =f(z). That Means 
if f is known, x and y are known, then f(x) f(y) being equal to f(xy) 
is known in G,, the moment xy is known in G}. Consequently the 
binary composition in G, is known completely if the binary composi- 
tion in G, and the mapping f are known. Similarly if we know the 
binary composition on G, and mapping g of G, onto G. 
isomorphism, then the binary composition On G, is known com- 
pletely. Thus if all the properties of one of the groups С, and б, 
which are dependent only on its binary composition, are known, then 
all the properties of the other Which are dependent upon its binary 
composition are also known. Because of these Teasons, an algebraist 
regards two isomorphic groups to be identical. F 

Theorem 3.10. (Fundamental Theorem of Homomorphism 
be a group. If N is a normal subgroup of G, then 
morphic image of G. Conversely if any group G' 
image of G then G' is isomorphic to some quotien 
fact, iff is a homomorphism of С onto G* 


an 


1 Which is an 


) Let G 
GIN is a homo- 
is a homomorphic 


t group of G, 
» then G'=G]Ker f. f ih 
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Proof: Define f: G > G/N by f(a)- Na v a € С. 
Since f(ab) = Nab=(Na)(Nb)=f(a) f(b) + a, b € G, 
and for each Nc Є G/N, f(c) = Nc, we see that fis a homomorphism 
of G onto G/N. 
Conversely let G' be a homomorphic image of G, then there exists 
а homomorphism g of С onto G’. Let N—Ker g. We know that N 
isa normalsubgroup of G (Theorem 3.5) Consider the quotient 
group G/N. Define f : G/N + G' by f(Na)—g(a) v a € С. 
Firstly we show that f is well-defined. For this, let a, а, € С 
with Na, = Na;. 
This = aay € М = g(a,a,")=e', the identity of G' 
= g(a;) g(a) ! —e' = g(a,)=g(a,) 
= f(Na,)=f(Na;). 
Consequently f is well-defined. 
Now for any Na, Nb € G/N 
J((Na)(Nb)\=f(Nab)=g(ab)=g(a)g(b) —f(Na) f(Nb). 
This shows that f is a homomorphism. 
Further f(Na)=f(Nb) = g(a)=g(b), 
=> g(a)g(b)? —e' = g(ab)=e' 
= ab? € Ker g=N = Na=Nb. 
Thus fis a 1—1 mapping. 
Lastly let x € G’, as g is onto 3a € G such that g(a)=x. Conse- 
quently S(Na)=g(a)=x. This proves that f is also onto, Hence f 


is an isomorphism of G/N onto G' and G/N&=G’. This proves the 
theorem.m 


Definition 3.11. (Natural Homomorphism). Let N be a normal 
subgroup of a group G, then the mapping f: G—G/N defined by 
S(x)=Nx v x € Giscalled the natura 
of G onto G/N. 

Theorem 3.12. (First. Theorem of Isomorphism). Let f be a homo- 
morphism of a group G onto a group G' and! H = Ker f, K' any normal 
subgroup of G' and K={x € G | fix) € K'}=f-(K'). Then K is а 
normal subgroup of G containing H and G/K=G']K’. . 

Proof: Define g : G>G'/K' by 8£0)—K' f(x) v x EG. 

Let a, b € G. Then g(ab)=K" f(ap)— k Ха) f(b), (since f is 2 
homomorphism), so g(ab) —[K" f(a)] [К f(b)1—s(a)g(b). Consequently 
gis a homomorphism. Further let K'a' € G'IS d € G'. As f 15 
onto there exists a € G such that f(a)=a’, Then g(a) — K' flay=K'a'. 
So g is a homomorphism of G onto G'[K'. By the Fundamental 
Theorem of Homomorphism G/Ker gezG'[K'. 

If we show that Ker g=K, then it will fo 
subgroup of G and G/K=G'/K’, 


l or canonical homomorphism 


llow that K is a normal 
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Now as X’ is the identity of G’/K’, 
x € Kerg e g(x)=K’ 
@ K' f(x)=K' 
ef(xyek 
= x € К, by definition of K. 
This gives that x € Ker g = x € K; hence Ker g=K. Now хен 
> Лх)=е € K = а(х) =КЈх=К'әх € Kerg=Ksy СОК 
This proves the theorem.m 
Corollary 3.13. (Freshman's theorem). Let H and K be two normal 
subgroups of С such that Н С К. Then КІН is a normal subgroup of 
G/H and 


КЇН 
Proof: We leave it to the readers to verify that K/H is a normal 
subgroup of G/H. Further f : С > G/H defined by f(x) — Hx. is the 
natural homomorphism of G onto G/H such that K—f^ (күн) 
={x € G| Hx € K/H}. By the above theorem 
G/H 
5 G/K= КЇН 
-Théorem 3.14 (a) (correspondence Theorem). READ Let N bea 
normal subgroup of a group G. 


KK(H N K)eHK]H. 

Proof: Since H is a normal subgroup of G, HK=KH. Conse- 
quently HK is a subgroup of G. Further H--He C HK gives that 
H is a normal subgroup of HK; consequently HK/H is defined. 

Define f: К HK]H by f(k)— Hk. 

f is a homomorphism. Consider any Ha € HK/H,a € HK. Now 
а € HK gives a=hk for some h € Н, Е € К. 

Thus Ha=(Hh)k=Hk=f(k). This shows that fis also onto. By 
the Fundamental Theorem of Homomorphism K/Ker S=HK]H. 

If we can establish that Ker f=H N К, we shall Bet that H (1 K 
is a normal subgroup of K and K/(H N K)& HK|H. Now H is the 
identity of HK. So for any k € K, k € Ker f = f(k)=H 

elk=H ek € H & k € H(K,sincek € K. 
ie. k € Kerf <=» К EHN К. This yields Ker f=H сү K. 

Hence that result follows.m 

Theorem 3.14 (a). (Correspondence Theorem). Let N be a sub- 
8ғоир of a group G. There їз 1—1 correspondence between subgroups 
op G containing N and subgroups of GIN. This correspondence also 
&ives а 1—] correspondence between normal subgroups of G containi 
N and subgroups of G/N. Ing 
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Proof: Let f be the natural homomorphism from G onto G/N. 
Let H be a subgroup of G containing N. Then f(H)={ f(h) | h € Н} 
={hN | h E€ H}=H/Nisasubgroup of G/N. (Why?) Consider any 
two subgroups H and К of С containing N such that f(H)=f(K) i.e. 
H/N=K/N. Then for any Л € Н, there exists К Є К such that 
hN—kN. This implies that kh Є N C К = h=k(k7h) € K. 
Consequently H C К. Similarly it can be proved that К C H. 
Hence H=K. Thus we see that the mapping Н + f(H) is 1—1. Let 
X be any subgroup of G/N, put Y-(x € С | f(x) € X). Since for 
each n € N, f(n—N € X (Nis identity of G/N), n € Y. Thus 
ҮСҮ. Also ift € XC G/N, t=gN=f(g), so g Є Y. In this 
way we see that each element of X is of type f(y) with y Є Y. Now 
we show that Y is a subgroup of G. Clearly Y is non-empty (Recall 
that N C Y). If y, y, € Y then f(y) € X, Лу) € X = fOO 
€ X ^ Л) Л) € X > fry) € X > ругі € Y. Thus Yis 
subgroup of G containing N. Since f(Y) = Y, we get that the таррі05 
Н = f(H) is a 1—1 correspondence. 

Finally let H be a normal subgroup of G containing N. Considet 
ЎН). LetgN € GIN, hN € уН) then 

EN hN(gN)^ —(ghg-)N € f(H) as ghg € Н. 
In this way /(H) is a normal subgroup of G. 
_ Let K be a normal subgroup of GIN. Put L={x € G 1/0) € K} 
dhen it can be seen as above that № EE K=f(L) and Lisa sub- 
group of G. Letg EG,x € г then f(gxg-!) — f(g) f(x) fg € K 
as f(g) € GIN, f(x) € K and K isa normal subgroup of G/N. ^5 


a consequence gxg * Є L. This proves that L is a normal subgrouP 
of G containing N.m 


WORKED-OUT EXERCISES 


Exercise 1. For a,b € R, 
falx)=ax-+b. Let G={ fy | а, b 
Prove that N is a normal subgroup of G a е: no 
zero real numbers under multiplication. "d "uw iiid Y 

Solution. f\4(x)=x shows that the i A i ig € 6. 
So G is non-empty. ay шд di 

Let a,b,c,d € R with а520) an 
then Pal foal) =Sunlex-+d) =а(сх- а) 

y +b=aexad+b 

Thus Ха Ла. ad+p- оа М . rU) 

Also fao аазь € С аѕа5 0, с 0 => acx0 
With the help of (J) it can be pro j 


ved that F T with fe 
working as its identity and (Ла) — f.i, ip, a group 


а 3 0, define f: R > RY 
Є R, a Æ 0} and N={ fy € ©” 


d c0 
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Clearly fio € N, so Nis non-empty. Further if 
Ль Ла Є N then fj, Ca)! fi, fs -=f -a E N 
So N is a subgroup of G. Again if f,, Є G and Л. Є N then 
Sav faich far) 3 — fs act Ја ар, ac EN 
Hence N is a normal subgroup of С. А 
Finally let К be the group of non-zero real numbers 
multiplication, define 8: G — К by 90(f.)-—a for all Ji 
Obviously 6 is onto. Now 
9( far fea) —( fac, aa») =ас= OC far)9( fea) 
implies that 0 is a homomorphism. 
fa € Ker 0 © 0(f,,)—identity of К 


under 
€ G. 


е а=1 
е fab — fi 
€ fa EN 
Hence K r6—N. 
By Fundamental Theorem of Homomorphism 
G 
W= K. 


Exercise 2. If G is a group such that G/Z (G) is cyclic, where Z(3) 
is the centre of G. Show that G is Abelian. Е 
Solution, Put N=Z(G) and let G/N — — gN > for some g ca. 
Let a, b € С then aN —(gN)'—g*N 
and bN—(gN)'—g!N for some k, | € Z. 
Thus a—g'm, and b=g'n,, пп Є N. 
This gives that ab—g^*'nn, and ba=g"**nyn, as п, п, c N=Z(G). 
Hence ab—ba, 
Exercise 3. Jf R* is the group of non-zero real numbers under 
multiplication then show that (R*, .) is not isomorphic to (А, + ). 
Solution, —] € R* js of order 2. So if at all (R¥,.) = (№, +) 
say, under an isomorphism /; then J(—1) must be of order 2 (why ?) 
But for every a © К, na=0 = n=0 or a=0. | 
So there is no clement of огйег2 їп (R, +). Hence (R* 
be'isomorphic to (А, +). 
Exercise 4. N is a normal subgroup of a group С. Sh 
is abel'an if and only if for all x, y € C, хухтут € x. 
Solution. Incase xyx-!y-! Є N for all x, ЄС, 
хух y? N=N > XNyN(xN)-(yN)A— ү 
= xNyN=yNxN = GİN is abelian. 
Conversely let G/N be abelian, then for апух, рє с 
XNyN(xN) (yN)? —(xN)(xN)" (yN)(yN Ci NN-N. 
Now Ax ЗУ УМХ Ny AN xNyN(N A y a 
=N = xyxily є үү 4 


> -) (cannot 


ow that G/N 
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Exercise 5. Jf Н is a subgroup of group С show that W=inter- 
section of all gHg™, is a normal subgroup of С. 
Solution. By hypothesis W= D. Е Hg^. 
8 


Since each gHg-! is a subgroup of С, W is a subgroup of С. 
wcCW2wC€gHg-wvgcG —gwgcHwgcG. 
Let x€G, then xwx?—»xg (g-iwg)g-x- €xgH(xg) ! vgc С. ег 
Now any element t of С can be written as xx !t—xg where = х t€ 
So xwx !C€tHt? ¥ t€G=>xwx EW 
Hence W is a normal subgroup of G. 


PROBLEMS 


1. If fis a homomorphism of a group С into G', prove that 
G|Ker f = f (G). nated 
2. For any homomorphism f: С > Н prove that, if x Є G is 0 
finite order, then o( f(x)) | o(x) and conclude that f is a monomor- 

phism (1—1) if and only if o(x)—[o(/(x))] v x € С. 
3. & 4. Classify the mappings given below into the following cate 
gories: 
(i) Non endomorphisms. 
(ii) Endomorphisms but not automorphisms. 
(iii) Isomorphisms but not automorphisms. 
(iv) Automorphisms. 
(v) Monomorphisms but not isomorphisms, 
Let Z be the additive group of integers 
(a) fi:Z—> 7, /(х)у=—х =хє 7, 
(ф):® —› 7, (х= |х| v x € 2, 
(с) fyi Z Z, f(x) x2 v x € Z. 
(d) f1: Z —Z,f(x)——3x v x € Z. LI 
Let C* be the multiplicative group of all non-zero complex пш?“ 
bers. 
(е) gi: C* > С, g (х) х x x & Gt. 
(f) 8:: C*  C*; а(х) 8 x x E С*, 
(8) 83: > С а(х) = |х| хє ct 
(h) gı: C* > C* а(х) ех v x © cx, 
Let G be any abelian group of order 8. 
(i) А:С > Gr һ(х)=х ху x Є ©. 
CG) h: G > б; (х) = v x € G. 
(k) h5:G- G; h(x)=x зу x € С. МЕ, 
5. Prove that a group G is abelian if and only if the mappi"? 
f: G = G given by f(x)=x- is an automorphism of G. 


=e 
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6. Let. G be an abelian group and n, а Positive integer, Define 
f: G > Gbyf(x)2xv' v x € С. Show that f isan endomorphism 
of G. If G is finite such that n and o(G) are Co-prime, show that f is 
an automorphism of G. 

7. Let f : С > G' be a homomorphism. Prove the following : 

(i) For any subgroup H of G, f(H) is a subgroup of G’. ~ 

(ii) For any subgroup K' of G', (К) is a subgroup of G contain- 
ine “er f and /-:(К’) is normal in С whenever А” is normal in G’. 

If fis onto then for any normal: subgroup K of G, f(K) is a 
normal subgroup of G'. 

(iv) If fis onto and К is a subgroup of С containing Ker f then 
J~[f(K)]= and conclude that there exists one-to-one correspon- 
dence between subgroups of G containing, Ker =H and the sub- 
groups of G'. This correspondence also gives a one-to-one corres- 
pondence between normal subgroups of G containing Kerf and the 
normal subgroups of G'. 

8. Prove that a homomorphic image of a cyclic (Abelian) group 
is cyclic (Abelian). Give an example to show that if a homomorphic 
image of a group is cyclic or Abelian, the same may not hold for the 
group itself. 

9. Prove that if for a group G, f: С -> С given by J(x)=x, 
x € G, is an isomorphism, then G is Abelian. 

10. Exhibit a non-Abelian group G, in which the map f: G >G 
given by f(x) «x! is an automorphism. 

ll. N is a normal subgroup of finite index ina group G and H 
is a subgroup of finite order. If [G : N] is relatively prime to o(H), 
show that H C N. 

12. Nisa finite normal subgroup of a group С and H is a 
subgroup of finite index in G. If [G : Н] is relatively prime to o(N), 
then N C H. Prove! 

13. If H is a subgroup of a group С, such that x? € H for all 
x € С. Prove that G/H is abelian. 

14. Let G and H be groups and f, a relation in G x H such that 
dom f=G. Further f satisfies the following conditions, 

G) x,a) € A0, b) € f > (ху, ab?) € f. 

(ii) If e, e' are the identities of G and " 

(e, 5 €f = ase. ы respectively, 

Prove that fis a homomorphism from G to Н. 

[Hint. Prove that (х, а) Є f, (х, с) € f а=]. 

15. Let С: be a group for all i=1, 2, | “its Define 


nGi=G,xXG,X...XG,. Show that x С. is a 
2 i Tou 
position Sroup under the com. 


then 
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(а, а.а) (Bay: Dis = е, Bn) = (aD sas. дпа). 
If H; is a normal subgroup of G; for all i=1, 2,...,: prove that 


3. Permutation Groups 

Let S be a set and let A(S) denote the set of all permutations of 
S. We have proved earlier that A(S) is a group. If H is any non- 
void subset of A(S), such that H is closed under the resultant com- 
position in A(S) and for each element of H, its inverse also belongs 
to Н, then H isa subgroup of A(S). In other words one can say 
that if H is a set of permutations of a set S such that H is closed 
under resultant composition and inverse of each element of H 
is a member of H, then H is a group with respect to the resultánt 
composition. Any such group is called d transformation group or а 
permutation group. These groups are of great significance since W€ 
wiil show in Cayley's Theorem (given ahead) that each group can be 
described in terms of a permutation group and further these groups 
are the richest source of different types of examples and counter- 
examples of groups with various properties. We shall mainly confine 
here to permutation groups acting on finite sets. Let S be a finite 
set having п elements and let f € A(S), we denote f by the symbol 

[2 nti. ed 
Ds ibi с. РА 

In the first row ау, a, . . ., а, are the п elements of S, put in certain 
order. In the second row Бу, by, . . .. b, are such that for each ai, ?: 
„is the image of ai under f and b; is put just under a;. It is immateria 
in which order the elements of S are put in the first row. This nota- 
tion is known as 2-rowed notation for f. 

EXAMPLE 9. Let S= 
follows : 


Га)=а,, Хаз) =а,, f(a) a, f(a)—a,. 


f. 
41,4, 04, ау. Define 7:5 = 5 а5 


Then we сап write 


a 
f= 1 @ аз а fay Oy 8а, d 
а, а, d, a. s 


«d; а, а ay 
= a, а a \ 
аз а а а, ? 


; e ГА 
Here we have indicated above only three wa 


actually represent f in 4 !—24 ways, 
Coming back to general discussion, 

some definite order say а, a, . 

one of ар а, + 


ys of writing f. We c8? 


let elements of S be put in 
+24. Now b;=f(a). Since bi! 
э An, аар, for some integer k, lying between 

and n. Since by, . . -» bn are all distinct, integers ч», * ,, К, are all 
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39 
the integers from 1 to л in some order. Hence 
p 2:3 s. m8 
" КЕЕ m s Res 

isa permutation of (1, 2, 3, . . ., nj. This permutation is naturally 


determined by f. Conversely given a permutation 
l1 2 M8 „ж 
Pa ka Ea sou eal 
of (1, 2, 3,..., n) we get a permutation 
Ge Gs sk. 2 
td ак, DE Akn 
of S. Thus essentially any permutation / of S is uniquely determined 


by a permutation of (52, ..., n} and symbola does not play any 
part in the determination of f. So for convenience sake 


А f (йү р) 
in place o = ар рык. + йу, 
we shall simply write 


| о-н 
£t s. Or 


Further we shall usually take S={1, 2, 3, . . ., п). 
EXAMPLE 10. Let S and f be same as in Example 9. Then 
Ll 243.4 
fol ÉD ) 


Lemma 3.15. Let f be a permutation of a set S. Define a relation 
~ on S as follows: For any a, b Є S, a ~ b if and only if f"(a)—b 
Jor some integer n. This relation is an equivalence relation. 
Proof: Let a, b, c € S. 
(1) Reflexivity. Since f"(a) «I(a) =a, a ~a. 
Here 7 is the identity permutation of S. 
(2) Symmetry. a ~ b => f"(a)—b for some integer n 
> f-"(b)=a > b ~ a. 
(3) Transitivity. а ~ b, b ~ c > f'(a) b, f" 
gers m, n. ] 
This = fta) — Cf o f»)(a) f ( fr(a)) 
=f™b)=c>an~c, 
This proves that ‘~’ is an equivalence relation Оп $m 
Relation ‘~’ divides S into disjoint equivalence classes. Each equi- 
valence class determined by the relation «> is called an f-orbit 
of S. 
Remarks. 1. When f is fixed, we dr. 
of f-orbir, 
2. Ifx € S is in forbit О of S we Write O, and read it ds 


(b) —c for some inte- 


OP f and write orbit in place 
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F orbit of x. 

Lenima 3.16. If S is a finite set, f € A(S) and s € S, then there 
exists a positive integer k, such that the f-orbit to which s belongs is, 
1s f(5), f*(5), . OA 

Proof: Since S is finite, A(S) is of finite order; consequently o( f) 
is finite. Let o(f)—m. Then f"=/ = f"(s)-I(s)—s. Let К be the 
smallest positive integer such that f*(s)=s. Then we claim s=f(s)> 
Хб), f*(5), «+ , f?-(s) are all distinct. For, otherwise, we can find 
two integers /,, /, satisfying 0 < 1, < l < k—1 such that 

f^ (s) -fh(s). 
Then fib (s)=s and 0 < h—I, < К. 

‘This violates the minimality of k. Hence our assertion is true. 

Now if any s' is in the orbit to which s belongs, then s'—/'(s) for 
some integer /. But /=kq+r for some integers q, r such that 

0<r<k-1. 

Then s'=f\s)=f[( f*)(s]]—f*(s), since f*(s)=s implies f"*(s)—5 
(why?). Further as O0<r<k—1, f*(s)is one of the element s, /(5)» 
f) .:.f*"(s). Hence s, f(s), . . э ЛТ) are the only distinct 
elements in the orbit to which s belongs. This proves the Lemma. 

Definition 3.17. (Cyclic Permutation). Let S be а finite set. A per- 
mutation f of S is said to be a cyclic permutation or a cycle if there 
exist elements i, i»... i, in S such that. f(i) is, Д) =, .- 
Рій) = i» fli)=i and for any j € S different from 45 15... 5 і» 
77) =). We denote f by the symbol (iin. ..i). This notation of f is 
called a one-row notation. Further t is called the length of the cycle 
f. А cycle of length t is also called a t cycle. 

Remark. Essentially one can say that a permutation f of a set 5 
(arbitrary) is cyclic if S has at most one f-orbit having more than 
one element (justify!). 

EXAMPLE 11. Let S—(1, 2, 3, 4). Then (132) denotes the pet 


mutation f of S such that. f(1)—3, f(3)=2, f(2)=1, f(4)=4. Thus in 
the two-rowed notation of f, we have 


ОРИСИ 
бо: аа d j; 
Jis a cyclic permutation of length 3. Notice further that (132)=(213) 
=(321). 
Similarly (12) is a’ cyclic permutation (1, 2, 3, 4} of length two and 
MOZI 3 
az-( digi x. ) | 


XXAMPLE 12. Let S—(1. 2, 3, 4, 5} and let 
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I2 3 43 s 
f -( 24 3 5 ) ? 4 
We determine the orbits of S. Notice /(1)=2, /(2) — 1. By apply- 
ing Lemma 3.16 we see that (1, 2) is an orbit of S. Again /(3)—4 
J(4)=3; so that (3, 4} is also an orbit of S. Since /(5)—5, {5} is itself 
an orbit. It will be good for the readers to verify the following: 
(i) The orbits of S under the permutation 


1,2 3 4 5 
( 2 3 15 4 ) 
are (1, 2, 3), (4, 5). 
(ii) The only orbit of S under the permutation 


( I1 2 X45 ) 
9.3 5 n 4 
is the set S itself. 


Definition 3.18. (Transposition). A cycle of length 2 is called a 
Transposition. 

Definition 3.19. (Disjoint permutation). . 

Two permutations f and g of a set S are said to be disjoint if they 
satisfy the following: 

(i) For апу} Є S, f(7 Ai = g(j)—j 
and (ii) For any j € S, g( j)Zj -f(nej 
i.e., if any element of S is moved by f then it is left fixed by g and if 
any element of S is moved by g then it is left fixed by f. 

REMARK. Any two disjoint permutations / and g commute. For 
this let x € S. Suppose fG)zEx, then g(x)=x. Now if y—f(x) we 
see that /(у)=/{ f(x))z£y, otherwise x—/(x); thus g0)—y. Hence 
(gof) (х) 80/60) —80)—». Also ( fog)(x)=f{e()}—f)=y. There- 
fore ( fog)()--(gof)(x). Now let f(x)—x then two cases arise, either 
g(X)zEx or g(x) = x. ` 

In the former case, &{g(x)}s4g(x) so f[g(x)]=g(x); further gf(x) 
—g(x). Hence fg(x) —gf(x). 

In the latter case, f{g(x)}=/(x)=x and S{f(x)}=8(x)=x. So once 
again we get /g(x)=gf(x). Hence fog=gof and this shows that g 
and f commute. 

EXAMPLE 13. Let $—(l, 2, 3, 4, 5}. The Cycle (12) is 
a transposition. Similarly (23), (14) are also transpositions of S. 
Find all possible transpositions of S (they are 10 in number). 

EXAMPLE 14. Let S={I, 2, 3, 4, 5), /— (132) and g— (45), 

By Definition f(1)=3, /(3)=2, f(2)=1 but 2(1)=1, 2(3)=3 
8(2)—2. Again g(4)=5, #(5)=4 but f(4)—4, f(5)—5. This shows 
that f and g are disjoint permutations. 

Remark. An easy way to check whether two non-identity cyclic 
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permutations are disjoint or not, is to see if they have any common 
element in their one-row notation or not. If they have any common 
element in their one-row notation then they are not disjoint other- 
wise they are disjoint. For example (123), (354) are not disjoint 
since 3 is common element in (123) and (354); but (12), (37) are ae 
joint since they have no element in common. By keeping in min! 
the above rule try to see which of the following pairs of cycles are 
disjoint (i) (12), (32); (ii) (452), (13); (iii) (135), (243). The justifica- 
tion of this remark is left to the readers. 2 3 

Definition 3.20. (Cycles of Permutation). Let S be any finite oe 
void set and let f be any permutation of S, then for a given s € | 
as proved in Lemma 3.16, there exists a positive integer К such tha! 
5, F(s), f*(5), . . ., f**(s) are all distinct and (s, f(s), . . ., f*7(s)) is 8? 
f-orbit of S. The cyclic permutation (sf(s).../f^?(s))is called 4 
cycle of f. 

Thus for a permutation f, if с —(sf(s). . . f^ (5)) is a cycle of f then 
for any s' equal to-any of s, f(s), . . ., 7-5); o(s") =f(s'). 

EXAMPLE 15. Let S—(1, 2, 3, 4, 5} and 


(12345 
-( 31 Y, Ж А! 

Then (If(1)f*(1))=(123) is а cycle off. Again аз f(4) =5,7:(4)= 
Si fA}=f5)=4, (4, 5) is also a cycle of f. In fact (123) ‘and (45) 
are only cycles of f. Notice that these two cycles are disjoint. 

Lemma 3.21. Any two cycles of a permutation of a finite set are 
disjoint. 

Proof: Let (sf(sj). .... . f (s) and (s.f(s). ..... fi-1(s;)) be апу 
two distinct cycles of /. By definition of a cycle we know th? 
the sets {s f(s)..., fy} and (s, f(s), . .., f(s} are 10 
distinct f-orbits of S. Now any two distinct orbits of S do not havy? 
any element in common (Lemma 3°15). So (s, f(s)-..f' (59) 
and (s, f(s) . . . f'-(s;)) have no element in common. This implies 
that the two cycles are disjoint.m 

We are now ready to Prove an important theorem. e 

Theorem 3.21. Any non-identity permutation of finite set canb 
expressed uniquely as a product of disjoint cycles, each of length >” 
except for the order in which the cycles are written. 

Proof: Let S be any non-void finite set and f € A (S). Let d 
сь...» 6, be the totality of cycles of f. These cycles are pair"? 
disjoint (Lemma 3.21), we show that f— 

Let ву==(а,а,. . .а,) 

9»—(b,b,. . .b,) 


бүбү... .G,. 
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s9,—(lh. . Iv). 

Consider сіс». . .o:=(4142- . 4) (Dybs. . bs). . (HI. . lu). Let x € s. 
since each f-orbit of S determines a unique cycle of f and each element 
of S occurs in some f-orbit of 5, there exists a cycle c; such thai 
an element of с;. 

Let сг= (А... .k,) and х=, for some 1 <j<m. Then by defini- 
tion f(x) =, if j < m and f(x) =, if j=m i.e. f(x) = с (х). Since no 
element of c; occurs in any of the cycles сі, os. . ., cy, Sieg... бр 
these cycles leave every k,, kı. . ., Km fixed. Consequently 9,9... . су 
(х)= с,(х) =/(х). Hence /= сцсз. .. cı Note that uptil now we have 
not used the fact that f is a non-identity permutation on S and also 
we have not shown that length of each cycle c; is greater than 1. 
As a matter of convention, in any decomposition of f as a product of 
cycles, cycles of length 1 are dropped. 

Let f соз. . су. ++ (1) 


t x is 


—lls. . My. «+ (2) 
be two expressions of f as a product of disjoint cycles each of length 
> 1. Consider any п(/=1, 2,..., w), since m, is a cycle we have 
т==(сус›.. Cm) forsomec, cs... Cm in {1, 2,..., п}. Then c (k— 1, 
2,...,m)arenotin any п; with i=l, So т(с.)=ск м 151 and we 
have f(cj) -n(c,) 64, м k=1, 2,...,m—1 and /(с„)==т(с„)==с. 


==. (3] 
А$ Дс)у=тп(с) =, /*(су)=/(с) = M(C2)=Ca, /%(су)=/(сә)==т(су)у 
=C. "суу = Cm and /"(су)==су; (es Cos +» 5 Cm} is an orbit of f, 
Now if c, were not an element of any с; then this would have given 
that с; (с)у=су м j—1,2,...,vand hence f(c)=c,; which is not 
Possible since f(c;)=c,4c,. So there exists c; such that cis an 
clement of сг. As for m, we can also prove that the elements of с; 
constitute ап f-orbit of 5. Since c, is an element of c; we see that the 
Orbit (c, c», . .., Cm} constitutes all the elements of 9;. Thus, as for 
п, we also have o, (c,)=c. and f(cj)o,(c,) v k=1, 2.. m and 
rzi. Consequently, using (3), we get c,—f(e,) (с), са) = oife, 
o сд f (Cm) =) and ¢1=f(Cm)=o(en). Thus we see that 
с (с) =, сс) ^a, + oy Gi Cm 1) =, с (с) —c,. Непсе с:=(с Co 
++ .Cm)=Mm. Thus each п, is equal to some с;. Since every с, ih 
ri is disjoint from с: and hence not equal to с, we get n, is equal 
to с, for unique i. Similarly each c; is equal to some unique пу. Thus 
there is а 1— 1 correspondence between c;'s and прѕ such that corres- 
Ponding cycles are equal. This establishes the uniqueness.m 
Corollary 3.23. Every permutation of a fin 


ite set S having 
ч um more 
than one element, is a product of transposition. 
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Proof: Consider any cycle (4,43. . Am) of length m. Ifm> 1, 
clearly (aa. . .а„)==(ауа„)(ауам-\).. (a,a3)(a,a;). 1$ m1, then, as 
S contains more than one element, 3b € S such that ba,, we get 
that (a,)=(a,b)(ba,). By the above theorem, each permutation is à 
product of cycles. Hence we can express each permutation as a pro- 
duct of transpositions.m 

Theorem 3.24. Let f be a permutation of a finite set S, then in all 
expressions of f as product of transpositions either the number of trans- 
positions is always even or always odd. 

Proof : Let f—6,0;. ..c, be the expressions of fas a product of 
disjoint cycles, each of length > 1. Ifsome element, say x, of S is 
not in any of the cycle с; then we add (х) i.e. the cycle of length 1 
in the above expression of f. 

‘In this manner each element of S is in some cycle of f. Let now 
foe ox. ..o, where c; are disjoint cycles, each of length > 1. We 


k 
put N( f )— 2 [(s;) —1] where /(c' denotes the length of the 
j= 
cycle c'. Since for each cycle с’ of length 1, /(o") —1=0, NC) 
t 
= B p) —1]. N(f) is uniquely defined non-negative integer. we 


show that any factorization of f as a product of disjoint cycles has 
even or odd number of transpositions according as the N( f) is eve” 
or odd. This will help us in proving the result. For this purpose We 
need the following formulae: 
(ab) (асус,. . .сЬ4,4,.. .4,) = (bd,d,. . .d;) (асус. . cy) 
and (ab)(bd,. . .d,) (асс. -сһ) = (aces. . «Cy bids. . y. 
According to these formulae if a and b occur in the same cycle 


of f then N[(ab) f 2 N( f )—1 and if in di 2 
кке M И i i and if a and Б occur in different cycle 


If any case N[(ab) f]—N( f) + 1 E 
We now suppose that fis a product of m transpositions, say 
i ма f —(a,b;) (a;b.)... (as, b,,). 
e prove the result by induction = у=! 
and the result holds trivially. Neq тен, Bieb NUI ; 
Suppose that m > 1 and that the result hi muta” 
tion expressible as a product of m—i а зеза 
Now (а,Ь) f—(asb;). . (аһЬ„). í 
By induction hypothesis NI(a,b,) f] and m of 
n —] are both even 
both odd. However by (1), NK(a,b)) f ]-N( f) + 1. This shows M f) 
and m are either both odd or both even. Hence the proof is 
completed. 
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Note: Another proof of this theorem is given in worked-out 
exercises after Theorem 3.34. 

Definition 3.25. (Even or Odd Permutation). A permutation f of a 

nite non-void set S is said to be even or odd according as f is 
expressible as a product of even or odd number of transpositions. 

Theorem 3.26. For any n > 1, the subset A, of Sa consisting of 
all even permutations is a normal subgroup of S, of index 2. 

Proof: Let Х={1, 2,-+ » n) and let S, be the group of all permu- 
tations of X. Since J=(12) (12), J € An. Thus A, is non-void. Now 
let f, Є An and 

/=(а,) (a;b;). . (aibi) апа g—(eid)) (сза,). ..(с„а„) 
be expressions of f and g as product of even number of transpositions; 
so that both ¢ and u are even. Consequently 4-и is even. 

However fog ! —(a;b1). . (aibi) (Cudu)(Cu-1dua)- . -(c,d,) is a product 
of t--u permutations, we conclude that fog! is an even permutation. 
Therefore f € An g € An = fog? € An. 

Hence A, is a subgroup. 

Consider (12).(12) is an odd permutation so that (12) 6 An. 
Consequently An (12) z& An. Since every even permutation in S, is 
in Am if we show that every odd permutation of S, is in А, (12), 
then it will follow that every member of S, is either in A, or in 
A,(12). That will give us $,—4, U A,(12) and A, has index two in 
S, Since every subgroup of index two is normal, we shall also get 
that A, is normal in S,. So let f € S, and f be odd. Clearly then 
f(12) is even; so that /(12) € An. Thus f=[ /(12)] (12) € 4,(12). 
Hence the result follows.m 

Definition 3.26 (а). For anyn > 1. S, is called the symmetric 
group of degree n. 

Definition 3.26 (b). For any n > l, A, is called the alternating 
group of degree n. 

Theorem 3.27. (Cayley) Every group is isomorphic to a permutation 
group. 

Proof : Let G be a group and let A(G) denote the group of all 
permutations of the set С. For eacha Є G define f, : G > G by 
f(x)cax v x € G. Forany x, y € G, f) fi) -ax-ay-- xy, 
So f, is 1 — 1. Further f, (а 'x)—a(a^x)—x gives that f, is also onto. 
Hence f, € A(G). Now for any а, b, x € С, ( fuoh\()=fal fox] = 
Felbx)=a(bx) =(ab)x=fa(x); this gives that f,of,—f,. ^ Define 
o : G > A(G) by c(a)—f. v a € G. 

Then for all a,b € G, o(ab)=far=faofo=a(a)o в(Ь). 

Moreover o(a)=0(6) = fa=fo > (е) = (е) > ae=be > аЬ 

Thus с is a 1—1 homomorphism of G into A(G). Hence С is iso- 


96 MODERN ALGEBRA 


morphic to c(G) which, being a subgroup of A(G), isa permutation 
group. This proves the theorem. 

The group of permutations S; on the set Y—(1, 2, 3} plays impor- 
tant role in group theory. It is the smallest non-commutative group. 
We shall show that there are only two types ‘of groups of order 
six. 

Theorem 3.28. There are only two groups of order six, one is cyclic 
and other is isomorphic to S,. 

Proof: Let Gbe a group of order 6. Since there are five non- 
identity elements and xexx^! is а 1—1 correspondence between the 
elements and their inverses, there exists а(55е) € G such that a is its 
own inverse i.e. o(a)=2. Let G be Abelian and Н be the sub-group 
<a>. Now 0(G/H)=3 implies that G/H is cyclic. Let bH be 2 
generator of G/H. Since o(bH) | o(b), we get o(b)=3 or 6. If o(b) —6 
then trivially С is cyclic. If (b) —3 then o(ab)=6 as ab—ba and o(a) 
and o(b) are coprime (Lemma 4.23). Hence again G is cyclic grouP 
generated by ab. Suppose now G is not cyclic then G cannot be 
Abelian. Then all nonidentity elements of G cannot be of order 2 
(Chapter 2, $ 2, Problem 10), thus there exists c in G such that 
'0(с)=3 and acca. Let H—(e, c, с}. As [G : H]—2, His a normal 
subgroup. Consequently a-'caC Н. So that aca=c ог c?; but as 
асса, We get а—!са=с?; ie. ca—ac?. Nowa ÉH so we get 
G=H U ан={е, с, c°, a, ас, ac?). lt is a routine verification, that 
the mapping f:G — S, given by f(e)=I, f(a)(12), у(с) = (123) 
(c) (132), f(ac) =(23) and f(ac*) « (13) is an isomorphism. 

Hence the result follows.m 

With the help of Theorem 3.28 we can Show that converse of 
Lagrange's theorem is not true. This we do in Theorem 3.31. Firstly 
we prove a lemma. 

Lemma 3.29. S, has no element of order > 4. 

Proof: S, acts upon (1, 2, 3, 4). Let o(Al € S, then o—5,9» * * 

+ Gp, Where 65.95, а... ‚ б, are pairwise disjoint cycles each 
ols which occur in сү are among 
(1, 2, 3, 4}, no c, can be of length > 4, and no two с, c, (ij) hav? 
any symbol in common, we have ¢ X 2. Thus either Ph cyclic of z 
can be expressed as a product of two disjoint cycles each of lengt 
two. If c is cyclic then it is of length 2, 3 or 4; hence c is of ord?" 
2,3 or 4. If с is a product of two disjoint cycles each of length ^ 
then c is of order 2. Hence $, has no element of order excee?” 
ing 4.8 

Theorem 3.30. A, has no subgroup of order six. 


Proof: By the above lemma A, has no element of order 6- 5e 
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that 4, can't have a cyclic subgroup of order 6. Thus if at all there 
is a subgroup of А; of order 6 it must be isomorphic to S; (Theorem 
3.28. Let H be such a subgroup of 4,. As H = S,, H contains 
three elements of order 2 each and two elements of order 3 each. The 
only elements of А; of order 2 are (12)(34), (13) (24) and (14)(23). 
Let с be an isomorphism between H and S}. Now c[( 12)(34)(13)(24)] 
—c[(14)(23)]. (14)(23) is of order 2 > order of o[(14)(23)]=2. But 
in S,, product of two different elements of order 2 is an element of 
order 3. Thus іп 5; order of o[(14)(23)]=3, which is a contradiction. 
This proves that our assumption is wrong. Hence 4, has no sub- 
group of order 6.8 

Note. See a shorter proof of this theorem in worked out exercises 
at the end of Theorem 3.34. 

Remark. Note that о(А„)=12 and 6 | 12. Hence Theorem 3.30 
shows that the converse of Lagrange's theorem is not true. 

We recall that a group С[5(е)] is called a simple group if it has no 
proper normal subgroups. 

Every group of prime order is simple since it has no Proper sub- 
groups what to talk of proper normal subgroups ! Naturally the 
question arises whether there are simple groups of composite orders? 
The answer is, yes; indeed there are in‘initely many simple groups of 
composite orders. To show this it is sufficient to prove that A,, is 
simple for all» > 5. We shall prove this result with the help of 
some lemmas. In all of these lemmas we always take n > 5. 

Lemma 3.31. Every element of A, is a product of 3 cycles. 

Proof : Each x € A, is expressible as a product of even number 
of transpositions and each transposition (x3) where 2521, 8341 can 
be expressed as (12)(18)(1«). So x itself can be written as (12,)(12;). . 
-< (1%,) where r is even and «; € (2, 3. . ., п). Further (12)(18) 
=(IBx) and r is even > every even permutation is a product of 
3.cycles.m 

REMARK. It may ve noted that we required п > 3 (not n > 5) in 
the above proof. 

Lemma 3.32. If anormal subgroup Н of A, contains а cycle of 
length 3, then H=A,,. 

Proof : In view of Lemma 3.31, it is sufficient to prove that every 
Cycle of length 3 belongs to H. 

Let (28у) be any cycle of length 3 and let (072) € Н. Consider 
б € S, such that 6(x)—2, 0(5)—8 and @(z)=y, 

Then 6(xyz)0-!— (287); thus if 0 € A, then (a8y) € Has © ikea 
normal subgroup of An. 

So let 0 g An. Take u,v in (,2,.. ., пу different from x, y, z 
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(this is possible as n > 5). As 8 is odd, (иу) € Ay. 
So that é(uv)(xyz)G(uv]3 € H 
=> É(uv)(xyz)(uv)O? € H 
=> O(xyz)0- € H, as (хуг) and (uv) are disjoint and 
hence (uv) (xyz)(uv)= (xyz)(uv)?=(xyz). 
=> («BY) Є Н. 
Hence the lemma follows.m 
Lemma 3.33. If any normal subgroup H of A, contains a product of 
two disjoint transpositions, then H— A d 
Proof : Let (xy)(uv) € Н where (xy) and (uv) are disjoint. 
Take win (1,2, 3, . э n} different from x, y, u and у; this is possi- 
ble as n 5. 


Put 6—(uw). Clearly 0 € An, so that é(xy)(uy)03 € Н i.e. 
(uvw)(xy)(uv)(wvu) Є H 


ie. (у»)(х) ЄН. 
However H is a subgroup, therefore (ху) (иу) (viv) (xy) EH 
i.e. (ww) Є Н. 


Непсе Н= 4, (Петта 3.32) а 


Now we аге ready to Prove our main result. 


Theorem 3.34. (Galois) A, is simple for n > 5. 


Proof : Let H7*(I) be a normal subgroup of A,. We shall show 
that H=4,. Since HÆ{7}, 3 (I) € н. Let a=a,0,...c, be the 
decomposition of « into disjoint cycles, each of length > 1. Since 


disjoint cycles commute we can assume that length of с; > length of 
Gu 86 i=), 2... uu E—]I. 


Four cases arise 
(i) At least one of с; is of length — 3. 
(ii) c, and c, are of length 3. 
(iii) c, is of length 3 and all other 
(iv) All сг are transpositions, 
“Case І. Since there is at least one cycle of length > 3 and 
according to our choice lengths are in descending order of magnitude 
с; is a cycle of length > 3. = 


сгѕ аге transpositions, 


Let 9,—(d,2,. . а,), r 53, 
Consider 6 = (аа,аз) Clearly 0 € Es 

so that 000! € Н (H is normal in 4,); 

Les (a,2,33)0,0, . . . olaaa) € Н 

= баса... б„(аа,а„)(аа,.. ,)(азаза) є Н: 
=> 6,03... 610910405... 4,443) C Н 

But H is a subgroup, therefore 

«9:g. . 


as oj are disjoint, 


` + (aaa; . 


JM un E: 116,0) © H 
ee Gf diat Seg BE OOs. 


-1 К 
© 81017 (ааа... 4,0,4,) € Н, as 6i 
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are disjoint 
= (аа... @азау}(ааа; . . . 8,03) € H 
= (ааа) € Н. i 
Consequently H=A,, (Lemma 3.32). 
Case II. Let с, =(4,4:4,) and c; =(a,a,a,) 
Consider 6— (a5a5) 
Since 0 Є 4, and His a normal subgroup of А„. 
0:0- € Н; 
i.e. (a5a,41)019,. . .б(а|&а) Є Н 
2» 0304. . <в(аа;а )(ауа„а»)(а,аав)(ааа‚) eu 
=> 0304. . .01(41210)(843а) Є Н. 
This gives a7639, . . . o4(4,4,4,)(a,a,4;) Є Н 
i.e. Ops Opie aisle 626, 1630, tt -9,(a,3a,)(a; 24345) E H 
= (op 196-171. . .03 10304. . .84)05 10, - 1(аа;а,)(азаза,) EH 
=> (®аа,)(аза;ау)(а,а,ав)(а,аа) € H 
= (446430445) € Н. 
and we are led to case (I). Thus, once again H=A,,. 
Case Ш. Let o,=(a,a,a,) and each с; for $2513). Je be 
transpositions, 
&-—6,0....0, Є Н 
=> 02-61203. ..02 Є Н 
= c Є Н, as o=] for all i=2, 3,..., К. 
=> (aaa)? € Н 
=> (ааа) Є Н. 
Consequently H— A, (Lemma 3.32). 
Case IV. Let o,=(a,a,) and c,— (a32,). 
Consider 0—(2,2,a,). Because 0 € A, and H is normal subgroup 
of An, 0207 c Н 
ie. (aaa). . „с (аааз) € Н 
= возо. . o, (050,0) (2,05) (a50,)(3,4,0,) Є Н 
= 0104. . .с.(4а:)(8а,) Є Н. 
Now H is a subgroup, therefore 
0-10364. . "eva, газ) Es H 
> ск Tlaga p.d ag Og 1б 39.0... .б„(ауа,)(а,а,) € H 
=> (aids) (asa) (a, (254) €H 
= (2аз)(аа1) Є H. 
This implies that H=4,„ (Lemma 3.33). 
Hence А, is a simple group for every n > 5m 
Remark. Trivially 4; is simple for nas. So we can say that 4 
is simple for all natural numbers л except 1, 2 and 4. P 
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WORKED OUT EXERCISES 


Exercise 1. Prove that in S, the number of distinct cycles of length 
pod n! 
гп is xc 
Solution. The number of distinct arrangements of r numbers 
п! 
(п— г)!" 


As each of the cycles (aa. . .а,), (а;а,.. 4,8), ..., (а,аа, . Ar) 


chosenfout of п numbers, is equal to P= 


E А ! 
is same, the number of distinct r-cycles is equal to d der 
г (пг)! 
Exercise 2. A, has по subgroup of order six, 
Solution. Since a 3-cycle of S, is an even Permutation, all 3-cycles 
of S, belong to A, By -Exercise 1 above, the number of distinct 
E 1 4! 
3- Tre == 
3-cycles in 4, is equal to 3 4-3] 8. 
Let Н be a subgroup of 4,, of order 6. АП 3-cycles of 4, can not 
belong to H. Let x be a 3-cycle of Ag such that хен. As o(x)=3, 


the subgroup K={e, x, x°} consists of three elements, where e is the 
identity of A,. 


Now xg H, хл ÉH > Ho K-(e) = o(HK)— e(H)(K) 63 


18 (HAK) 1 


This is absurd as HK isa subset of 4, and Ag has 12 ciements. 

Hence our supposition is wrong. Consequently 4 
of order six. 

Exercise 3. Let / be a permutation of a finite S, then in all ex- 
pressions of f as product Of transpositions either. the number ;^of 
transpositions is always even or always odd, Ё 

Solution. Let the result be not true. We can find a permuta- 
tion f € A(S) which can be expressed as a product of an even 


number of transpositions and stsame time, as a product of an odd 
number of transpositions. 


Thus J= (aib, (a,b, ). - -(a,b,), ai, b.e S, 
=: (14)(с,а.). . (Csds), с,, des, 
where ris an even number and s is an odd number, 

Then I= (ed.). . (c;d;)(c,d)), as Gy)" (ху) for all x, yE S- 
If 7 is the identity Permutation, [— ffi. T=(a,b,) (a,b,)(esd.)- - + 
‚+ (c,d) is a decomposition of 7 into a product Of 74s эң an o 
number of transpositions. In this way we can write holy 8). . (еве) 
with ai, ЄЎ and k, an odd number, i 

Consider (2,8,). If a1, 841, we can Write («,8,)=(18,)(1«,)(18.)- 
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As a consequence 7=(17,)(1r;). . (1r) where t is an odd number and 
Ty Ts... re S—(l). ...@) 


Consider the effect of Гоп ri. I(rj) —r,. 

Further (17,) takes ғ; to 1, so in order to bring it back to ri (Ir) 
must be repeated, in left hand side of (1), an even number of times 1 

Similar arguments can be given to show that each. transpositiop 
(1rj) 1< j<t, must be repeated an even number of times. This implies 
that г must be an even number. Thus we Bet a contradiction. 
Hence our assumption is wrong and so the statement ofthe problem 
holds true. 

Exercise 4. H is a subgroup of S, for some integer n1. If H 
contains an odd permutation, show that the set Of all even permuta- 
tions in Н form anormal subgroup of Н of index 2, 

Solution. Put X—(l, —1}, X is a subgroup of real numbers 
under multiplication. 

Define ô: H > X by O( f)=1 if fis even permutation in H and 
6(f)- —1 if f is an odd permutation in H. It can be verified that 
8 is a homomorphism, It is onto, as Н contains an odd permutation, 
Also Ker 0—set of all even permutations of H. As Ker @ is a normal 
subgroup of Н, the first part of the problem follows. 


By Fundamental Theorem of Homomorphism 5 =y > 


er jj 79002 = Ker 0 is of index 2 in H. 

Exercise 5. If H is a subgroup of a group С and S is the set of 
all left cosets of Hin С, then there is a homomorphism @ of G into 
A(S) such that Ker 0 is the largest normal subgroup of G which is con- 
tained in H. 

Solution. Define 0 : G — A(S) by 6(g) — T, where T(xH)—gxH 
for all xHES. Firstly, we show that 7,€ A(S). Clearly T, is a 
mapping from S to 5. Also 7,(xH)=T,(yH) > SXH—gyH > 
(ey) tgxe Hf + УЧХЄН = хИ=уН =“ This 1—1, Further any 
left coset xHES can be written as g(g^7xH) hence T, is onto, 
Consequently T,€ A(S). Again 0(gh)=T,, where T(x) = (gh) x77 
=g(hxH)=T,(hxH)=T,T,(xH) = v» —T,T,. Hence &(gh)— T, T. 
=6(g)0(h). This in turn implies that @ isa homomorphism from G 
to A(S 

A g € Ker 0 = T,—I where Z is the identity of A(S), This 
gives that 7,(xH)=xH v xEH = gxH=xH у XC = geH 
—eH > gH=H = g€H. Hence Ker 0 C H, Further if N 
normal subgroup of G, contained in H; then for each a 
Ө(п)=Т, where T;(xH)—nxH-—x(x^?nx)H {ог all xcg E 
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N is a normal, subgroup of G, x?m€ N C Н = xnx€ Н. 
So we set T,(xH)-xH for all xEG ie. Т,=1. Hence n € 
Ker 6. In other words NC Ker 9. | 

Consequently Ker @ is the largest normal subgroup of G contained 
in H. 

Exercise 6. If С is a finite group and HAG is a subgroup of G 
such that o (G) } i(H)!, then Н must contain a non-trivial normal sub- 
group of G. 

Solution, By Exercise 5, Ker @ С Н. Since HAG, Ker 656. 


G 
Further if Ker 0— {е} where e is the identity of G, then Ker в =T 


where T is a subgroup of A(S), gives that o(G)--o(T) must be a 
factor of o[A(S)]. But o[A(S)]- i(H)!. This in turn implies that 
o(G) | i(H)!, which is against the hypothesis. Hence Ker 05е). Thus 
H contains a non-trivial normal subgroup of G. 

Exercise 7. G is a group of order 2n, where n is odd. Show that 
G has a normal subgroup of order n. 

Solution. G possesses at least one element of order 2. otherwise 
we can partition С into union of disjoint pairs (a, a~}, (b, b} -+° 
etc and a singleton (e), where e is the identity of С. This will in tur? 
imply that number of elements іп С is odd! So, let a€ С be of order 2- 
Consider now Ta, where T,(x)=ax for all хЄ С. T, isa permutation 
on the set С. (Verify!). Since Tè (x)— T.[T.(x)]-a(ax)— ax ex = 
each T,-orbit of С consists of two elements and number of distinct 
orbits of T,—2n[2—n. As each orbit corresponds to a cycle, Т, bas 
n cycles each of length 2. Let ву, 65, . . ., с, be all the n 2-cycles (7. 
transpositions) of Ty. So T,—0,9,..o,. As n is odd, T, is ал 
odd permutation іп A(G). Let K={T, | ЄС). К is a subgroup of 
A(G) and G=K under the mapping f(g)=T7,. (Check! As T, Є № 
К contains an odd permutation. So by Exercise 4 we get that К 
contains a normal subgroup N of index 2. Thus G contains a normal 


subgroup H—f-(N) of index 2. But o(H)— o(G) _ 2n = 


G 
i(H) ~ э = Hence 


has a normal subgroup of order n. 


PROBLEMS 


1. Find the orbits and cycles of the set (1,2, 3, 4, 5, 6} under follow- 
ing permutations and express each of them as a product of its cycles 


| LH A (123456 
(51534 (ii) 925) 
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LU L2 

io (5143) (3431) 

2. Express the following permutaions as products of disjoint 
cycles: 

(i) (123) (45) (1345). 
(ii) (12) (54) (32) (17) Q8). 

(iii) (45) (123) (321) (54) (26) (14). р 

3. Let f be a permutation of a finite set and let сус... .c,, be the 
expression of f as a product of disjoint cycles. If о(с:)=т; м i, 
show that o( f) 2 lom of m, mz, ... & ma 

4. Let /= (0а, .:а,) be a cycle of length n(>1). Prove the 
following: 

(i) f(a) =a, 2&r&n. 
(ii) Conclude from (i) that o( f )>n. 

(iii) Show that /*(2) —a; 1<i<n. 

(iv) Prove that o( f) —n. 

5. Show that a cycle of length п is an odd or an even permuta- 
tion according as n is even or odd. 

6. Using the fact that any non-void finite closed subset ofa 
group is a subgroup, prove the following: 

(i) Н={1, (12)(34), (13)(24), (14)(23)} is a normal subgroup of 44. 
(ii) К={1, (14) (23)} is a normal subgroup of H. 

(iii) K is a subgroup of Ay, but К is not normal in 44. 

(Thus K C H C A, К is normal in H, H is normalin A, however, 
Kis not normal in A,). 

7. Prove the following: 

(i) Every permutation f in S, (n>1) is expressible as a product 
of transpositions (12), (13), . . ., (In). 

(ii) Any permutation f in S, (n7 1) is expressible as a product of 
(12). (23), (34), . . ., (n— 1, n). 

[Hint. Use part (i)]. 

(iii) H-(I, (12)} and K— (I, (123), (132)} are two subgroups of S, 
such that neither of them is normal, but KH— HK. (This provides 
an example of two subgroups H and К, which are not normal but 
their product HK is a subgroup). 

8. Consider H—(/, (12) and K={J, (13)}, two subgroups of Ss 
Show that HKzZKH. 

9. Prove that a group of order p°, where p is a prime number, 
must have a normal subgroup of order p. 

10. С is a group of order 2*5! where k>1 is an integer and m is 
an odd number. If С has a cyclic subgroup . 


order 2* then prove 
that G has a normal subgroup of index 2", P 
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Now a € Ker g € g(a)=/, the identity of (С) 
© йе 
e  f(xX-lx)»xc€G 1 
© axat=x (Definition of fa) 
2 a € Z(G) [Definition of Z(G)]. 

Hence Ker g=Z (G) and this completes the proof.m 

REMARK. If a group С is not Abelian then Z(G)4G and conse- 
quently G/Z(G) is not a trivial group; further because of the above 
theorem (С) is also not a trivial group. Consequently if a group 
is not Abelian, then G has a non-trivial automorphism. If a group 
is Abelian, then each of its inner automorphism is identity, so that 
above theorem need not provide us a non-identity automorphism 0 
an Abelian group. 

Lemma 3.39. Any subgroup of a cyclic group is cyclic. 

Proof: Let G=<a> be a cyclic group and let H be a subgrouP 
of G. If H=(e), then trivially H is cyclic. Suppose that H(¢) 50 
there exists а" Є H such that a"4e. Then a7^—(aq")-! € Н. AS either 
n or —n is a positive.integer, we can say that а"Є H for some post 
tive integer л. 

Let k be the least positive integer such that a* € H. If we show 
that H=<a">, then it will follow that H is a cyclic group. For thi* 
let РЄ H, as bEG, b—a" for some integer m. The division algorit” 
gives m=kq+r for some integers q, r with Ozrck. Now da 
a(a")-" Є H. The minimality of k implies r—0. Thus m=kq 9? 
b—(a*)!, Hence И=<а*>. This proves the lemma.m , 

Corollary 3.40. Any subgroup of the additive group of. integers D 
of the form <n>, where n is some non-negative integer. 

Proof: Since the additive group of integers is cyclic the res 
follows from the above lemma.m 

Theorem 3.41. Any infinite cyclic 
group of integers. Any finite cyclic g 
the quotient group Z/<n>, 

Proof: Let G=<a> be a c 
Define f: Z>G by f(n)=a" 
a»*n—q"a"-—f(mf(m). So f is 
member of С is of the type аз 


ult 


group is isomorphic to the addi 
roup of order n is isomorphio 

А А А tor 
Yclic group with а as its gene » 
v n € Z. Given n, m € Z, Лата ch 
a homomorphism. Further as 


which is equal to f(n), f is also onto: 50 
Case I. If G=<a> is of infinite order then qre v n7? 
that Ker f=(0). Heace fis an isomorphism of Z onto G. 


Case II. Let o(G)=n then o(a)=n. Thus for any integ?" | 
а"=е @ а | m&m € <n>. Hence Ker f=<n>. By the F" 
mental Theorem of Homomorphism, kay = б. This gives tb 
enu 


tive 


j 
пд. 
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<n> 

Since Z=Z/<0>, if G is an infinite cyclic group we can say that 
G=Z/<0>. So we combine case І and case П іп the proof of 
above theorem and get: 

Theorem 3.42. Any cyclic group is isomorphic to 2] <п> for some 
non-negative integer n.m 

As the relation of isomorphism of groups is an equivalence rela- 
tions. Theorem 3.42 gives the following. 

Theorem 3.43. Any two cyclic groups of same order are isomorphic. 

Let us recall that any element aofa cyclic group G is called a 
generator of G if each element of G is expressible.as a power of a. 
For example consider the group С={1, —1, i, — i) where i= /—1 
and —i are generators of С but 1 and — 1 are not generators. 

Theorem 3.44. Any infinite cyclic group has two and only two gene- 
rators. If G=<a> is a finite cyclic group of order n then a", 
for any positive integer m less than n, is a generator of G if and only if 
the highest common factor of m and n is equal to 1. 

Proof: Let G=<a> be an infinite cyclic group. Suppose a" Є С 
is also a generator of G. Since a € G, by definition of a generator 
a—(a")" for some integer m. That means a""—a-a!. As a is of 
infinite order we get nm=1. Hence either n=1,m=1 or n——1, 
m=—1, i.e. a^—a or a~. Thus possibly a~} is the only generator 
of С different from a. But, given any a! € С, а" (a7) * i e., every 
element of С is expressible as a power of a^. Consequently ат! is 
also a generator of С. Hence a and «^! are the only generators of С. 

Now let G— < a > be of finite order n. Then G — (a?—e, a!, a’, 

«4077. Ifn=1 then, G= < e > so the result holds trivially. Let 
n> landa" (| < т < п) be any benerator of С. Then for some 
integer К, a—(a")* = g"-i—e >n | (mk—1) = mk—1=In for some 
integer /; thus mk— In—1. This gives that HCF of m and n i.e. (m, n) 
=1. Conversely, suppose that m is a positive integer — n such that 
(m, n)=1. Then their exist integers x and y such that mx-+-ny=1, 
Thus a=a'=a™ N=")? (a")!=(a)* as а"=е. For any integer 
К, a*—("y*, This shows that every element of С is a power of а", 
Hence a? generates С. Hence the theorem is proved.m 

Definition 3.45. (Euler's 9-function) 

For any positive integer”, e(7) denotes the number of those 
Positive integers which are less than л апа are relatively prime to л 
Ф(п) is called Euler's totient function. i 
а di: efe ws 

Е на... istinct and for and posi. 


œG. This proves the theorem.m 
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П. For a€ An, define x, : A, > A, by т„(х)=аха for all xE Ap. 
Let C(4,)—(x, | aE An}. Show that 0(A,)=o[C(A,)] for n > 4. 

12. If 5 and T are two finite sets such that o(T)=o(S)=n, then 
show that S,~T,. 

13. Show Z(S;) ie the centre of S4, consists of identity permuta- 
tion only. 


14. Show that the group S= U S, contains exactly one normal 
n=1 


subgroup A distinct from S and {е}, where e is the identity of S. 
Furthershow that A is of index 2 in S. 

15. Show that S, is a homomorphic image of S,. 

16. If a permutation f on n symbols can be factored into Ё 
disjoint cycles, then show that the number of transpositions in any 
Tepresentation of fasa product of transpositions is either always 
even or always odd according as n—k is even or odd. 


4. Automorphisms of Groups and structure of Cyclic Groups 

Let G be a group. A(G) denotes the set of all permutations in ©. 
We know that A(G) is a group under the resultant composition. Let 
Aut(G) denote the set of all automorphisms of G. From the defini- 
tion, we know that each automorphism of G is a one to one mapping 
of С onto itself. Thus Aur(G) С A(G). We also know that the 
identity map is an automorphism. However the problem of deter- 
mination of all possible automorphisms of a group in general is fairly 
difficult. Still we can prove the following: 

Theorem 3.35. For any group G, the set Aut(G) of all automor- 
phisms of G is a group under the resultant composition. 

Proof: Since identity map J on G is in Aut(G), Aut G3. 

(I) Closure: Let f, g€ Aut(G). Then, as f. g are both 1 =} 
mappings of G onto G, fog is alsoa1—] mapping of G onto С: 
Further for any a, b € G, ( fog) (ab)=f [g(a5)]—f [g(a) g(b)], since £ 
is an automorphism. As f is also an automorphism and g(a), £(? 
€ G, we have f[g(a) е(Бу]=[ SCEI [ f {g()}]=[ fog(a)] [ fog(bJ- 

ie. (fog) (ab) —K fog)(a)] [( Јов)(Ь)). ; 

Consequently fog is an automorphism and fog € Aut(G). This 
proves the closure of Aut(G), 

(II) Associativity: Since the resultant composition for mapping is 
in general associative, the composition in Aut(G) is also associative- 

(DI) Existence of identity: As І € Aut(G) and fo1—f—Iof ¥ 
€ Aut(G), I is the identity of Aut(G). à 

(IV) Existence of Inverses: Let f € Aut(G). As fis 1—1 mappin£ 
of G onto С, f~ is defined and f-! is also a 1—1 mapping of G onto 
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С. Now let a, bEG; since f is onto 3 x, УЄ С such that f(x) a and 
f()-b; this gives, f-(a)—x and f? (5b) — y. Consequently ab — f(x) 
ЛО) = (ху) «f Lf-*(a) f). Hence f-(ab)=f-1(a) f “Бу, 

Thus we see thatf- is а1—1 endomorphism of G onto G. So 
that f-! is an automorphism of С. Consequently f-1 € Aut(G) and 
it is such that fof-1— f^ of— /. 

Hence Aut(G) is a group.m 

REMARK. Alternatively the above result can be proved as 
follows: 

f 8 € Аш (G) = fog? € Aut(G) (2) 

Hence Aut(G) is a subgroup of A(G). This proves Aut(G) isa 
group. 

Lemma 3.36. Let G be a group and a€G. Then the mapping 
Sa: G — С defined by ў, (х) =аха-\ is an automorphism of G. 

For proof see Example 8.18 

Definition 3.37. (Inner automorphism). Let a be ап element of a 
group G. The automorphism f, : G > G given by f(x) 2axa y xEG 
is called an inner automorphism of G determined by a. 

NOTATION. (С) denotes the set of all inner automorphisms of С. 

Theorem 3.38. For any group G, In(G) is a normal subgroup of 
Аш(С). Further In G=G/Z(G), where Z(G) denotes the centre of С. 

Proof: Clearly Г € In (С) as I (x) -x-exe-1—7,(x) v x € С. 

Now for any a € G, x € G, faofa (х) «f. [ fa(3)] —fia 3x(a71)71] 
—f.(a xa) —a(a71xa)a-1— x—] (x). 

This implies f.ofa 1 — I. 
Similarly (fa of )() —I(3). 

Thus fa-!of, — I—f, ofa showing thereby that ( f)! —fa€ In(G). 

Also for any f, f, Є In(G) simple computation shows that 
Ло/»=/ь € In(G). Hence In(G) is a subgroup of Aut(G). 

To show that (б) is a normal subgroup of Aut(G), it only re- 
mains to prove that for any fa € In (G), oE Aut (С), 90f,0c7! € (б). 

Let x € G then (соў,ос-!) (x)=(cof,) [o-"(x)]=o[ao“(x)q~1] | 
=a(a)o[o-(x)] a (a7) =о(а) х[о(а)]-1==/е „э. 

Hence cof,0c7 = feta, E In(G). 

Now we consider the last part of the theorem.. For th 
define a mapping g:G — (б) by g(a)=f, має G. 

Then g(ab)— «»—faof,—g(a)og(b) v a, be G gives that g is а homo- 
morphism. g is onto since each member of 7n (G) is of the form f, and 
by definition f,=g(a). Then by applying Fundamental Theorem of 


А G 
Homomorphism we get Ker g^ /” (©). The result win follow if we 
show that Ker g—Z (G). 


is purpose 
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tive integer m < n, a" is generator of G if and only if (m, n)=1. We 
get that number of generators of G is o(n). ч 
Theorem 3.46. Let С be a cyclic group of order n, and i 
integer m be a divisor ofn. Then there exists one and only one su 
roup' of С of order m. 
j A ix G= < a>, 0(G)=o(a). Now m | n = п= тд for some 
Ositive integer q. 
j Then ‚на is а cyclic subgroup of С of order m. Let K E 
any other subgroup of G of order m. If k is the least positive шн : 
such that at € К, then K= < a > (Lemma 3.32) and for any nk. 
gers, a € KSk|s. Nowa*=e€ К —k|n. Thus o(a m 
Hence o(K)—o(a*)—n|k. However o(K)=m. So icing ы б 
q=k and we get K= <а > = <at> =H. Hence H= < al > 
the only subgroup of G of order n.m ny 
Theorem 3.47. Let GHA(e) be a cyclic group < а >. Then 4 A 
endomorphism f of G is an automorphism of G if and only if f(a) is 
senerator of G. Further 
(i) Jf G is infinite then Aut(G) is of order 2. 
(ii) If G is of finite order n, then Aut(G) is isomorphic to the. grouP 


ET or 5 3 i itH 
of those positive integers < п, which are relatively prime to n, W 


а is 
binary composition as multiplication modulo n and order of Aut(G)* 
(n). 


Proof: Let f be an automorphism of G and let x € G then ther? 
exists an element y € G, such that x=f(y). But G= <a>,s0 yc 
for some integer n, hence x=f()) 

Conversely let G =<f(a)>. L ite 
integer k. In other words x=f(a"), hence f is onto. Now if G is fini 
then f is clearly 1—1. 

then /(x)=/( y) > Ја") = (а) where х=а", 
and sas G=< а >. Thus {f@}={ /(а)} 


Я 5 
‘=a: integer 
y=a! for some £ pen 


T of Aut(G) is o(n). Let f: б п 
an automorphism, then f(a)=a*, 
and (k, n)—1 (Theorem 3.44). 
the group of positive integers 
6(f) —k v f € Aut(G). 0 is homomorphism since ifg: G > 
another automorphism given by g(a)=a then (fog)(a)--a" > 


= M = kl = (Y). Also 9 is 1—1, since &( f )-0(g) > Ё ^ 


there exists one and only one subgroup of that ord 
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=> n|k—I;k<n,l<n and (k, n)—1, (1, п)=1 > k=]. Thus f=g 
Finally, since o[ Aut (G)]=¢(n) and o(Z,)=4(n), 0 is Onto. This com- 
pletes the proof of (ii).m 

Theorem 3.47. Let G be a group with at least two elem 
that G has no subgroup other than (e) and itself. Then G is 
group of prime order. 

Proof: First we claim that G is cyclic. 

Let a € G az£e (This choice is possible as G has at least two ele. 
ments). Then H=< a > is A subgroup of G and a € H > Hte). 
By hypothesis H=G. Hence G=< a>. 

Now we prove that G is of finite order. If not, then in view of 
Theorem 2.33, o(a) can not be finite. . 

Consider K=< d? >. K is a subgroup of С. K={e} > ame 
=a is of finite order, a contradiction. So K—G, But a Є С. 
>a E < а > =» a=) =a for ѕотеіє2. This gives aiie 
=> ais of finite order, again a contradiction. 

Finally suppose that G is of order n. If n is not prime, we 4, 
write n=rs where 1<r <n. By Theorem 3.46, G has a subgroup Н 
of order r. As 1 < r < п, Н5{е} and HÆG. This is against the 
hypothesis of theorem. 

Consequently л is prime.m 


ents such 
4 Cyclic 


PROBLEMS 


1. A subgroup Н of a group G is said to be characteristic sub- 
group if for every automorphism f of G, f (H) G H. 

(a) Prove the following: 

(i) Let Hbea normal subgroup of a group С. Show that any 
characteristic subgroup K of H is normal in G. 

[Hint. Use the fact that every inner automorphism of G gives an 
automorphism of H.) 

(ii) Gis an abelian group and nis а fixed positive integer. Let 
H={x € G | x"—e, where e is the identity of G} Show that H is a 
characteristic subgroup of G. 

(b) Give an example of a normal subgroup which 
teristic subgroup. 

2. Let С be a finite group and 7, a cyclic subgroup of G, by 


using the fact that for any divisor of the order of a finite cyclic group 


i А ег, prove that i 
1s normal in G then each subgroup of T is normal in С. if T 


3. Let G=< a > and G'— « b > be any two 
Same order. Define f : С > G’ by f (a") -br for all 


is not a charac- 


Cyclic groups of 
integers т, Show 
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that f is well-defined and it is an isomorphism. 

4. Let G, — ca», G,— < b > betwo cyclic groups of order л and 
m respectively such that (n, m)=1. Let G=G6,xXG,={x, y) | x E б, 
у € Ga}. For any (xy, yj), (x у) € G, XG, define (x, у) (xs y)— 
that (xix; ууу). Show that G is a cyclic group of order mn. А 

[Hint. Show firstly that С is a group. Then, show that (a,b) EG 
is of order mn and o(G)— mn.] 

5. Show that Aut S,2«S,. 

6. Find out Aut (G), where G is the Klein's 4-group. 

(Ans. Aut G=S;) 

7. Show that two groups A and B are isomorphic if and only if 
there are two new operations o and ,. defined over the elements of 
groups as follows: 

For all a, а € A, b, b' € B, aob € A, bya Є B. 

Moreover ao(bya')— (aob)a' and bs(aob') — (bya)b'. 

* 8. Let G be a group and f, an endomorphism of С, which 
‘commutes with every inner automorphism of G. Let K be the set of 
elements x € G such that 9'(x)— (х). Show that К is a normal 
subgroup of G and G/K is Abelian. 

9. Let С be a group, and f: С > С defined by f(x) = х" be an 
automorphism. Show that for each a € б, a" € Z(G), (i.e. centre 
of G). 

10. Let Tbe an automorphism of a 
T(x)=x for x € Gif and only if x=e, al 
Aut(G). Show that G is Abelian. 


[Hint. First prove that every g € С can be expressed as x17" (9 
for some x € G] 


finite group G such that 
so T"—], the identity © 


Klein’s 4-group.] t 
d peres. › be subgroups of a group G such tha! 
Gi < Gin for all i, show that UG; can’t be a cyclic subgroup of G. 


13. Show that the group Q of all rational numbers under additic? 
is not cyclic. 


14. Let G be a group and А, a 
‘Consider the set S=4 XG. For any 
(f, а) x (8, b) - [fog, g(a) b]. 

Prove the following: 
(i) Sis a group under x. д 
(й) The mapping с: С — such thato(a)=(/, a) Ya € GIS 


group of automorphisms of a 
(Жа), (в, b)e AxG defin 
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monomorphism. 


cns us 

G) OSA: 

15. Show that if G is a group of order z such that for every positive 
divisor d of n, there is a unique subgroup of С of order d, then G is 
cyclic. 

[Hint. For d>0 dividing п, if (4) denotes the number of elements 


of order d, show that (4) =#(4). Also use the fact that Xó(d)—n.] 
dia É 


5. Conjugate Elements 

Definition 3.48. Let С be a group and a, bCG. a is said to be a 
conjugate of b in С if there exists cC С such that a—c-1 be, 

Symbol a~b will denote that a is a conjugate of b. 

Lemma 3.49. The relation of conjugacy on a &roup G is an equiva- 
dence relation. 

Proof: (1) Reflexivity : Since a=a™aa, aa. 

(2) Symmetry : a~b=a==x~bx for some xc С, 
-—b-—xax?-y-ay where =x, 
Беа. 
(3) Transitivity : ab, b~c=a=x"'bx, b-y- су 
for some x, y € G = a=: CH ey)x=(px)“e(px) = 
ac-c. 4 

This completes the proof.m 

Above lemma shows that we can divide a group G into equivalence 
classes under the relation of conjugacy. Each such equivalence class 
is called a conjugate class. For any a€G, C(a) denotes the conjugate 
class to which a belongs i.e., C(a) —(c€ С | a~b}. Precisely C(a) con- 
sists of all elements of the type x-'ax. Therefore a€ Z (С) if and only 
if C(a) — (a). In particular C(e)— (e). 

Let G be a finite group. Let C(a,), C(a,),. . ., C(a) be the total 
of all conjugate classes of G; let Сау, Cas. .., Са, 
orders. Since they are pairwise disjoint and 


t ity 
be their respective 
their union is G 


t 
=> impl = 
we get o(G) 5 Б or simply o(G) 5" C, where the sum runs over 


elements a, taken one each from each Conjugate class. Henceforth 
in this article our task is to determine the nature of C, and exhibit 
few applications of the concept of conjugate elements. * 
Definition 3.50. (Centralizer or Normalizer of an element) 
For any element a of a group G, the set Na={x € G | - 


*called the Normalizer or Centralizer of a in G, xa) is 
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One can see clearly from the definition of centre of a group that а 
is in the centre of G if and only if N(a)=G. 

Lemma 3.51. For any a€G, N(a) is a subgroup of G. 

Proof: If e is the identity of G then ea—ae gives e € N(a). So that 
N@#$4. Let xEN(a), y€ N(a), then (xy)a=x(ya)=x(ay) =(ха)у= 
(ax)y=a(xy); thus лує Na). Again ax—xa-cx-a—ax--x! 
€ N(a). Hence N(a) is a subgroup of G.m 

o(G) 
of N(a)]" 
Proof: Let o(G)=n. If N(a) has t distinct right cosets: №а)х;› 


Theorem 3.52. If G is a finite group and a€ С then C,= 


N(a)xz,. . ., N(a)x, then we know that t=- anor 


Now for 1 «i, j« t, XiJaxi—x;7lax; 
> XS) axx =a xix] a(xix;?)?—a 
=> Qux;7)a-a(xix,71) xix; E N(a) 
=> N(a)x;—N(a)x, => i=j since N(a)x:'s are all distinct. 
Hence xi^! ax,—x;? ax, > i=j. 
So xl ax, Xg! ax,,. . ., xX, lax, are all distinct conjugates of a. If 
we show that these are the only conjugates of a then it follows that 


C(a) contains only t elements ie. С = = UG) S. 
& t 
Consider for some XEG, b=x Tax, Since G=U N(a)x;, x—cxi for 
i=1 
some c€ N(a) and some positive integer i. Therefore x-1 ax=(cxi) ^4 
(сх) = xi? (c1ac)x, — xi ax; Since clac—q, 
Hence any conjugate b of a is 
that a has only t conjugates viz, 
theorem is proved.m 


equal to one of xj ax; This proves 
Xé ax, i—1,2,..., t. Hence the 


Corollary 3.53. For any finite group С, o(G)— X o(G) where 
а o[N(a)] 


the sum runs over elements а, taken one each from each conjugate 


class 
Proof: Let. C(a,), C(a,), .. 


э С(а„) be the totality of conjugate 
classes of G. Then the fact 


these classes are pairwise disjoint 
к CNET i k 
and their union is G, gives 9(G)— X Ca, where Ca,—o[C(a;Jl. 

i=1 


However by the above theorem Са, —2(G)_ 
"^ Мад 
o(G) - 
Hence 0(G)= = Маў ` This proves the corollary m. 
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Corollary 3.54. Let G be a finite group and Z(G), its centre, then 
e(G)—e[Z(G)]- 2 a where the sum runs over elements а, 
taken one from each of those distinct conjugate classes which contain 
more than one element. à 

Proof: Since a€ Z(G) if and only if C,—1, there are o[Z(G)] 
number of conjugate classes each having only one element. Therefore 
the corollary follows.m 

Definition 3.55. Let G be a finite group. The equation o(G)— 


oZ +E д where the sum runs over elements a, taken 


one from each of those distinct conjugate classes which contain more 
than one element, is called the class equation gf the group G. t 

We wish to make a passing remark that the class equation has 
played great role in the development of the structure theory of non- 
commutative finite groups. Interested readers may find how often it 
is used in next chapter. Before we finish this section we prove two 
results on groups by using the class equation. 

Theorem 3.56. If o(G)—p" where p is a prime number, then 
2(6)5(е). 


Proof: Let o[Z(G)]—z. By the class equation EO 


Where sum runs over elements a, taken one from each of conjugate 
classes C(a) which has more than one element [;.e., a&Z(G). Now 
for each a&Z(G), o[N(a)]<o(G)=p" and o[N(a)] | (б) gives 

o(G) 
a 1 
Hence from (1), we get р | 2. This proves that 

P | AZ(G)] > о[2(6)]> 1 > ZG)A(c).a 

Corollary 3.57. If o(G) —p* where p is a prime, then G is Abelian. 

Proof: As, a group G is Abelian if and only if Z(G)—G, it ih 
Sufficient to show that o(G)—p? > Z(G)—G. Let o(G) —p* By 
Lagrange's theorem o[Z(G)] | р”. Therefore o[Z(G)]— 1, р or p By 
Theorem 3.56, o[Z(G)|#1, so o[Z(G)] —p or p°. Suppose o[Z(G)] =p. 
Consider a € G such that a & Z(G). Since for every b € Z(G), 
ba—ab, bE N(a). Thus Z(G) С N(a). Also a € Na) but a £ Z(G) 
So N(a)4Z(G). Consequently o[N(a)]>o[Z(G)|=p. But o[N(a)] | p: 
Thus o[N(a)] —p? and N(a)=G. This implies a € Z(G). This inc А 
dicts the supposition that а & Z(G). Therefore o|Z(G)] p Ta- 
hence G=Z(G). Thus the proof is complete Р and 


o[N(a)] —p"a for some 1 xncn-p » Further p | p. 
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Exercise 1. Two permutations c and т of a finite set S are said 
to be similar if there exists a 1— 1 correspondence between the cycles 
of c and з such that the corresponding cycles have same length. 

Show that two permutations of a finite set S are similar if and only 
if they are conjugate. 

Solution Let c and я be conjugate. There exists g Є S, such 
that 7—g-!cg. 

Let с=(аа,.. .ај) (bibas ..b,). . (сіс. . б) | where а, b, ..5 
c ES ог аіїі<і<,1<ј<л...1< «s and all 
the cycles on the right are pairwise disjoint and each element of 5 
is in some cycle. Since g is ап onto mapping we can find е;, е;,.. +» 
en fis Jos fel ly... le such that g(e)—a; v 1« i «f, 
&(7)=Ь, VESI Sn... g(l)—c; ¥ 1 Skan: 

Then 5—g !og—(e;ej. . .е,)( fi fos . fa). © (lilas . 1). As g is 1—1» 
lengths of corresponding cycles [under the correspondence (aq). . En 
€ (ёе. . e), (ЬЬ... Bu) e (Sifo o Sa) © (сас. 6) © (lh. + 
1,)] are equal. Hence c and y are similar. 

Conversely let с and я be similar permutations in S.. We can 


write с=(аа,. . .a)bibs. . bn)... (eyes. . Cs) and er ect, xi) 
Os.» n). + (2123. . 223), where t, n. . .s are integers > 1 such that 
ttnt...s=m. 
Put iei 50:5... а by Basas „ as Day soy Cy уу ue уйы 
Xi Xo + = apj Xt Yp Vor s Yu « «oy Zi Zaye $ 43,2 ) 


It can be verified that л is a permutation in S,,. Since (h-*h)(a)) A 
bn 09), . . ., Qr! nh (a) (х) hi (x) а, gh) 
=) f) b... ith) m y (ym, .- > 
ho ghey )=h- (2) =h(z,)=c, ..., Һас) = he, 68 
ме get h-’yh=o. Hence c and 7 are conjueate. 

‘Exercise 2. Given a positive integer n, a sequence of positive inte- 
gers ny» П.» + + о Пе Such thatn,>n,>. . 2n, and n—n,4 nyc. +r 


he і 
is called a partition of п. Let P(n) denote the number of partitions of 
n. Show that the number of conjugate classes in S, is p(n). 


Note. Since 1—1 is the only partition of 1, p(1)—1, 2=2 and 
2=1+1 are two partitions of 2, so p(2)=2. 3=3, 3—24-1 3=1 
41-41 are three partitions of 3, so P(3)=2. We leave it to the 
readers to varify that p(4)—5, p(5)=7 and p(6)=11, 

Solution. Let o € Sa. We can write casa product of pairwis? 
disjoint cycles (ааз. . "Ar bibe. . -br Jie (eyes. . Cr, ) such ps 
none: gr, and rire. . cnn. This is unique expressio? 
and so given any cycle we get a unique partition. 
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By Exercise, 1, two permutations are conjugate if and only 
if they are similar, in other words they give rise to same partition. 
So corresponding to a conjugate class we get a unique partition of n. 
Conversely given a partition "n 272. ..2n; n tng-...--n,—n 
there exists a permutation f which has a cyclic decomposition of the 
type (18s. = Am, (6,63. - Bra). - (8,82. . Sn, у. 

Each g Є S, similar to f is conjugate of f, and every permutation 
in S, conjugate to f is similar to f. In this manner given any per- 
mutation we can associate а unique conjugate class viz. conjugate 
class of f. 

Hence there is 1—1 correspondence between conjugate classes in 
S,, and partitions of n. Asa consequence the number of conjugate 
classes in S, is equal to p(n). 

Exercise 3. Let G be a finite group. Suppose an automorphism f 
of.G sends more than three-quarters of the elements of G onto their 
inverses. Prove that G is Abelian and f(x) -x * v x € С. 

Solution. Suppose С is not Abelian then Z=Z(G)4G. This gives 


e(Z) € à 0G) > o(G—Z) > жо, So because of hypothesis there 
exists x € G—Z such that f (x)—x^. 
Again x€G— Z > NEG = ANS 90) > 10-м) ©. 


As f sends more than three-quarters of the elements of G onto their 
inverses, there exists y Є G— N(x) such that fo)». 
Put S={y Є G—N(x) | f) —»-). Given condition on f implies 


that o(S) — e(G) The set xS={xs | s € S) has all elements dis- 
4 


tinct and so o(xS)=o(S) > o 


We claim that for any z € xS, f(z)z£z-!. Otherwise let z € xS 
be such that f(z) —z-! > f(xs)—(xs)-! for some sc S > f(x) f(s) 
as xm x! sts ty! > xs=sx > s € N(x) which is against 
the definition of S. Thus our claim is established. 


o(G) 
So there are more than —] elements (namely, the elements of 


xS) which cannot be mapped onto their inverses. This is against the 
condition imposed on /, hence G=Z. 
Finally let H—(x € G | /6)—x7). H is a subgroup of G as G is 
3 : hs o(G) . 
Abelian. So if HG, we shall get o(H) < —3 >be. ihe number of 


elements of G which are mapped onto their inverses is less than or 
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equal to 19, This is against the hypothesis. Hence H—G. In 


other words Јо)= х1 ¥ x EG. 

Exercise 4. Show that for n > 3, Z(S.)— (I). 

Solution, Suppose sz € Z(S,). 

We can write с= сс... -Sx Where c;is a cycle of length n; (7 2) 
and these cycles are disjoint. Further n, > п, >.. >п. 

Case I. Let 9;—(4,4:05. . .a,),n > 3. 

Now c € Z(S,) > c (аза) — (a3a;) c. 
As each of с,,..., c, is disjoint from c, we get 
ву (4,45) (ааз) 
Le. (ааа... 45) (445) = (2,2, (a,4,4,. asah). 

This is absurd as L.H S. seads a, to a, whereas R.H.S. sends 
an tO а». 6 

Case II. Let 2,—(a,a;) 

Since n > 3 we can cho 
Now c € Z(S,) > o(a,a, 
i.e. (аа) 6265. . NS (212:45) —(,a,a;Y(a,a,) баба» . . Gy. 

As а» does not belong to any of cycles с,, 95... сь, L.H.S sends 
a, to a, itself, 

Because of same reasons RHS sends 4, to az. 

This is again absurd. Hence our Supportion that c47 € Z(S,) is 
wrong. 

Consequently Z(S,)={7}. 


05 aay, азуёа,. ` 
43) =(а;а;аз)с 


PROBLEMS 


1. Show that the following pairs of Permutations are similar in Se 
(i) (12), (13); £ 

(й) (12). (34), (14) (23); 

(iii) (123) (45), (145) (23); 

(iv) (134) (256), (156) (342), 

2. Prove that the Klein 4- 

3. Prove that there -trivial group every non- 
identity element of whi i actly half the elements 
of the group. 

4. Let G be a group and a EG 
jugates. Using the fact that any su 
conclude that N(a) is a normal Subgroup of c. 

5. (a) Let H be an Abelian group of order р" 
Show by induction on п that there e 
o.. > H,=(e) of orders p», pi. 


be such that а has only two л 
bgroup of G of index 2 is normals 


»Pa prime Bud 
Xist subgroups H=H,; >H, >”? 
` > P, p?°=1 respectively. 
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(b) Using (a) show that if о(С)=р" (С may not be Abelian) there 
exist subgroups N; (i=0, 1, 2,... п) of orders p: (=0, 1,2,.., 
‚ 4 п) Such that Np>N,>. . „>, (е) and each Маа is normal in 
N; for i=0, 1, 2, . . ., n—1. [Hint. Z(G)<(e).] р 
6. If Gis.a non-Abelian group of order p°, where P isa prime 
number, show that o[Z(G)] —p. 
С 
Z(G) 
7. If G is a group of order p^, p a prime number and HAG is a 
subgroup of G, show that there exists an a € б, a 6 Н such that 
-l-—H. А i 
s IfGisa group of order p”, p a prime number and if Ne) 
is a normal subgroup of G, pruve that N'YZ(G)z£(e) where Z(G) is 
the centre of G. | 
S ӨЛЕ an example of a group С of order p^, р а prime number 
ada subgroup HÆ{e) of G such that H(1Z(G) —(e) where Z(G) is 
Ad C id Eos of an automorphism of a non-Abelian finite 
group G which sends exactly three-quarters of the elements of G to 
their inverses. Л 
ll. Let N be a subgroup of G, N С Z(G). The mapping х > x» 
is 1—1 on Nand 1—1 on G/N. Show that it is 1—1 on G. Further 
Show that if the mapping x — x” is onto on Мапа onto on G/N 
then it is onto on С. 
" from A to A. 
RE 3 on a set A we mean f ‹ 
P ee ae ubset F of all elements which have only 
a finite number of conjagalss in G, is a characteristic subgroup. 
Prove! à | х 
13. A group С is called an FC group (finite conjugate group) if and 
only if each xe G has only a finite number of conjugates. Prove the 
following: 
(i) A finite group is an FC group. 
(ii) An Abelian group is an FC group. 
(iii) If [G : Z(G)] is finite then G is an FC group. 
(iv) A subgroup or а quotient group of an FC group is an FC 
group. 
14. Show that Z(G)= N {C(x) | хЄ С}, where С(ху={уєс | 
15. Let x, у be elements of a group С, then prove 
(i) C(x) € C(y) if and only if »€ Z[C()]. 
(ii) C(x) С С(у) if and only if ZICO DZC. 
«16. Determine all the conjugate classes in Sy 
17. Let G bea. group containing an element of Order п> 1 and 


[Hint. Use the fact that if is cyclic, then G is Abelian.] 


Ух=ух}, ' 
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exactly two conjugacy classes. Prove that C isa cyclic group of 
order 2. | 

18. Let G be a finite group with subgroup H of index 2. If 
x € Hhas m conjugates in G then show that x has either m OF 
m А н 
3 conjugates in H. 

[Hint. Use Problem 25 after Theorem 2.42, that if A, B are sub- 
groups of a finite group С such that G=AB then (С: B)— 
(4 : AB]. ` 

19. Prove that any element c in S, with commutes with (1, 2,. - n) 
is of the form (1,2, . . ., r)? Т where i=0, 1,2, 3,...., r—1 and Tis 
a permutation leaving each of 1, 2, . . ., r fixed. 

20. (a). Find the number of conjugates of (1, 2)(3, 4) in Sn, n 2 4. 

(b) Find the form of all elements commuting with (1, 2) (3, 4) 
in Sp. 


Ans. 20 (a) ABAD 0-2) (13 (Б) (12): (34) T and (12): G4 


(13) (24) T, where i=0, 1; j—0, 1 and Т leaves 1, 2, 3 and 4 fixed. 
21. Show that (1234 5), (1 2 3 5 4) are conjugate in S, but not 
in A;. 
22. Let H be a proper subgroup of à finite group G show that G 
contains atleast one element which is not in any conjugate of H. 


4 


STRUCTURE THEORY OF GROUPS 


In this chapter we discuss some miscellaneous concepts in group 
theory, each of which has proved to be of great Significance in the 
understanding of the inner structure of groups. 


эй 
1. Direct Products 

Let G be a group. We have already discussed the subgroups and 
quotient groups of G(Chapters2 & 3). In a sense these are new 
groups constructed from G. There are many other methods of cons- 
tructing new groups from one or more given groups, and these groups 
are different from the class of subgroups and quotient groups. One 
of the most important method is the method of formation of direct 
Products of groups. In this section we discuss the concept of direct 
product and give some of its applications. 

Theorem 4.1. Let G,, G,,...,Gn ben groups and С=С, XG;X...G,, 
their cartesian product. Let a—(a, a, ..., a,), b—(b b... „ by) 
ЄС : define ab—(a, by, a, by, .. ., a,b,). Then G is a group under this 
composition. 


Proof: Vet (a), Gea Ж аг), Б-=(Бу; Б... bs), c—- (6, es, . . „су, 
G. 


For ac i=1, 2,..., n, let e; be the identity of G, and e—(e, e, 
x 901025); 

(1) Closure. By definition ab—(ajb,, a,b,, . . ., a,b,). Since a,b, 
ЄС» 1 <i<n, we get abC С. This proves that G is closed under the 
composition. 

(2) Associativity. Now a(bc) —(a, ao, . . ., an) (be, Ь,с,,.. 5 Баса) 
=[a,(6,c,), а, (Б.с), . . ., а„(Б„с„)]. 

Similarly (ab)e=[(a,b,)er, (агас, . . ., (a,5,e,]. 

Since a;(bici) —(aibi)e; v. і. We get (ab)c —a(bc). 
(3) Existence of Indentity. Since ae—(a,e,, a,e,, . 
Sis а,,.. .а,) (еа, е,а,,.. ела) —ea, 

Hence eis the identity of С. 


ә а.е) 
we get ae=a=eq x acq. 
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(4) Existence of Inverses. For given a—(a,, a5, . . 44) € G. Let 
a'—(ay,a,7,.. .,a, 1). Then aa’ —(a,4,7, 4445 %,.....- sänts = 
(ер, 6 . . « Cy) =e. Similarly а'а=е. Hence a !—a'€ С. 

This proves that С is a group.m 

Having proved the above theorem we now define external direct 
product of groups. 

Definition 4.2. (External direst product). Let Gu .. + Ga be 18 
finite number of groups and G—G,X G,X . . X Ga. Then G is a group 
under the binary composition defined by ab=(a,b,, a:b... - » аһ) 
for all а= (а, аз, .. -s An), b=(by, bas - . +» Ba) in G. 

This group is called the External direct product of groups Gy 
(i sog Gne 

If all the groups are Abelian and their compositions are all denot- 
ed additively, then usually, we also denote the composition in G addi- 
tively and refer to С as a direct sum of Gy, Gz, . .., Gy. Further we 
write С=С, ФС, @...BG,. f 

EXAMPLE 1, Let G—ZxZ, where Z is the additive grouP О 
integers. For x—(n, ту), у==(п„, т) € G, x4-ye(n ns тут): 
G is а group under the addition composition. Here (0, 0) ÍS the 
identity and for any (n, m) € G, (—n, —m) is the inverse. * | 

EXAMPLE 2. Let Z be the additive group of integers, and C: 
the multiplicative group of non-zero complex numbers. 3 

Let G—Z X C*. For x—(x,, 21), Y=(X», т,)Є С; define xy— (x PAR 
ZZ). G is a group under this binary composition. (0, 1) is tb 
identity of С and for each (n, x) EG, (—n, x7!) is its inverse. $ 

EXAMPLE 3. Let G,— <а> and G,— <b> be two cyclic group" 
of order 2 and 3 respectively. If е, е, are the identities of 6; and ©? 
respectively, then G,— (e,, a} and С,={е,, b, b ). Further G=Gi% 4 
={(е» e+), (6, b), (е, Б), (a, ез), (a, b), (а, b^)). def 

For any x—(a, 4;), y=(b,, by) € С, define xy==(a,b,, ар): О at 
this composition G becomes a group. Take u=(a, b), We sce pt 
w=(a’, b)—(6, b°), W=(a5, b*)=(a, e), u'=(a', b!) (e bi Wr 


(a^, Б?ў==(а, b`), w=(a5, b)=(e, ej. Hence G=<u> is a cy 
group of order 6. 


nd 

Theorem 4.3. Let Gy, Gy, . . ., Gn be a finite number of gro? T 
G—G, X GX. . Gn, their direct product. For each 11<і<п), let ёі 

the identity of G;. Then L 
(1) for each i, Gí—(e e. . eizi as е. E aE 


a normal subgroup of G isomorphic to G;. PE 
(2) Jor gery і}, Вее ax €G;, a; €G;, a; a; —aj ai'- eG! 
(3) each аЄ С is expressible uniquely as ay’ a,’ .. ay’, where 4i 

Ans 


e 
ji hat if a,’ a,’ '—b, р, Р , бг, Ш 
in the sense tha 1 Az ...05 Os... x Г, bE 
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4j —b; ¥ i. 

Proof: For each i, define f; : С; > С by fi(a,)=(e,, ex, . . ёг. ар, 
£i, .. -s Cn) v a; € Gi. 

For any ai, bi € Gi, fi(aibi) = (es, €») . . ., еу, Cibi, fi = c s e) 
—(& €z . 5 Cii» Gis Cin En) (Crs Ezy. i., е1, Bi, е ..., en) 
=f;(a:)f:(b:). Thus f; is a homomorphism. 

Further a; € Ker fi < fí(a) —e—(eys e, . . ., ei.. .е.) 

€ (6,65... City а, Ci, .. En) 
CI HELM M «. ку en) 
€»  üaj—e;. 

Hence Ker f;— (е;) and f; is a monomorphism of G; into С. Thus 
SAG) =G;. From the definition of С, we see that /,(G;) —G;'. Consc- 
quently Gi'=G;. Consider any x—(x, x... Xn) EG, a; EG. 
Then хах (х7, X7, 0.5 Xn 1) (6 е... Cents iy е... Cn) 
ЗНИК (Вы е eves, е ЙЫ Erkia xin no en, JEG’. 
Hence G;' is a normal subgroup of С. 

(2) Consider a;'—(e, e», . . ., i—i» 4, €i - +  65)€ Gi, 


aj —(& e2, .. +) j-i» ар Qj... Cn)EG,' with izZj. 
ew х 
Then а; aj—(e),er,...,G;805 еу оу ©), Bln ебу. » ay 
ей) (6, €... ер Qis Citas -© ay е а, еу»... -s En). 


Similarly аа = (ер, е, ..., ei ai еу «5 аз, ар ёз за 
93 £s). 

Hence a; aj'— a, a’. 

(3) Consider a=(a, as, . . ., a,)EG. 

Clearly a—(a, ej, . .., €n) (ё, d € » «+2 ёп). « (Cts €. ess 
4,)—4, a, .. .a,', where ау =(а, е... €n) E G1 5... a'5— (e, ез, 
o Cnt» а„)ЄС„'. E 

We show that for a given а; а; aj, .. ., а, are unique. Let also 
a—b,b,..., b, with b/€G,;. By definition бү= (Б, е, cs i en), 
Di (Cine e ICE Op (En es) олец: Ds) for some 
b,€ G,, bEG», . . b EG. This gives that a4—(bi, b, . . ., ba). As 
given, a—(a, à», . . ., a). Consequently (a,, a., . . э Gn) — (bi, Ba, + 


Б.) > a;—b; Yisa; —b,. "E 
This completes the theorem.m 
Let us try to look upon the above theorem from a different angle 


we started with groups Gi, Gs, -- -Ga and constructed a group G 
` with the following properties: 
(i) С has subgroups С,, С.',..., С,. 
(ii) For every iAj, if a/€ С, ау € Gj', then а,' ау =a; ay. 
(iii) Each element a€ С is expressible uniquely as ac 
4/€G/ v Ix jen. 
Now let G be any group (don't confuse G with tha above diene 


M npa 
mou cA 
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Ы п 
Proof: Ву (2), HO П Hy=(e) > H,AK=(e). 
j=2 


Since K is a product of normal subgroups, K is itself nora 
Further H,K—H,H,...H,—G. Hence С is the internal direc 
product of H, and K.m t 

Remark. As seen before if a group С is the internal direct pie 
of its subgroups H,, H» ..., Hn, then С = H,X Ho»XHaX ..- Pv 
Again if a group G is an external direct product of groups Gj, Go, + i 
'G, then G contains subgroups G,’, . . ., G, such that С’; = Gi for к 
i and С is the internal direct product of G}, G,,. .. , Gn. As is cust 
mary for us to regard two isomorphic groups to be essentially eq 
we can regard internal direct product, same as external direct produ 
and call it simply a direct product. G 

Thus if we say that G is a direct product of groups Су, Сз, · · 7" 


n = 
then each G; is a normal subgroup of G, br cm and Gum б; 
i= 
Ae) AY d51, 2, аут: fof 
Suppose now G is direct product of groups б. быз» Ov Я 
each i—1,2,...,n, С; is called a direct factor of С. In case S 
direct sum of groups G}, G», . . ., Gh; then, foreach i=1, 2, . - "^ 
is called a direct summand of G. ) 
Now we give some examples of internal direct products (sum s 
EXAMPLE 4. Let G=<a> be a cyclic group of order 6 an 
Н={е.. a’, a, K={e, a}. Using the fact that o(a)=6, one d 
immediately conclude that H and K are 'subgroups of G of ota 
3 and 2 respectively. Observe (i) HOK-(e, (ii) As С is Abe" gh 
H and К are both normal subgroups and (iii) HK—(ee, ea^, ae» ^ 
ate, a*a?) — (e, a}, а?, a’, at, a) —G, since a$—e. cm 
Hence С is the internal direct product of H and К (In Theo" 
4.6 take n—2, H,—H, H,—K). ouP 
EXAMPLE 5. In chapter 2.1, Problem 6 (iv), Klein four 2" pat 
V was defined. It consists of four elements 1, a, b, c=ab, such af? 
а= =(аБ)?=1. This group is Abelian. H-—(l, a), Kath D сг 
subgroups of V. These are normal, HO.K={1} and G—HK- 
G is a direct product of H and K. mS 
Let G be a finite additive Abelian group. Let o(G) =п =p P? jin 
pct be the decomposition of п, {ће order of G, into distinct Р por 
powers. For each prime number p | o(G), let S(p)={xEG | pus f 6. 
some k>0}. As shown in Lemma 4.7, S(p) is a subgtoUP sha! 
This subgroup S(p) is called a Sylow p-subgroup of G. We oe 
show that G is the (internal) direct sum of its Sylow subg 
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Consequently the structure of G will be known completely if we know 
the structure of its Sylow subgroups. The problem of determina- 
tion of structure of Sylow subgroups finds its proper place in tlie 
next section. 

Lemma 4.7. For any prime p | o(G), where G in an (additive) Abe- 
lian group, the set S(p) isa subgroup of G. 

Proof: Let 0 be the additive identity of С. As p0—0, 0€ S(p). 
Consequently S(p)#¢. Now x, y& S(p)-»p*x—0. p'y—0 for some 
k, 17-0; Let n=max (k, I) then p"x=p"™ p*x=0 and similarly p»y—0, 
Thus p"(x—y)=p"x—p"y=0 > x—y€ (p). Hence S(p) is a sub- 
group of С.ш 

Lemma 4.8. Let x be any element of order mn ina group G such 
that (т, п)==1. Then there exist y, 2Є С such that x— yz —zy, о(у)=т 
and o(z)=n. 

Proof: As (m,n)=1, there exist integers г, s such that 1=tm+sn. 
Let у=х"", z—x'". Since y and z are both powers of same element, 
namely x yz zy xen xim xtmtsn =x) x. 

Now y"—(x")"—(x^")—e, since o(x)—mn. This gives that o(y) 
=m, | m. Similarly z^—e and o(z)—n, | n. 

Then (уг)? — ут тпүтү==ее==е->о(х) | түпү->тп | тт). 
However m; | m,n, | n, so we must have m—m, n—n,. This proves 
that o(y)—m, o(z) —n.m 

Lemma 4.9. Let x be an element of a group G such that o(x)—n 
=Nnynz, . Np, Where пу, n, ...,n, are pairwise co-prime integers, Then 
X=XXz...,X,for some element x;€G, (1«isr) such that o(x;)—n;, 
м i, and each x; is a power of x. 

Proof: For r—1, ме can take x,—x, and the result follows. We 
apply induction, suppose r>1 and the result holds for r— 1, 

Let n' —n,ny. . n, m=n,, By hypothesis (n;, n,)—1 у iA~rs(n’, п) 
=1 = (’,m)=1. Then (by Lemma 4.8) x=yz=zy for some 
y,z€G such that o(y)—n', o(z)=m=n,. As seen in the previous 
lemma, у and z can be both taken to be powers of x. No 


Я A à w o(y) 
==пүп;. . Mp- So by induction hypothesis Y—JA. . Ye, for some 
y;€G such that o(y;) —n; and y; is a power of y elo . r—1) 


Since y itself is a power of x, we get each y; is а power of x. 
Taking х=й Vi=1,2...,r—1, and x,—z, we get x- X3. 
Such that o(x)=n; and each x; is a pow 
lemma.m 

Remark. If the binary composition of С is denoted additively 
then in the above lemma, we should write x=x x+. . х , 

Theorem 4.10. Any finite additive Abelian group is internal di 
sum of its Sylow subgroups. irect 


* ae 
er of x. This proves the 
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Proof: Let С be a finite (additive) Abelian group, o(G)=n=P:* 
p.%2...pt where p; are distinct prime numbers and о; are integers 
20(I«i«t). Then S(p),..., S(p) are the only Sylow subgroups 
of С, since p,, . . ., р, аге the only prime numbers dividing the order 
of G. i 

(I) Now let xEG, then o(x) | o(G)=p,z1... pı gives о(х) =p 
pfs... pie for some B; such that OKB; Lu. Now pi ,.- o Pet 
are pairwise co-prime, so x=x,+X,+. ..+x, (Lemma 4.9) such that 
each x; is of order pi. Then рі: x;—0 gives х:Є (рі) v i. This 
shows that if x€G, thenx=x,+x:...x, for some xi€ S(??* 
1<i<t. Consequently 'G—S(p;) + S(p)d-. . .--S(p)). 

(П) Consider S(p)A X S(p,). 

jszi 
хЄ $(р)С\ t S(p) =» x€S(p) and x=x,+x,+.- EX 
jsi c 


TEXias..ckxa for some x;€ Sj(-Zi). Now by definition xe S0? 
=> p, x—0 for some k;>0> o(x) | piki. 

Again for each ji, x, € S (p;) > pj; х;=0 

kı ka Kia kia kn 

Let m-—p, Po. -Pi-y Piti - - - Pn- ) 

Then mx;=0 ¥j4i and mx=m (х,+х,+...х—,+хы+.. + 
=тхү+тх+...4-тхч-у+тхцд-+Е.. .+-mx,=0 yields that о(х) | n 
Thus, o(x) | m апа o(x) | p,*. However, p:*i and m are co-priim^ 
Consequently o(x)=1, Le. x—0. Hence S(p) X S(pj)—(0) 

ji 


Further, trivially each S(p;) is a normal subgroup G. Hence? 


sa 
is the internal direct sum of S(p) (1—1, 2,..., п). This сотр! 


the proof.m 


PROBLEMS 


1. If Gis a group and Н, К are subgroups of G such that 
G—HXK prove that HexG]K and KG/H. H 

[Hint. For.any xc€G, x—hk ;h€H,k€K. Define f:6 7 
g : G>K by f()—h, (x) -k. Show that f and g are homomorPh g, 
onto H and K respectively with K and H as their respective кегп п) 

2. Let G=<a> be any cyclic group of order mn, where (еу. 
=]. Let Н and К be its subgroups of orders m and n respectiv? 
‘Show that G=HX K. Ji 

3. Let G,— «a7, G,=<b> be two cyclic groups of orde" й 
and m, such that (m,n)>1. Show that G=G,x G, is an Aba 
group of order mn, which is not cyclic. 


pis? 


m 
p 
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4. Let G,, С», Сз be any three groups. Show the following: 
(i) 0(G, x 6) —o(G:) 0(@:), (where each G; is finite) 
(ii) G1 XG=G: X G,. 
(iii) G, x (Gz X G3) =G1 X Gz X G,2:(G, X G3) x Gz. 

5. By using Lagrange’s Theorem or otherwise show that any 
group G of order 4 is Abelian. Further show that either G js cyclic 
or G is isomorphic to a direct product of two cyclic groups each of 
order 2. 

6. Let G be a finite group having at least three elements in which. 
а?=е + a€G. Show that С is internal direct product of a finite 
number of subgroups each of order 2 ; and o(G) —2" for some nz2. 

7. Let G be a finite Abelian group, show that each of its Sylow 
subgroups is a characteristic subgroup of G. Е 

8. Let G bea finite Abelian group and let H,, Н.Н a 
finite number of subgroups of С such that G=H, H,. . .H, and o(G) 


t 
= II o(M), prove that G=H,x H,X...XH,j. 
i=l- ' 


9. Gi, G;,..-,G, are n groups show that Z(G,xG;x. . хб») 
=7(Су)х Z(G.) x. . . X Z(G,). 

10. Prove that the group Q of all rational numbers under addition 
«an not be written as a direct sum of two non-trivial subgroups. 

1l. Let N be a normal subgroup of a group G. If G=HxK 
where Н and К are subgroups of С then prove that either N is abelian 
or N intersects H or K non-trivially. 

12. If M and N are normal subgroups of a group G then show 
that G/MQN is isomorphic to a subgroup of the (external) direct 
product of G/M x GIN. 

[Hint. Define 0 : G > G/MxG/N by 6(x)=(Mx, Nx)]. 

13. A group G is said to be decomposable if and only if G—H x K. 
where subgroups Н and К are such that HA{e}, KAfe}, e being the 
identity of G. 

Show that a cyclic group of order 6 is decomposable while S. 
not decomposable. ш 

14. Prove that the multiplicative group R of no 
‘bers is decomposable. 

[Hint. R=R* x {1, —1).] 

15. A group is said to be periodic if every element of G is of finite 
order. 

Show that if G,, Gz, - .., Gn are periodic groups then G 

|. .XG, is also a periodic group. 

16. Prove that if His a direct factor of а group G, then every 


is 


n-zero real num- 


1X GX 
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normal subgroup K of H is a normal subgroup of G. 

17. Let бү and С, be two groups. Prove that there exists a 
monomorphism from Аш G,xAut G, to Aut (G,X G,). In case 
{o(G,), 0(G;)) —1 this monomorphism is isomorphism. 

Give an example to show that in general this monomorphism need 
not be an isomorphism. 

18. Let G be a finite group of order n(>1) and o(Aut G)>(n—1)! 
then prove that G&=Z, or Z; or Z, X Zə. 

[Hint. Use problem 5 above.] 

19. Gis a group, consider 

H=({(g, 8) | g€& 6j 

Show that Н is a subgroup of GXG. Further H is normal sub- 
group of GxG if and only if G is Abelian. 

20. Let G be a group and « is a homomorphism from С to G 
such that «=a. If «(G)is a normal subgroup of С, show that 
G=a(G) x Ker a, 


2. Sylow’s Theorems 


The reader must have noticed that how frequently Lagrange s 
Theorem for finite groups ог its consequences have been used. О 
luckily the converse of Lagrange’s theorem does not hold in gener? 
as we know that the alternating group A, is of order 12, but А4 docs 
not contain any subgroup of order 6. One of the main purposes 9 
this section is to establish some theorems giving sufficient condition’ 
on a divisor k of the order of finite group G, such that G contains 
subgroup of order k. Theorem 4.12 shows that the converse 0 
Lagrange’s theorem does hold for finite Abelian groups. Also i 


establish some theorems giving relations between some subgroUP*. 


of special types, of a finite group. The most important theorems i 
this connection are due to the Norwegian Mathematician Sylo"* 
First of all we prove a theorem due to Cauchy. 

Theorem 4.11. (Cauchy's Theorem for Abelian groups). Suppose G 
is а finite Abelian group and p | otG), where p is a prime number. The" 
there exists a(z5e) Є С such that a»—e. 

Proof: As p | o(G), o(G)—n,p for some A we proceed PA 
induction on лу. Let n;—1, then o(G)—p. As every group of prim 
order is cyclic, С is a cyclic group i.e. За € G such that G= <а” 
then o(a)=-0(G)=p (Theorem 2.33). Consequently aze and ag 
Hence the result holds for n,—1. А 

To apply induction, let n> 1 and suppose that the result i5 ү, 
for every Abelian group G' for which o(G')=mp which m «n.i. 6) 
pose the result to be true for all Abelian groups G' such that Р E 
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and 0(G’)<o(G). Since o(G)=n, р is not prime, С must contain 
a proper subgroup (Theorem 3. 47(а)). Suppose that С has a 
proper subgroup № such that p | o(N). As о(№) <о(6), by indc: 
tion hypothesis 3 a Є N such that ae and a?=e. This а is also 
in G. So the result holds if G has a proper subgroup N with p | o(N). 
Suppose now that p does not divide order of any proper subgroup of 
G. Let H be any proper subgroup of G. Then o(G) —o(G/H) оН), 
gives p | o(G/H), since p4} o(H). Further 0(G/H)=0(G)/o(H)<o0(G). 
By the induction hypothesis G/H contains an element bH of order p. 
Thus bHAH and H=(bH)?=6?H. This gives b? Є Н. This further 
yields (b7)'Un—e (Corollary 2.35). Let a=b"#, Then are, If 
a=e, then we get o(bH) | o(H) > p | o(H). This is a contradiction. 
Hence a(z£e) Є Gis such that a?=e.m М ! 

Theorem 4.12. If G is a finite Abelian group and a positive integer 
k divides o(G), then G contains a subgroup of order k. 

Proof: We establish this theorem by induction on 0(0). If 
o(G)—1, then К | o(G) = k=l. In this case С is its own subgroup 
of order k. To apply induction we suppose that o(G)>1 and the 
result holds for all Abelian group of order —o(G). We can suppose 
that kK>1, since for k=1, (e) is the subgroup of С of order 1. Let 
p be a prime number such that p | k. Then p | o(G); so by Cauchy's 
theorem, given above, 3 a € С such that o(a) —p. Let H=<a> be 
the cyclic subgroup generated by a; then o(H)—p. Now G/H is an 
Abelian group such that (x)- A = e(o? <o(G). As p] k, 
we have k=k,p and k, | o(G/H). So by induction hypothesis G/H 
has a subgroup, say T, of order k,. However every subgroup of GJH 
is of the form K/H, where K is a subgroup of G containing H. In 
particular T—K/H, where К is a subgroup of G containing H, then 
0(K)=0(K/H) o(H)—k,p—k. This completes the proof.m 

Theorem 4.13. (Sylow's First Theorem). Let G be a finite group of 
order n—p*q (k>1) where p isa prime number and q is a positive 
integer such that (p, q)—1. Then for each i, (I1<i<k), С. has at least 
one subgroup of order p°. 

Proof: Let o(G)—p"q. If o(G)—p, then С is cyclic group of order 
D, and the theorem holds trivially. We now proceed by induction on 
9(G). Suppose that the result holds for all groups T of order <o0(G) 
Such that p | o(T). Let Z(G) be the centre of G, Following cases 
arise. 

Casel, p | o(Z(G)). In this case by Cauchy’s Theorem for Ab 
lian groups, 3a€ Z(G) of order p. Since a commutes With all eleme = 
of G, H— <a> is a normal subgroup of G of order p. If k=1, dus 
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H is the desired subgroup of С of order p. Letk>1, then o(G/H)— 
р". By induction hypothesis G contains subgroups H; of of- 
ders p! (i=1, 2, 3, . . ., k—1). Now for each i, Hi=H;/H for some 
subgroup Н; of С containing H. Then o(H;)--o(H:) . o(H)—p'*! @= 
1,2,3,..., k—1). Writing K, Ko, Ky...» Къ for E, Hy Ha.» 
Hy, we see that o(K;) 2p! ¥ i=1,2,,..,k. 

Case II. p} o[Z(G)]. 


ў o(G) 
We have o(G)=o0[Z(G € =e 
(а i of N(a)} 
where the summation runs over element a taken one cach from each 
conjugate class containing more than one element. Since p | o(G). 


therefore if p | NO for all a for which N(a)4G we will get from 


the above equality; p | o[Z(G)], which is against hypothesis of this 


case. Hence there exists an a Є С such that N(a)4G and р} 2997 
Now = T o[N(a)] and p ma then p* | o(G) implies that 


р" | o[N(a)]. But o[N(a)]<o(G) so by induction hypothesis N(4) 


contains subgroups Hs of order p: (1<i<k), which are also sub- 
groups of G. This establishes the theorem.m 


Corollary 4.14. (Cauchy's Theorem for finite groups). If a prime 
number p divides the order of a finite group С, then С contains at least 
one element of order p. 

Proof. By Sylow's first theorem, G contains a subgroup H of 
order p. Then Н is cyclic; so 3 a € С such that H= <a>. Hence 
о(а)=о(Н)=р.в 

Corollary 4.15. If p | o(G) and р“ Mo(G), then G has a sub- 
group of order р". 

Proof: Yt is immediate from Theorem 4.13.m 

Definition 4.16. (p-subgroup). Let p be a prime number. Then 2 
subgroup H ofa group G is called a p-subgroup if the order of cach 
element of H is a power of p. 

In particular if each element of G is of order, a power of some 
fixed prime number p, then G is called a p-group. 

Let G be a finite group. If o(G)—p*, then, as by Lagrange 5 
theorem, for each а С G, o(a) |р", ofa) is a power of p. Conse” 

uently С is a p-group. Conversely if G is a p-group then no prime 
q can divide o(G), since otherwise G will contain an element ? 
Bm г q, some prime number different from р (Cauchy’s Theorem); 
Consequently if G is a p-group, then o(G)=p* is a power of p. Thu 
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G is a p-group if and only if o(G) is a power of p. 

Definition 4.17. (Sylow p-subgroup of a finite group). Let G be a 
finite group and p, a prime number, such that p* | (б) and 
p**o(G). Then any subgroup of С of order p* is called а Sylow 
p-subgroup of G. 

The above definition implies that all Sylow p-subgroups of G are 
of same order viz., p*. Since any p-subgroup is of erder, a power of 
P, we see that no p-subgroup H of G can contain properly a Sylow 
p-subgroup of G. 

EXAMPLE 6. Let G=<a> be a cyclic group of order 8. Since 
8—25, a power of prime number, G is a p-group. 

EXAMPLE 7. Consider S;. 0($,)—6—3.2. Thus 3|o(S, but 
3? 4 o(S;). So any Sylow 3-subgroup of S; is of order 3. Now 4,— 
{7, (123), (132) is the only subgroup of S; of order 3. Hence A, is 
the only Sylow 3-subgroup of S;. Again the highest power of 2 which 
divides o(S;) is 2 itself. In this way any Sylow 2-subgroup of Sy 
is of order 2. The only subgroups of S, of order 2 are G,—(/, (12)}, 
H,={/, (13)) апа H,—(I, (23)). Thus these three subgroups are the 
only Sylow 2-subgroups of S;. 

EXAMPLE 8. Consider 4,; 0(4,)—12—2'*.3. Thus any Sylow 
2-subgroup of A, is of order 4 and any Sylow 3-subgroup of A, is of 
order 3. Now V,-(I, (12) (34), (13) (24), (14) (23)) is a subgroup 
of A, of order 4. V, is the only Sylow 2-subgroup (See Sylow’s Third 
Theorem). H,={/, (123), (132)} is a Sylow 3-subgroup of A,. Indeed 
A, has 4 Sylow 3-subgroups. (Determine them?) 

EXAMPLE 9, The group G={+1, +i, +j, +k} of Quater- 
nions isa non commutative group of order 8. As 8=23, G is а 
2-group. 

Definition 4.18. Let S be any non-empty subset of a group G and 
x € С. Then x-'Sx denotes the set {х/х |s € S} and x-!Sx is 
called a conjugate of S determined by x. 

Definition 4.19. Let S be any non-empty subset of a group G 
and К, a subgroup of С. Then normalizer of S in Kis the set Nx(S) 
={x E€ K | х7!5х=5). 

We simply write M(S) for No(S) and call N(S), the normalizer 
of S, 

The concept of conjugacy of two elements of a group G and the 
Concept of normalizer N(a) of an element a Є С were introduced in 
Chapter 3. We can prove that the relation of conjugacy on the 
family of all non-void subsets of G is an equivalence relation and 
N(S) is a subgroup of G. The proofs are on the same lines as for 
the relation of conjugacy of elements and the normalizer N(a) of an 
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element a € G. Trivially for any subgroup K of G, Nk«(S)- N(S)OK 
and hence Nx(S) is also a subgroup of G. We wish to give a word 
of warning that for a subset S of G, х-15х—5 need not imply xs=sx 
м s € S. This can be seen by noticing that if G is a non-Abelian 
group, there exists g € G such that ха5ёвх for some x € G ie. 
x"gxzg. However we know that gGg—G. Again as for N(a), 
the number of conjugates of any subset S is equal to the index of 
N(S) in G. Further let S be a subgroup of G; then for each s Є S, 
57$5—S gives S С N(S). By definition Х705х=5 у x € N(S). So 
that 5 is a normal subgroup of N(S). If S is normal in any subgroup 
Н of G bena tSS x € Hand hence С N(S). This mows 
that N(S) is the largest subgroup of G, in Which S is normal. Con- 
sider a subgroup K of G. If x, У € К, then XASx—y-1Sy 
€ yx 785xy!—S e xy! € Nx(S) © Nx (S)x — Ne (S)y. Hence the 


termined by elements of K is equal to 
the index of N«(S) in K. 


Lemma 4.20. Let P bea Sylow p-subgroup ofa 
P contains all elements in N(P), which are of orde 

Proof: Let хЄ N(P) be such that хро for some k>0. Since Р 
is normalin N(P), N(P)/P is a group, and xPC N(PJp Then 
(xP)P  —xP P=P gives o(xP) | p: > o(xP)=pt for Some t>0. Let 
K be the subgroup of N(P)/P generated by ¥=xP. Then o(x)—o( K ) 
—p'. Now К —K]P for Some subgroup K of N(P) containing P. Let 
o(P)—p*. Then o(K)—o( К Jo(P)-—pt**. Thus Kis a p.subgroup of 
G containing P. Since no P-subgroup of G can contain a Sylow 
p-subgroup of G properly, we get K—P, Hence xP— p and x c р, 
This proves the Lemma.m 

Now we establish Sylow's second and third theorems, 

Theorem 4.21. Let G be а finite group and p, 
that p | o(G). Then 

(a) All Sylow p-subgroups of G are conjugates of one another. 
(Sylow's Second Theorem). 

(b) Number of Sylow P-Subgroups is of the form 1-- mp, where m is 
some non-negative integer such that (+ тр) | 9(G). (Sylow's Third 
Theorem). 4 

Proof. (а) Let o(G)—p'q where (р, 9)=1 and k21. Let S be any 
Sylow p-subgroup of G and M, the set of all conjugates of S. We 


want to show that every Sylow P-subgroup P of G is a conjugate 
of Sie., P € M. Suppose on the contrary there exists 


finite group G. Then 
T, а power of р. 


а prime number such 


ES Е a Sylow 
p-subgroup P of G whichis not a conjugate of S, Let P’ be any Sylow 
p-subgroup of G, different from P. Since o(P')—o(P)— pr. we get 


Pq:P'. This yields 3 x € P such that x & Р’ Then xip "—— 
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for otherwise x-!P'x—-P' > xC€N(P^; now x being a memb р 
P, is of order, a power of p, then by lemma 4.20, x € р’. This Fs of 
contradiction. Thus the number of conjugates of P’ determined b 
elements of P is more than one. Since this number is equal 3 
[P : Ne(P')], Nr(P')AP. As o(P)=p*, and [P : Np(P’)] | р“ we get 
that the number of conjugates is р! for some />1, hence it isa 
multiple of p. 


On M define a relation ‘~’ as follows. S,—S, if and only if 
‘S,=x71S,x for some x € P. This is an equivalence relation and it 


divides M into disjoint equivalence classes. Since for any S' € М, 
S'ÆP, number of conjugates of S’ determined by elements of Р is а 
multiple of p (see previous paragrah), so the equivalence-class to 
which S” belongs has the number of members equal to a multiple of 
р. Since this holds for every equivalence class, we get that the number 
t of members of М is a multiple of p. However t—[G : N(S)]. Since 
N(S)2S and [С : S]=q, we get [G : N(S)] | 4. This gives р Р t, as p} q. 
This contradicts the fact, proved above, that г is a multiple of p. 
Hence P must be a conjugate of S. 

(b) Let M be the set of all Sylow p-subgroups of G. Take any 
P € M,Asin (a), define an equivalence relation ‘~’ on M as 
follows : S,—S, if and only if $,—x-! S,x for some x € P. Now if S 
is any Sylow p-subgroup of G different from P, as seen in (a), the 
number of conjugates of S determined by elements of P is a multiple 
of p. 

This shows that the number of members in any equivalence class to 
which P does not belong is a multiple of p. Since x? Px=P 4x € P. 
P is the only member of the equivalence class to which P belongs. 
Hence the number of members of M is of the form 1+-mp, where m 
is some non negative integer. 

Since number of conjugates of a subgroup divides the order of 
group, 1-+mp divides the order of group. 

This completes the proof.m 

Remark. (14-тр) | р^ and (1--mp, p*)=1 > ((1--mp) | q. 

Theorem 4.22. Let G be a finite group and p, a prime number 
dividing the order of G. Then every p-subgroup B of G is contained in 
some Sylow p-subgroup of G. 

Proof: Let M be the set of all Sylow p-subgroups of G. By Sylow's 
Third Theorem, number of members of M is equal to 1--mp for some 
non-negative integer т. On М, define a'relation *— as follows: 
For any P, Р,Є М, P,~P: if and only if Py=x"P.x for some 
x € B. This is an equivalence relation, and for any P c M, the 
number of members of M in the conjugate class of P is Same as the 
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number of conjugates of P determined by elements of B. If for some 
РЄМ,В d: P, then there exists x Є B such that xP. If x? Рх=Р, 
then as the order of xis a power of P (Bis a p-subgroup) and xE 
N(P), we get xE P(Lemma 4.20.). This is a contradiction. So that the 
number t of conjugates of P is greater than 1. However t=[B: Na(P)] 
and o(B)—p! for some none-negative integer l, we get 1—p* for some 
s>1. Thus tis a multiple of p. Consequently if no P in М had con- 
tained B, then the number of members in each equivalence class 
would have been multiple of p. This would contradict the fact that 
the number of members of M is 1--mp. Hence there exists a Sylow 
p-subgroup P of G such that BC P. This proves the theorem.m 


APPENDIX TO SECTION 4.2 


In this appendix we give alternative proofs of the theorems of 
Cauchy and Sylow. 


Following proof of Cauchy's theorem is due to Mckay. 


Cauchy's Theorem 

Ifa prime p divides the order ofa finite group G then G has at 
least one element of order p. 

Proof: Let S be the set of ordered p-tuples (a,, as. . . ., ap) of ele- 
ments of G, with the restriction that the product ayaz. . .a,—e. If 
n=o(G) then S has n7! elements (p-tuples), since the first p—1 of 
the a,’s may be choosen arbitrarily and then the last a, is the inverse 
of the product of previous аз. Let c be the permutation(1 23. , p) 
and consider it a transformation on the p-tuples. For instance 
(d, Go, e +5 45)) o —(15, аз, +.» ., а а). 

[Note. For convenience sake, mapping is written on right side.] 

In other words c permutes cyclically the elements of a p-tuple. 
We call two p-tuples « and В equivalent if « ct=6 for some i—0, 1, 

. , P —1. This equivalence is, in fact, an equivalence relation. 

If « € S the ac € S; since aa. ..a,—e > в,...а„=аү! > 
азаз. . 050,776 => а3а4. . „аа =а; => аа, ...а„ауа,=е. Proceed- 
ing in this manner we see that a,a,_,. . .a,a,—e. 

By means of this relation S may be partitioned into equivalence 
classes. 

We claim that such a class of p-tuples either contain exactly one 
p-tuple or exactly p different p-tuples. Since c generate a cyclic 
group H of order p, (c? —1I, c'zEI for 0<i<p), no class can contain 
more than p different p-tuples. If a class contains Jess than р diffe- 

rent p-tuples, then ac‘=ao’ for æ, a p-tuple of this class and i, j such 
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that O<i<j<p—1. Then we can apply c^ or the ri 
&—23/! i.e. ack=a where k=j—i>0 and l<k<p--1.. 

But o(c*) must divide o(H), hence o(c*)—p and ‘gt 
Thus every power of c is a power of с", Let ci=(¢*)t, 

Then aci=a(s")'= с“ ot. ..c*—a. Hence every power of c takes 
а into itself i.e. all cyclic permutations of (a,, a., . . +» а») are equal, 
But that can happen only if all the агѕ are equal; in which case the 
class contains only one p-tuple. This proves our claim. 

Let r—no. of classes of S which contain only one p-tuple and 
s—no. of classes of S which contain p different p-tuples. 

Then counting the number of elements of S in two different ways, 
we have 


ght to get 


generates Н.” 


n?-1l—r-+sp 
Since by hypothesis p | п, p must divide ғ. 

Each class of one p-tuple looks like ((a, a, . . ., a)) since it is in 
S, a»—e, Hence each class of опг p-tuple gives a solution of x?—e, 
and each solution gives such a class. Hence r is the number of solu- 
tions in С of x—e. But p|r > r>1so there аге more than опе 
solutions of x?—e. One solution is obviously x=e. So there exists 
at least one element a€ С, ae such that а?==е. Hence o(a)—p.m 

Double Cosets. Let H and K betwo (not necessarily distinct) 
subgroups of a. group G and let xc G. The set HxK given by 
{hxk | hE Н, kc H)is a called a double coset. 

Lemma 1. Two double cosets HxK and HyK are either disjoint or 
identical. 

Proof: Let zE НХК N HyK. 

Then z=hxk=h'yk’ ; h, ЄН and k, "ЄК. 

` This implies that x—A-!A' y k' k^? and y—(h') hxk (k*)-1 
Now t€ НХК => t—h;xk, ; h,C H and ЄК 
=, y ККК, € НУК. 

Conversely иЄ HyK > u—hyyk, ; ЄН and k€ K 
hy (V)? hxk (€)? ky Н.К. 

Hence HxK—HyK.m 

Let a, b& С. a~bif and only ifa=hbk; hc H, КЄК, Yt can be 
shown easily that — is an equivalence relation on G. 

Lemma 2. For subgroups H and K ofa finite group G, o(HxK) 

o(H) o(K) 


Proof: Define 0: HxK > x^ HxK by 6 (hxk)=x-1 hxk for all 
h€ Н, kc К. 6 is evidently a 1—1 correspondence. 
Hence o(HxK)-o(x-! HxK). 
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o(x-! Hx) o(K) 


~ e(x3 НхГ\К) 
But о(хї Нх)=о(Н). 
So o(HxK)— oe) SUO 


o(x * Hx(YK) n 
Theorem (Frobenius). If G is a finite group, then 
o(H) o(K 
°б= у, o(xi Un b 

where summation on right hand side is taken over elements x chosen 
from disjoint double cosets HxK. ` 

Proof: For еасһа € G,a € НаК. 

This at once implies that G— о Нек, 

х 


Writing disjoint union, we get 
0(G)=30(HxK) 


= ete » by Lemma 2. 
This proves the theorem.m Ў 

Гетта 3. Let Н апа К be subgroups of a group С then НХК con- 
tains all right cosets of Н in С of type Hxk, КЄ К. Also HxK contains 
all left cosets of Kin С of type hxK, hEH. Further HxK consists 
of complete right cosets of H and complete left cosets of K. 

Proof: Clearly any right coset of H of type Hxk, kc K is 
tained in HxK. : М E 

Let Ha C HxK thena Є Ha > a—hxk; hc H and, к< К. This 
gives Ha=HhxK=HxK. 

Thus the assertion about right cosets is established. The proof for 
left cosets is similar.m 

Before stating and proving next lemma, we make the following 
convention. Throughou. this appendix, union is taken over disjoint 
subsets. 

Lemma 4. С is a finite group. The number of distinct right cosets 
of Н in HxK is[K: x Hx (Y К] апа the number of distinct left 
cosets of К in НХК is [x-! Hx : x3 Hx (4 K]. 

Proof. By lemma 3,every right coset of H in HxK is oftype 
Hxk, КЄ К. 

Map 6 taking Hxk to x Hxk is 1 —1 from the famil 
cosets of H in HxK onto the family of all right cos 
xAHxK. see х 

Hence the number of distinct right cosets of H in HxK is equal 
to the number of distinct right cosets of х-1Нх in xcIHyK, —. .. (D 


Con- 


y of all right 
ets of x-!Hx in 
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Let A—x !Hx and D=A N К. 


r 
Now K= U Du, u,€ K and where r=[K : D]=[K : x1 Hy nk] 
tel Ц 2 
id Au . These are right t ; 
Consider. ( 3 ie ight cosets of 4 in АК. 


Let Ac be any right coset of Ain AK. Thenc € дс c € AK 
> с=ак,ає А, КЄ К. 

So Ac=Aak=Ak=Adu, for some s, (1 < s < г and d€ D)— Au, 
asdc D dc A. 

Also Au;=Au; < ui uj? € А. 
But ии; € К so Au;=Au; ә uuy! € A (1 K—D, 
Hence Аи;= Au; œ i=j. 

Consequently the number of distinct right cosets of 4 in AK is 
equal to r. 

Using (1) we get first part. 

Proof for second part is similar.m 


Sylow's First Theorem 
Jf G is a group of order n=p™ q where p is a prime which does not 


` divide qand m is integer > 1 then G contains subgroups of order 


p (—1,2,..., m) and each subgroup of order p* (i—1, ОЕ ; 
т— 1) is a normal snbgroup of at least one subgroup of order pi*1, 

Proof: By Cauchy's Theorem there is an element a € G of order 
р. Then H= <a> isa subgroup of order p. Suppose it has been 
proved that there exists a subgroup of order рї, 1<i<m—1. Let Р 
be a subgroup of order рї. 


T 
Let G= U Px,P, x,—e. 
i=1 


5 
We сап also write G= U Py; у.ЄС and y,=e where s= e(G) 
i=1 


o(P) 
=р"-щ@. Asi<m—1>i<m,p|s. ee () 
Clearly Px; С Px;Pso we can decompose G into disjoint union 


of right cosets of Pin Px,P, disjoint union of right cosets of P in 
Px,P, etc. 
Let a; be the number of distinct right cosets of P in Px;P. Then 
S=a,+a,+. ..+4,. +... (2) 
Now by lemma 4, for all j}, 1<j<r,a,;=[P: p Nx; Рх] 
As o(P)=pi, P (1 xy? Px; С Р > а,=р", 0 < m; & i. The only 
Tight coset of P in Px, P(=PeP=P) is P itself. So a,—1. 
If m; > 1,р|а,. In view of the fact that Р | 5, We get that the 
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number of аг each equal to unity must be a multiple of p. 

Ifa;—lthenx,? Px,—P > х; € N(P) and so Px, is a right 
coset of P in N(P). Conversely if Px; is a right coset of P in N(P), 
х;Є N(P). This in turn implies x;? Px,=P so а;=1. 

Hence [N(P) : P]=number of ajs each equal to unity. Conse- 
quently p | [N(P) : Р]. 

Evidently P is normal subgroup of N(P). By Cauchy’s theorem 
эш 


has an element of order p, which gives rise to а subgroup 


say Е of ma 


, of order p. By correspondence theorem K is sub- 


group of G containing P as normal subgroup. But 0(К)= 2 209 o(P) 


=p . p'=p**!, This proves the theorem.m 

Corollary: Let С be a group of order p"s (m > І) such that p is a 
prime and p s. Then every p-group which is a subgroup of G is 
contained in a Sylow p-subgroup of G. 

Proof. Let H be a p-group which is subgroup of G. So o(H)—p*, 
i « m. By repeated application of Sylow's first theorem we can find 
a sequence of subgroups Н, Hə, .. ., H,, ;, of order pi, pit?, ,.. 

,D" respectively such that HC HC HC... СН. As 
o(H,, i) - p", Hm-: is Sylow p-subgroup containing Н. 


Sylow's Second Theorem 
All Sylow p-subgroups of a finite group G are conjugate. 
Proof: Let o(G) —p"s, т>1 and р} s. 


Suppose there are two Sylow p-subgroups A and B of G which are 
not conjugate. 


Let G= Ü Ах:В, x,—e. Then o(G)— I Us B). 
і=1 
By °) (B) UN 
By Lemma 2, 0(Ax;B)= "TET Wert АЕ Cray. pci 
where o(x;! Ax; N В) =р!. 
Since B is пої conjugate to А, xi! Ax; X BC B» ic т. 
7 = 


So 2m—i > т = р"! | о(Ах; B) for alli=1, 2,..., к 
РА 


Consequently p™** Lo This is absurd as p} s. Hence all Sylow 


p-subgroups are conjugate. 
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Sylow’s Third Theorem 
Number of Sylow p-subgroups of a finite group G is ci 
where k is an integer >O such that 1+-kp | o(G). 
Proof: Let o(G) 2p"s, m > 1 and p4 s. 
If P is a Sylow p-subgroup of G then o(P)—p». 


qual to ] +kp 


k k 

Now G= U Рх;Р > o(G)= = o(Px,P) TENGD) 
i=l i=l 
B RN раа 
о(х-!Рх N P) o(x 1Px (1 FAN 

Clearly x !Рх=Р & хЄ МР). In other words o(x Px N P)=p™ 
if and only if x€ N(P). Hence р"+! | o(PxP) if and only if xg N(P). 

Further x N(P) < Px—xPe PxP—Px. This in turn implies that: 
in case xE N(P), o(PxP)—o(Px) —o(P)—p". 

Ву (1), we get o(G)= = o(PxP)+ €  o(PxP) 

xEN(P) xEN\P) 


о(РхР)= => o(PxP)— 


= = o(Px)+ =  o(PxP) 
xEN(P) 


xeN(P) 
=o[N(P)]+ = o(PxP) as N(P)— U Px. 
хФМ(Р) xEN(P) 
Hence o(G)= а кын AE) «те (2) 


Each term in second summation is „Ж: by p" 
so o(G) — bap “° uis integer. 
pnt u 


s 2 € 
As N(P) is a subgroup of G, 


This implies 


o T is integer, say, t. 

Thus p^Pu-to[N(P). Itfollows from (2) and the fact that 
p"! } o(G), p^*' 4 o[N(P)]. So (р, t)z£l, ie. р | t = t=kp, К inte- 
ger > 0. 


Therefore —775—— 1 J-kp. 


NY 

Now number of distinct conjugates of P in G is equal to IND Я 
So number of conjugates of Р is 1+kp. 

By Sylow’s Second Theorem all Sylow p-subgroups are con- 
jugate. 

Consequently the number of Sylow p-subgroups is 1+ kp. As 
o[N(P)] is an integer, I--kp | o(G). 
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WORKED-OUT EXERCISES 


Exercise 1. If G is a finite group and p isa prime number dividing 
€(G), prove that a Sylow P-subgroup P of G is а normal subgroup of С 
if and only if P is the only Sylow p-subgroup of G. 

Solution. Suppose o(G) —p*q with (p,q)—1. Then o(P)—p*. Let 
8€G; gPg-1is a subgroup of G. As gpg |—gp'g-»p—p', p, p'€P, 
we get that o(gPg-1)=o(P)=p*. By the hypothesis, this means that 
gPg^— P. Hence P is a normal subgroup of G. 

Conversely, let P be a normal Sylow p-subgroup of G and Q, any 
Sylow p-subgroup of. G. By Sylow's second theorem, Q and P must 
be conjugate, i.e., Q—xPx^! for some x € G. But P is a normal 
subgroup of С, so xPx-1—P. Hence O=P. 

Exercise 2. If G is a group of order р“, where p is a prime 
number such that (p, ѕ)=1, then show that each subgroup of order р» 


i—l, 2,..., k—1 is a normal subgroup of at least one subgroup of 
order p**1, 


(Note. This is considered, by many authors, to be a part of 
Sylow's first theorem). 

Solution. We apply induction on o 
trivially. 

Assume that the result holds for all groups Tof order —o(G) 
such that p | o(T). Let Z=Z(G) be the centre of G. Two cases arise: 

Case I. p| o(Z). By Cauchy's theorem for Abelian groups 
there exists a Є Z such that o(a)=p. Then H=<a> is a normal 
subgroup of G of order p. If K—1, pi; p+! take up values 1 and p 
resp. and so our result holds. If kK>1, then o(G/H )—p*s« o(G), 
and by induction hypothesis every subgroup of G/H of order p is 
normal in at least one subgroup of G/H of order Р“ for all i=1, 2, 
. ++, k—2. Let К be a subgroup of G of order pi, i=l; 2,..., k—1. 
In case H C К, K/H is a subgroup of G/H of order p:-1, By induction. 
hypothesis there exists a subgroup L/H of G/H of order p* such 
that K/H is normalin L/H. Then K is a normal subgroup of L and 
o(L)—o(LI H)o(H )—p*. т=р=: Hence the result holds: for all sub- 
groups of С of order рї, i=1, 2, . . ., k — 1. In case H d: K, consider 
HK. Now o(H N К) | o(H) > o(H (Y K)=1 or p. As (Н N К) 
P g^ H N K=H > H C К which is absurd, we get that o(H N К) 
ж; As а consequence o(HK)=o(H)o(K)=p***, Since НС ZKE 
oh rmal subgroup of HK. (Prove!). Hence oncə again the result 
ы Il subgroups of С of order рї, i=1, 2, . . ., k—1. 
holds ^. Jo(Z. Let K be a subgroup of G of order pt 

Саве ЇЇ. Pan as p}olZ), OR N 7)—=1. This gives that o(KZ) 


(С). If o(G) —p the result holds 
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=0(K)o(Z)=p* 0(Z)<p* 0(Z)<p*s=o(G). By inducti i 
there exists a subgroup N of KZ such that K is Se оп шы 
М and o(N)—pi*! (l<i<k—1). But every subgroup of KZ is Gate 
group of G. Hence the result holds for this case too. 

Exercise 3. /f a group G of order р", where p is a prime number 
and n is an integer >1, has exactly one subgroup of order pa, 
prove that G is cyclic. 

Solution. Let o(G)—p^ where p is a prime number and л is a 
positive integer. Suppose that H is the subgroup of G of order p", 
Since GAH there exista € G, a & Н. Now o(a) | p» > o(a)=p™ 
0<т<п. If mn, the cyclic subgroup T of С generated by a ik 
of order p", O<m<n—1. By exercise 2, there exists a subgroup K of 
order р"! such that T С К. By the hypothesis K=H. So <a>=7 
С Н. But this implies that a Є Н, a contradiction. Hence т=п and 
о(а)=р". Consequently С is cyclic. 

Exercise 4. Show that no group of order 30 is simple. 

Solution. Let С be a group of order 30. Note that 30—2.3.5. So 
Ghas at least a Sylow 2-subgroup, a Sylow 3-subgroup and a 
Sylow 5-subgroup. Number of Sylow 5-subgroups is 14-56 such 
that (1+5k) | 6 = k=0 or 1. If k=0, then Sylow 5-subgroups is a 
normal subgroup of С. If k—1, number of Sylow 5-subgroups 
is six. Let Hj, Hz, Hs, Н, Hs, Н, be the Sylow 5-subgroups, 
Since o(H; | H,)=1 for ij, these six Sylow 5-subgroups contain 
24 elements of order 5 and there is one element of order 1. Thus 
only 5.remaining elements of G can be of order 2 or 3. Now number 
of Sylow 3-subgroups of G is 1--3m such that (1+3m) | 10. Then. 
m=0 or 3. If m=0 we have only one Sylow 3-subgroup which must 
be normal. If т=3, we have 10 Sylow 3-subgroups. But these will 
contain 20 elements of order 3. This is absurd in view of the argu- 
ments given above. Hence G has cither a normal subgroup of order 
5 or a normal subgroup of order 3. Thus G is not simple. 

Exercise 5. С is a group of order р", where p is a prime number 
and п isan integer 72:1. Prove that any subgroup of order p 


then 


is a 

normal subgroup of G. 
Solution, Let H be a subgroup of G such that o(H)=p", By 
Exercise 2, there exists a subgroup of K of G such that His normal 


subgroup of К and o(K)=p". But this in turn implies K=G and 
hence H is a normal subgroup of G. 

Remark. The result also follows by Exercise 4 after Theorem 
(2.42). But in the following we give a solution of this exercise, which 
does not depend on any of previous exercises. 

We apply induction on n. For n=1, С is a cyclic group of prime 
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order and the only subgroup of order p^-! i.e. 1, is {е} where e is 
identity of G. This is trivially a normal subgroup of G. Suppose now 
that n > 1 and let the result be true for all subgroups T of order 
р", \<m<n. Let Н be a subgroup of G of order p"-!. Н is a normal 
subgroup of N(H). If N(H)zEH then o[N(H)]—p". So N(H)—G and 
as a consequence H is a normal subgroup of G. 

Consider the case N(H)—H. As Z=Z(G) is centre of G, 
Z C МН) 2 Z C Н. Since p | o(G), there exists an element a € Z 
such that o(a)=p. The subgroup K= <a> is a normal subgroup. of 
G, of order p. Now о(НІК)=о(Н)[0(К)= p"? |p—p"—. Ву induc- 
tion hypothesis H/ Kis a normal subgroup of G/K as o(G[K)—p"-- 
Then H is a normal subgroup of G. Hence the result follows. 

Exercise 6. Show that no group of order 108 is simple. А 

Solution, Let С be a group of order 108. As 10822, 33, number 
of Sylow 3-subgroups is 1+3k such that (1+3k) | 4. Either k=0 or 
k=1. In case k=0, there is only one Sylow 3-subgroup (which is of 
order 27). So it must be normal. Hence in this case G has a normal 
subgroup of order 27. Consequently G is not simple. 

In case k=1, there are four Sylow 3-subgroups of G, say Hy, Н», 
Hand Hy. As o(H, N Н.) | оН.) > o(H, N H.)=1, 3, 9. AS 
o(H, O H:)=1 or 3 implies oH H=) > 108 which is 
absurd as H,H; С С, we get that o(H, N H.)=9=32. 

By exercise 5, Н, N H. is a normal subgroup of H, as well as of 
Н. Thus Н, С МН, N Н.) and Н С NU, O Hj) > аа 
C МН, N H;) = oIN(H, A ну>о(н,нд=— S EL] 91 
=81. As N(H, N Н.) is a subgroup of С, o[N(H, N H;)] | 108. 
This implies that o[N(H, (Y H.)=108 > МН, O H;)-G. Now 
H, П Н: is a normal subgroup of МН, Q H.). Hence H, N Н; is a 
normal subgroup of С of order 9. As a consequence G i: not a 
simple group. 


PROBLEMS 


1. Let Gbea finite group and p, a prime number dividing o(G). 
(a) For any Sylow p-subgroup P, show that P is the only Sylow 
.subgroup of N(P). 
р rae P bea Sylow p-subgroup of G and H, any subgroup of G 
taining N(P). Show that N(H)=H. In particular conclude that 
amen = N(P) [Hint. Apply Sylow’s Second Theorem.] 
| a Prove that the following definition of Sylow p-subgroup is 
equivalent to the one given earlier. 
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prime number, 
of G if it satisfies 


Definition. Let С Бе a finite group and p bea 
then a subgroup P of G is called a Sylow p-subgroup 
the following conditions. 

(1) P is p subgroup. 

(2) No p-subgroup of С ccntains P properly. 

[Hint. Use Theorem 4.22] 

3. Show that if H is a normal subgroup of a finite group G and 
. p, a prime dividing o(G) such that [G : H] is co-prime to р, then Н 
‚ contains all Sylow p-subgroups of С. Give an example to show that 
the result need not be true in case H is not normal. 

[Hint. If p* is the highest power of p dividing o(G) then p* | o(H). 
Now use Sylow's Second Theorem.] 

4. Show that a normal p-subgroup К of a finite group G is con- 
tained in every Sylow p-subgroup of G. 

[Hint: Use Theorem 4.22 and Sylow's First Theorem.] 

5. Prove that groups of order 15 and 35 are cyclic. 

6. Give an example of a group of order pë, p a prime number, 
which is not commutative. 

7. If o(G)=36, prove that С has 1 or 4 Sylow 3-subgroups. 

8. If o(G)=56, prove that G has 1 or 8 Sylow 7-subgroups. In 
the latter case prove that G has a normal Sylow 2-subgroup. 

9. Let G be an Abelian group and H, K, two finite subgroups of 
order т and n. Prove that С has a subgroup of order LCM of m 
and n. 

[Hint. Since m | o(HK) апа n | o(HK), if k=LCM of m and n 
then k | o(HK). Now use Theorem 4.12]. 

10. Prove that a group of order 48 must have a normal subgroup 
of order 8 or 16. 

11. Prove that a group of order pq, where p and q are distinct 
primes has at least one normal Sylow subgroup. 

[Hint. Use Sylow's Third Theorems.] 

12. Let G be a finite group and p be a prime number dividing 
o(G). If H is a normal subgroup of G, then prove that for any Sylow 
p-subgroup P of G, PH/H is a Sylow p subgroup of G/H. Conversely 
show that every Sylow p-subgroup of G/H is ofthe form PH/H 
where P is a Sylow p subgroup of G. 

13. Show that a group G is ap-group if and only if there exists a 
normal subgroup N of G such that N and G/N both are p-groups, 

14. Prove that if a group G of order 28 has a normal subgroup of 
order 4, then G must be Abelian. 

15. Give a proof of Cauchy’s theorem for finite groups (not 
necessarily abelian) which does not depend on Sylow’s first theorem, 
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16. If each Sylow subgroup of С is normal then show that Gis 
the direct product of its Sylow subgroups. ; 

17. H is a subgroup of a finite group G and p is a prim 
number dividing thé order of H. If P, Q are distinct Sylow p-sub- 
groups of H and if S, T are Sylow p-subgroups of G such that PCS 
and Q C T, show SST. 

18. If H isa subgroup of finite group G and p is a prime number 
dividing o(H), show that number of Sylow p-subgroups of Н is less 
than or equal to the number of Sylow p subgroups of G. 

19. G is a finite group and p is a prime number dividing order of 
G. If A is a normal subgroup of С and Н is a Sylow p-subgrouP of 
G then prove that A ( H is a Sylow p-subgroup of A. 

[Hint. Deny the result. There exists a Sylow p-subgroup P of 
A and a Sylow p-subgroup О of G such that AN Н < P С О. BY 
Sylow's second theorem, H—xQx-! for some x Є G. Then xPx C 
x(A N Q) x™ as PCA. This will give xPx? C(xAx-)nr(xQx?) > 
xPx?C(xAx )O Ho xPx CANH as A is a normal subgroup of С. 
Hence xPx «P. But xPx- is a Sylow p-subgroup of G and hence 
we get a contradiction.] 

20. Give an example ofa finite group G and a subgroup A of G, 
such that when p, a prime number, divides o(G) and H is a Sylow 
p-subgroup of С, then ANH is not a Sylow p-subgroup of A. 

[Hint. Take G—4,, A={/, (123), (132), H— (, (124), (142). 

21. If H is a normal subgroup of a finite group G and P is a Sylow 
p-subgroup of H, show that ise 


22. Jf a finite group С has an automorphism c of prime order 
p(p | 0(G)) then show that c must fix at least one Sylow p-subgroup 
of G. 

23. G is a finite group and P is a Sylow p-subgroup of G. H is a. 
normal subgroup of G. If P is a normal subgroup of H then show 
that P is а normal subgroup of С. 

24. Let M be the multiplicative group of all 3x 3 non-singular 
matrices with entries іп Z,. Show that the set of all matrices of the 


1 а b 
zd 0 1 c ) where a,b,c € Z, is a p-Sylow subgroup 
0 0 1 


of M. 
[Hint. Count the number of elements of M and number of ele- 


ments of above type-] 


:nite Abelian Groups А 
3. а a finite Abelian group. А shown in Theorem 4.10, G is 
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expressible as a direct sum (product) of its Sylow subgroups. In 
particular if G is cyclic, we know that each subgroup of G is cyclic. 
hence G is expressible as direct sum (product) of Sylow subgroups 
each of which is cyclic. In this section we shall see that any finite 
Abelian group G is expressible as a direct sum (product) of a finite 
number of cyclic subgroups. For the sake of some convenience, we 
shall denote the binary composition multiplicatively. 

Lemma 4.23. Let a, b be two elements of finite order, of a group G 
such that o(a) and o(b) are co-prime and ab=ba. Then o(ab)—o(a) o(b). 

Proof: Let о(а)=т and o(b) ^n. Let H=<ab> be the subgroup 
of С generated by ab. Since (ab)™"=a™" bmn—e, we get o(H)— 
o(ab) | mn. Now (ab)"—a"b"— b" € H, since a^— e. As (m, n)—1, and 
o(b) —n, we have o(b") —o(b) —n. Now b^€ Н=>о(Ь") | o(H)=>n | o(H) " 
Similarly m | o(H). Thus we have mn | o(H). Hence o(H)—mn— 
o(ab). This proves the Lemma.m 

Definition 4.24. (Exponent of a group). Let G be a finite group. 
If К is largest among the orders of all elements of С, then К is called 
the exponent of G, i.e. if there exists аЄ С such that o(a)—k and: no 
element of G has order exceeding k, then k is called the exponent 
of G. 

Lemma 4.25. The order of any element of a finite Abelian group G 
div des the exponent of G. 

Proof: Let k be the exponent of G, i.e. there exists an a € G such 
that о(а)=/ and for every b. Є С, 0(b)<o(a)=k. Suppose on the 
contrary there exists b Є G such that o(b) } k. This implies that there 
exists a prime number p such that for some positive integer г, pt | o(b) 
but pt} o(a). This means that we can write o(b) —p*q, o(a) —pPs such 
that (p, 4)=1, (p, 5)=1, and &«. Let b, —b', a,=a?®. Then o(b;) — 
р", and o(a,)=s. Lemma 4.23 gives o(a,b.)=p*s>p®s=o(a). This 
contradicts the assumption that k=p®s is the exponent of С. Hence 
the lemma follows.m 

EXAMPLE 10. S, is not commutative, the highest order of any 
element in S, is 3, i.e. the exponent of S, is 3. However (12) is an 
element of $,oforder 2. Thus o(12) 4 3. This shows that the above 
lemma does not hold for non-Abelian groups. 

Theorem 4.26. (Fundamental Theorem of Finite Abelian Groups). 
Every Abelian group G of order n, is an (internal) direct product 

G-6GX G3 Kiet. i XG: 
where G; are cyclic subgroups of order n; such that n 
integers n; are uniquely determined. Further n=n n pm т. 
[Note. Whenever o(G)>1, each G; is taken with o(G,)> 1] 
Proof: We prove the result by induction on o(G). If o(G)—1, 


134 | f and the 
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the result holds trivially. Suppose o(G)=n>1 and that result holds 
for all Abelian groups of order <o(G). 
Let n, be the exponent of С and g, be an element of G of order 7. 
Let G,=<g,>. If G=G,, then С itself is cyclic. Let GAG. Then 
1 «o(G/G;) <n. By the induction hypothesis 


GIG, HX HaX...... XH: 
where each Н, is a cyclic subgroup of G=G/G, of order n=1 such 
that ns, | п; v i=2, 3, 4,....1—1, and —o(6)—n n, oun 0) 
A : 


Now each H,=H,/G, for some subgroup H; of G containing Gi. 
Choose MEH, such that h,=h,G, is a generator of He 18 
hii е = С <g> > "рут Гог some т; such that 
1<m<n,. Let «,—(m;, пу). Then m;==«,8, for some 8; 1, n= Y 
QUUD 3l and (Bin т) В; ge з П i 

Now 


mg 


М o(8;) — n —a vi 0(g,%:)=y;. As (yi, B)—l, o(g,*::) 
—o(g*). However hmi=g,%i, So o(hi)—y; On the other hand 


o(h;) | об) => п; | о(ћ,)=> o(h;"s) 000: >o(h)=o(h;"i ) n; = vini 
f No 


Since o(h;) | m, the exponent of С and n,—«;y;, we have m bd 


This yields o(g;) —n;. 
Define H=<g,><g;> 
that o(H) | Лл,» ә» т. 
Let f : С> G]G, be the natural homomorphism. 
Since Н) = <#> X «85» X...... xX <g> 
НЕНУЕ P катун xM=G/G, 
and alsof(H) = (HG,)/G,, we get G=HG,=G,H 
=<g\><g,> 


А мз <&>. H is subgroup of С such 


уу <&:>. The fact that o(G)=n=n;ng 


M= O(g OCE) ........ o(g)) gives С= <> X <g> X...- 
MT x <g>. : 


Also o(<8:>)=0(g:)=n; such that л | т. 
Suppose | G—H,XH,x...... XH, 5.03) 
= КОСК Xe ЕМ xK, <. (4) 


be two decompositions of G into internal direct product of cyclic 
subgroups, such that for i—1, 2,......... =Й e у, ahh 
o(H) =M; o(K;)=m; and for i&t—1, nia | по, for j&u—1, туу | ту 
Consider g@G, then (3) gives g=hyhy..... hy hie Hi. 

Since o(/;) | о(Н)=п; and л; | п, we get hin, =e. 

Consequently gh-hhhh. ...,. һ%ъ=е. Thus o(g)&n,v.gcG. 
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Further as Н, is cyclic group of order m, Н, contains 
element of order т. Hence m, is the exponent of G. Similarly 
m, is the exponent of С. Thus m,=m,. Suppose we have proved 
‘that m=m, m=m,...,Ni~=mi, for some i; we shall prove 
that n;=m;. Suppose on the contrary ,54m;,. and to be definite 
let п; >ти. Define K—(x" | x&G). Since for any x, УЄ С, x" y-m, 
(xy)"i€ К, we get that К is a subgroup of С. Suppose that for 
k=1,2,...,t, H,—«a,7and for each /==1, 2,...... › м, K, =<b;>. 
Since for j 2i, o(K;)=m, | mi, bj"i—e. Hence K—-bDm x <b, i> 


an 


$us sires ee X «b; ">. 

Uma m; x ; ч 
Thus a me mn? Since o(b)=m, wj. — ...(s) 
Since also G— <а> x. ..... >*<a,> [from (3)] 
we have К «ат х ат х...... пан S. 

ny 

D= ¥k=1,2...... a it 

Now о(а„т ) UD S 2 
pui у We. Quei e Qi Быр. 

Consequently o(K) (rms, n) (тъпа) `` (ns тт, nij) ^" (жут) 


Now т; | m; and m;—n; % j<i, by our hypothesis. 
nj m; Miz, <2: 
TL mu СЕ. айке крга 
Аш (min; (тт) mi iie 
Hence from (5) and (6) we obtain 
1 ni n, 


Е (m) К.Е (min) ` ++ 
В ni 
However mi<n; gives ECT Y A As a consequence, (7) can- 
(Mi, Ni 
not hold. This gives т; =л;. Hence by induction m;=n; у i. However 
n-—ny...... n,-mygmg..... m,. Thus we must also have t=u, 


This completes the theorem.m 
Corollary 4.27. Every finite Abelian p-group G is expressible as 
an internal direct product of cyclic groups 
GEG XCIX. I Sake хб, 

such that о(С)= р" i=1,2,...... >r and m>m;4, 4 j=1,2,... 

‚у г—1. Further p": are uniquely determined. 

Proof: By the above theorem, we can express 

G-2GyXGgX...... xG, - aD) 

such that each G; is a cyclic subgroup of order n; апал |n; wj 
<r-1. 

Since С is a p-group, each б; is a p-group, we have o(G)=pm for 
some т, and n;—o(G;) —p" vi. Since п; | n; we have тут; 
м j&r—1. i 

If G=H,X HX... XH; D 
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is another decomposition of G into cyclic subgroups such that 


o(H) =p" ¥i=1, 2,......... ‚5 and uj2uj44 ¥j<s—1, we see that 
o(H;+;) | o(H;) м j<s—1. Hence by the preceding theorem r=s and 
o(Hj)—o(G;) v i=1,2,...... , г. This establishes the corollary.m 
REMARK 1. Let С be a finite Abelian p-group. As seen in the 
above corollary we can express G=G,XG,X.....- xG, an inter- 
nal direct product of cyclic p-subgroups С; of order p"i. The 
numbers p^: , p™,...... ‚рт are uniquely determined by С, and are 


called the invariants of G. Let G' be another finite Abelian group. 
Clearly if Ge«G' then Gand С’ must have same set of invariants. 
Conversely if G' has the same set of invariants as G, then by definition 
of invariants, we get G’=G,' XG,'...XG,’, such that С; are cyclic 
groups of order p™ . Since any two cyclic groups of same order are 
isomorphic, we get G;2«G;'. This, then gives that GG’. Hence two 
finite Abelian p-groups are isomorphic if and only if they have the 
same set of invariants. Thus for example if G is of order p^, the 
possible sets of invariants of С are (p, p, р}, (p*, р} and (p) 
Consequently there exist (within isomorphism) only three Abelian 
groups of order p°. Again if order of С is p°, then the possible sets 


of invariants of С are {p°}, (p, p), so that number of non isomor- 
phic Abelian groups of order p? is two. 


REMARK 2. Consider any finite Abelian group. We know that 
G-S(p)XS(9)X. ..... x S(p,) [Theorem 4.10]. Since each of S(p;) 
is a p-group, S(p;) can be expressed as finite direct product of cyclic 
pi-groups. Consequently С itself can be expressed as a finite direct 
product of cyclic groups of prime power orders. As in the above 
corollary, one can see that the orders of these cyclic groups are uni- 
quely determined by G itself. The set of these orders can be again 
termed as the set of invariants of G. Again two finite Abelian groups 
are isomorphic if and only if they have same set of invariants. 


WORKED-OUT EXERCISES 


Exercise 1. Let G be an abelian group and a,b € G be of M 
m and п respectively. Show that there exists an element c of С such 
that o(c)=k where k is LCM of m and n: 

Solution. Firstly suppose that (m, n)=1 then k—mn. 

Put c—ab. Clearly c""—(a")^ (b")"--e--o(c) is finite and <mn. 
Let о(с)=!. Then e=ct=a'bt > at—b^ > e=q"t=b7™t > pmte | 
> n | mt > п | tas (m, n=l. 

Similarly it can be proved that т | t. Again as (m, n)=1, we get 
that mn] t ie. mn<t. Hence o(c)=mn. 
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Now suppose that (m, n)7-1. We can put тру“ 


and n=p,° pP: . . . p?! where p;’s are distin 
a;, 8; ate non-negative integers such that « 


Pst... Sp, 
ct prime numbers and 
{2{ ¥ 1<ї<гапа a <E, 


Vv t+1<j<u Then К=р®р,”...... pi*t piinas sss . pies 
trl 
Bra ak Pi Bs B, 
Put g-ap e рь and h==bP: P» . P6. 
t+1 
Thccefore, e(g) —p, р_®...... р;*® and о(%--рёна p Bas 
S i 
Jlearly o(g) and o(h) are co-prime, hence by first case c—gh has order 
Bua 
equal to p? p.42... eee ре Bac ри i.e, o(c) =k. 


Exercise 2. ]f n is the exponert of an cbelian group G then for 
every a€G, с(а) divides n. 

Solution. Let o(a)=m, if m does not divide л then [r n= 
LCM of m and n, is strictly greater thar: п. By Exercise 1 above, there 
exists an element сЄС such that o(c)=[m, n]>a. This is a con- 
tradiction to the definition of exponent. 

[Note. This provides ano:her proof of Lemma 4.25.] 

Exercise 3. Let С be a finite abelian group in whicl: the number 
of solutions in G of the equation x^—e is at тэп for every positive 
integer n. Prove G must be a cyclic group. 

Solution. Let the order of the given group С be т. Let 2, be the 
exponent of С. "ince for any a€G, o(a) | m, а" =е for all a € G. 
Hence x"! —2 has т solutions. Izus man, as x" —e has at most 
*4 Solutions. As exponent of C is n, there exists an element bEG 
such that o(b)=n,. But o(b) | o(G)>n, | m2n,«m. Hence m=n, 
ie. o(b) -m—o(G). 

As a consequence G is a cyclic group generated by b. 


PROBLEMS 


i. Find the invariants of a cyclic group cf order n. 

[Bint, ЈГ n=p,% рь ...... pt andG isa cyclic Broup of order 
а, then G—G,X G;X. .... . X ©, Where G; is the cyclic subgroup of G 
of order р; .] 

2. Using the Fundamental Theorem of Finite Abelian G 
Prove the following: If С isa finite Abelian group of expon 
then no proper subgroup of G contains all the elements of orde 

3. Give a detailed proof of the fact that two finite 
groups are isomorphic if and only if they have same 
invariants, 


Toups, 
ent n, 
T n. 

Abelian 
Sets of 
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4. An Abelian group has inva;iants р, р, where p is а prime. 


Нож many subgroups ої order г it has? [Ans. p+] 
5. For n=20, how many ner-isomorphi. Abelian group: of order 
n exist? [Ans. Two] 


6. An Abelian group С of order p?, p a prime, has i. variants p^ 
p. Determine al; its subgroups of order р. 

7. For any positive integer :, and for any prime р, prove that 
the number of non-isomorphic Abelian p-groups of order р" is 
equal to the number of partitions of n. 


5 


SOLVABLE GROUPS AND IORDAN-HO?DER 
ГНЕОВ М 


1. Gem тало s of 1 Sabgrovp and Derived Suba.onpe 

We ›зу: already dis. ussed eariier, the холсер: of a g 
а cyclic crop, her? we atterapt to generali.e 
arbitrary groups. 

Definition 5.1. Lat S be a subset of a group A. subgrot т 
Н of G is said to be venerated x S db ais tisFes tae feile wing 
conditions: 

(S of 

©) WA is ary sube: up of Z such that S £7 A, th n FC. 

We denote the subgroup genered bv S by <S>. 

REMARK. Suppose F i the family of a those subgrours of G 
which corsair y This fun. ty is not void, since SCG end sc GEF. 
Let 07. le the jntersecti n of al! metubers of F. Clearly if А сз any 
Subgroup of G ccaaining S, then M,C K: Гас her УС М. since SCA 
v KEL. Heace. H, 55 che subgroun of © пепео су S. So, alter- 
atver, ve can say that. subgroup // of G ау said to be yencrated 
b: S if H ie the inters ction ог ali those subzr. ups of G which 
„оа <, 

Now for a sv5set Tofa group С it is possible that «; itself is the 
subgioup generated by S. Then S is caile a set of zenerators of G. 
For exaiaple if G= <a> is a cyclic group, then S= {a} 
generators of С. However, here S is a singh ton. 

Theorem 5.2. If S is ал” non-void subset of a group G, then the 
subgroup <S>of G venerated by S is the sci of all finite produ.ts of 
the form аца. „an Wuere for cach i. either а, Є S or a-1 ES. 

Proof: Let Н be the set of all finite products of the form аа....а ; 
а, Ога! © $,папу positive integer. Consider 
bb... b, in Н. Then ar. у. > .4,D;b). . „Б, а 


„0:0. 


c..erator of 
the seme concep. to 


is a set of 


х==а|а,. e, у 
product of fin, 


number of elemenis a., b; such that either the factor or its inv, se 
=a ld -1 
Gia 


is in S, consequently x y © H. Further «~ a ат. ..а71 qi 


Consider азу azt. Since a; or ci! is in S, and a=), we SH 
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that either 4; is (a7) is in S, hence x * € Н. This proves that H 
is a subgroup of G. Clearly S С Н. Consider any subgroup K of G 
containing S. Then for each a € S, a € К and hence a! € К. Thus 
ifx-aia,..8,:a;€ S or агі, is any element of Н, then xcK, 
since а,Є К wv. i. Hence НСК. This proves that Н is the subgroup 
of G generated by S.m 

EXAMPLE 1. Let A be the set of all transpositions in the sym- 
metric group S,. Since every f € S, is a product of transpositions, 
ind so, of members of A, we get that A generates S,. 

EXAMPLE 2. S—(1) is a generator of the additive group Z of 
integers. " 

EXAMPLE 3. Consider $,—(/, (12), (13), (23), (123), (132)}. Let 
a==(12), b—(123). Then b’=(132), =I, ba=(13), ab—(23). Hence 
we see that every member of S, is expressible as a product of members 
of A—(a, bj. Con:-quently A generates Sa. 

EXAMPLE 4. Let G={+1, +i, + j, +k} be the group of quater- 
nions and A={i, j}. Let H be the subgroup of G generated by 
A. Then iC H;jC H, ij=k € Н. Also —i=i* є H, -j=j € Н, 
—k=KEH,—'=i'E 4H, 1—i*c H. This proves that H contains all 
the members of G. Consequently H—G and A generates G. 

Definition 5.3. Let а, о be any two elements of a group G. The 
commutator of а and b is the element aba b. The commutator 
subgroup оѓ С denoted by G’, is the subgroup of G generated by the 
set of all commutators of G. 

The commutator subgroup is also called a first derived subgroup or 
simply a derived subgroup. 

Theorem 5.4. 1.«. С be a group and G' be its commutator subgroup 
then 

(1) G' is a normal subgroup of G. 

(2) For any norz:il subgroup H 
and oniy if Н conia'ns G’. 

Proof: (1) Let а, LEG, since (a? bz ab) =p- 
a commutator, we see that each element of G’ isa 
number of cominutators (Theorem 5.2). Consid 
x—g8:. - -gi Where for each i=1, 2,.. 
gi=aj bi ab; for some а, b; € 
a71xa— (a-g,a)(47g.4). . Хавла) 

Further a^! g; а=а- а: bi^? a. Ьа 

=(0 a; ay? (a b; a)? (a3 а: a) (a b; a) 

—cd?ed; where с=т“ а a, daga bia 
gives а а is again a commutator Hence аха is a product of 
commutators; by definition a ?xa€ С”. This proves the result. 


of G, G/H is an Abelian group if 


Jaba is avain 
product of finite 
er xcG', thn 
эе за commuiator, so that 
С. Now for anya c G, 
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(2) Consider a, b € G. Let G/H be Abelian. 
This => (aH) (bBH)—(bH)(aH) 
=> abH —baH a^! b™ ab—(ba)-! (ab)€ H. 

Thus Н contains every commutator а-! Б-! ар. Consequently as 
С" is generated by all the commutators, G' С Н. 

Conversely let С° С Н. Then abab € С' gives a1 5 ab 
€ H-abH-—baH- (aH) (bH)—(bH)(aH). This establishes that G/H 
is Abelian.m 

Taking Н= (е), we get. 

Corollary 5.5. A group G is commutative if and only if G' —(e).m 


PROBLEMS 


1. Prove that in S,(n > 3), the set S of all 3-cycles generate An. 

[Hint. Every member of A, is a product of even number of 
transpositions. For any two transpositions (ij) and (kl) in S, we 
have (ij) (К 1)—(i j I) if k=j, and when ki, j, 151, j, then (ij) (k D) 
=( ij) (71) (JE) (k)=(i j Kk 17).] 

2. From the above problem conclude that the- set of all 3-cycles 
of the form (1 i j) generate А„. 

[Hint. Show that any 3-cycle is a product of 3-cycles of the 
form (1 i j).] 

3. For any endomorphism с of a group С, prove that the image 
of a commutator а-1Ь71аЬ under c, is again a commutator. Deduce 
that G’ is a characteristic subgroup of G. 

4. For any group G, prove that 
G'—(a a, . а, арі агі as. . 4,1 5 a; € G,n 2 2}. 

5. For G=S,, prove that С'= А. 

' 6. For any simple non-commutative group С, prove that G'—G. 
Deduce that for any n > 5, S’,=A,.- 

[Hint, A, is simple, non-commutative and S’,, С A,.] 

7. lf Н and К are subgroups of a group С, then show H C Ж 
WiC К 

8. If the commutator subgroup of a group С is of order im then 
show that each element of G has at most m conjugates. 

9. Let G be a group whose centre Z has index n in G, show that 
G has at most n? different commutators. 

10. N is a normal subgroup of a group G and № N G'={e}. Show 
that NC Z(G). 


2. Normal Series, Solvable Groups and Jordan-Holder 


Theorem 
Definition 5.6. (Subnormal Series): A sequence of subgroups 


lz1  .ooERA AL: FüRA 


G=G, DG, 5 tie Dis nce Gle UN HÀ 
of a group G is called a subnorma: seii of G, if С, is a normal 
subgroup IFG; ¥ i=:0,!,...,\--1. The factor groups G,/G;., are 
Cal'id the fector groups of tle subaormal series. Further if each С; 
< a narmal subgroup of С itself, then the series is said to be a normal 
Sees б: n, 

Note B; the statement * N={Gy, бү... Go} is a subnornial 
series of a group G " we mean the sequence (1) of subgroups G; such 
“hac G;., is a normal subgroup of G; for all i-0, 1, .. .A— 1. 

Definition 5.6 (a). (Refinement). 

Le. A — (Gs C4, ..., Ga} be a subnormal series of a group G then 
a subnormal series M —(IH,, Hy... Hy} is said to bea refinement 
of Vif N C M. 

Definition 5.6 (b). (Proper Refinement) 

A refinement M of Nis said to bea proper refinement, if С. M 
but NÆM. 


tEMARK. Most of the authors use the terin normal series, in stead 
of “subnormal series’, 

T. is possible that for so 
distinct members of (1) dil 


subnormal series, ‘The subnormal seiizs is said to be redundant if 
for some i-=0, |. ^ 25À —l, Gi—G, 4, otherwise it is said to be 
irredundant. One п always construct an irredundant subnormal 
series from a redundant one by deleting G;., whenever for some i, 
Сац Ga Thus in case the subnormal series (!) is irredundant, all 
G/'s are distinct; consequently its length is A itself. OS 

Definition 5 7. A group С is said to be solvable if it has a sub- 
normal series 


ос DIG, 2:65. D GEO) 
Such that each of iis factor group G,G;,, is ап Abelian sroupi The 
above series, th. 


n is referred to as a solvable series of С. 

EXAMPLE = Any Abelian group G is solvable. Now G > (e) is 
à norraal series ot G and its only factor group is G/(e), which being 
isomorphic to G, is commutative. 

EXAMPLE 6. Consider the series S, > A, > (I). Its factor 
groups are Sad, aud A, which are of orders 2 and 3 respectively. 
Since any group of prime order is commutative, it follows tha* both 
the factor sroups wre commutative. Hence S, is solvable, 

EXAMELE 7. Consider Sedek >a subnormal series of 
S, where Fy- fh 029), (0324), (14,23. 
Bits A; Ey and t^ which are of tunis 2. Е, and 4 respectively. 
Since every group ot order 4 15 Abctian, it follows that ail the factor 


me i G,—G,;, in (1). The number of 


Ks. factor groups аге 


e. 
erent from Gis called the Jengt of th 
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groups are Abeiian, hence S, is solvable. 

Theorem 5.8. Any subgroup H of a solvable group С is solvable. 

Proof: Let G=G, 2G, DG; 2... 2 С„=(е) 
be a solvable series for С. We claim thax 

Н=Н» 2 (HN G) D(HNG) D... DHA G,—(e ... (т) 
isa solvable series’ for Н. Since Ғогі=0, !,. . n=l, Gi is nor- 
mal in бу, we get H;.,—H N Gim is normal in H;=H N Сү. Define 
a mapping f: Н; > С:/6:+, such that f (x) -xG;,, s x € H;. fisa 
homomorphism. Further 

x € Kerf @ xXGu=Gin 
ex E Сү 
ex E HN Giy since x € Н; C Н. 

This yields that Ker f=H N Gir, =. Н; hence by the zundemantal 
Theorem of Homomorphism A Hi, == f (H;). Asf (H,) is a sub- 
group of G;/G;,, and С/С; is Abelian, f (H;) is also Abelian, 
Consequently НН, is Abelian. This proves that (1) is a scivable 
series for H. Hence H is a solvable group.m 

Theorem 5.9. If Н is a normal subgroup of a solvable group G, then 
G/H is also solvable. 

Proof: Let G=G, 26,26,20. ..2G,—(e) 


be a solvable series for G. Consider the series 
$- ;/H2G,HI]H 2G.HIH 2. . .DG,H/H=(e). erai 


For each i=0, 1, 2,...п—1, Gi} is normal in бу. Consider any 
X€G,H'then x=gh, for some gC Сү, hE Н. Thus xG;4,H—g Аб Н 
=gh HG, (since for any subgroup К of G, НК=КН) 
=e G;., Н, since h H—H. 
=G &Н= б ghH, since С; is normal in G; and 
ЄС; 
=Gi4, Hgh—G,;,, Hx. 
This proves that б; H is a normal subgroup G;H. 
Hence С,Н/С: Н = VET 0) 
Now define 7: G;, GiH[G; AH 
such that f(x) - G;,,Hx Y x€G;, then f is а homomorphism. As 
G,H— HG;; given y€ G;H, we can write 
y=h g for some hEH, gEG;; then 
Gi H y=Gim Н hg—Gj4 Hg=f (g) 
This shows that fis also onto, clearly G;,, С Kerf, and hence 
induces a homomorphism 
bU С/С: G; HIGH. 
such that f (G;..x) Gia Hx № хЄ бү. 
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This ^ is a.so onto. Thus G;H/G-., Н is a homomorphic image of 
the Abelian group G;/G;4,. So that it must be itself Abelian. Conse- 
quently each factor group of the subnormal series (1) is Abelian. 
This proves that G/H is solvable.m 

Theorem 5.10. : 2t Н be a normal subgroup of a group С. If both 
H and СІН are solvable then G is solvable. ч 

Proof: Let CIH=G,/HDG,/HD. . .DG.4/HDG,|H=(e) ... (1) 
be a solvable series for G/H. Here each G; is a subgroup of G con- 
taining Н. Since Gis,/H is normal in G,/H, each Gi4, is normal in 
С. Further G,/H= e implies G,— Н. Now let 

H—H,2H,2H.2...2H,-(e) be a solvable series of Н. ... (2) 
Then G=G,DG,2G,)...... 2G.,DH2H,2H.2...H,—(e)isa 
solvable series for С. This proves that С is a solvable group.m 


Сого!!әғу 5.11. If two groups Н and K are solvable, then Hx К is 
solvable. 
Proof: Let G=H XK. Then G/HSK. Since K is solvable, we have 


G/H ıs solvable. Also we are given that H is solvable. Hence G is 
solvable by the above theorem.m 


Corollary 5.12. Any finite p-group is solvable. 

Proof: Let G be a finite p-group (р is a prime number) then 0(6) 
=p", for some n20. If п=1, G is Abelian and so it is solvable. 
So let n>1, we apply induction on п. Suppose the result holds for 
groups of order p" with m<n. Now Z(G), the centre of G is not 
equal to (e). Consequently o[Z(G)]=p* for some k>1. This yields 
that G/Z(G) is a group of order p"-* with n—k<n. Hence by the 
induction hypothesis G/Z(G) is solvable. Also Z(G) being Abelian, 


is solvable. Hence, taking H=Z(G), we see from the above theorem 
that G is solvable.m 


In the last section we introduced the concept of a commutator 
subgroup. We now establish a criterion for the solvability of a 
group by means of commutator subgroups. 

Definition 5.13. Let G be a group, 
n, define G™ inductively as follows. 

G=G 
G'» £0) (Gt) 


for every non-negative integer 


; the commutator subgroup of Gi), Gi) is called 
nth commutator subgroup or nth derived subgroup of G. 
Now we establish the following theorem. 


Theorem 5.14. A group G is solvable if and only if Gi) =(e) for 
some non-negative integer n. 


Proof: Let G be solvable and let 
6—6,26,26,2. .....DG,=(e) 
be a solvable series. We prove inductively that GHCG, м Е. 
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Clearly GO=G=G,. 
Suppose for some k, GU? C Су, this gives 
GHD = [Gy c Gk- 

As Gx/Gr+ is Abelian, we have G,/CG,,,. (Theorem 5.4.) 

Consequently G**? СС, 1. Hence by induction 
СОС С, x k-0, 1, 2, .., n. In particular СС Ga. Hence 69е), 
since С, = (е). 

Conversely let С") (е) for some n, 

then GAOT GG! ons 2G» =(e) 
is a subnormal series for G, such that GOGH ссх i 
Abelian since for any group Н, H/H’ is always Abelian, hence G is 
solvable. This establishes the theorem.m 

Corollary 5.15. S, is not solvable for n5. 

Proof: Now A, is a simple non-commutative group, 
However A, is simple, so its only normal subgroups аге 4, and (2). 
Consequently A,'=4,>A,(=(A,')'= » =A,. In general 4,°=A, 
м positive integers k, thus A,“ ~(e) м К. Hence A, is not solvable. 

As now A, is a subgroup of Sn, Sn is also not Solvable for nas, 
since subgroup of a solvable group is solvable.m 

Definition 5.16. (Maximal normal subgroup). A normal subgroup- 
H of a group G is said to be a maximal normal subgroup if HÆG 
and there does not exist any normal subgroup K of G such that 
H<K<G. 

For a normal subgroup H of G, we know that any subgroup of 
G/H is of the form K/H, where K is a subgroup of G containing H. 
Further K/H is normal in G/H if and only if K is normal in G. КІН 
is a proper subgroup of G/H if and only if H<K<G, Thus His a 
maximal normal subgroup of С if and only if HÆG, and G/H has по: 
Proper normal subgroups i.e. G/H is simple. 

EXAMPLE 8. Let G=<a> be a cyclic group of order 10, 
Then H=<a*> is subgroup of G such that G/H is of order 2. Thus 
G/H is simple and H is maximal normal subgroup of G. 

EXAMPLE 9. If С is a simple group then (e) is a maximal, 
normal subgroup of G since G contains no proper normal subgroup, 

EXAMPLE 10. In S, (n—2), A, is a maximal normal subgroup. 

We recall the definition of refinement [Definition 5.6 (а)] and re- 
State it as under: 

Definition 5.17. Let G=G,DG,D.. -2CGr,=(e) be a subnormal: 
series of G. A subnormal series G=H,DH,DH,D. E -2Hs- (e) ig 
Called a refinement of the former series if every G; is one of the- 
H;'s. 


Définition 5.18. An irredundant subnormal series 
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= Gann tase >G.i=(e) 7 
f a group y" s be a composition series of G, if each of = 
ado кор G,[G;., is a simple group, ie. Сб 15 a maxima 
monk eiparous of e G=<a> be a cyclic group of order 24, 
= nsider two series 
OT eS > <a> > <аз> >(ф...... (1) 

G=<a> ~ <а > <a> c wg m (a)... p i 

These are two normal series of G The factor groups of (1) are 

<a>/<a?>, <a°>/<a'>, <a">/<al> and cU | 
which are of orders 2, 3, 2, 2 respectively. Since these are of prime 
orders, they are all simple, Similarly the factor groups of (2) are 

<a>/<a*>, <a@>/<a'>, <a°>/<a">, «а>, which are of 
orders 3, 2, 2, 2 respectively. 

These are again simple. So (1) and (2) both are composition 
series of G. One can see that both of these series are of same length 
viz. 4. Further as two cyclic groups of same order are isomorphic, 
we have 

<a>/<a> = <@>|<а, <а>]<а е <а>]<0>, 

<a°>/<a"® >= <а*%]<а, <a> е <а?м. 

Thus there is a 1—1 correspondence between the factor groups of 
(1) and those of (2) such that the corresponding factor groups are 
isomorphic. 


EXAMPLE 12. Let G=S,. Consider two subnormal series 


5,7 A,7V,7(I) (sce Example 9) PE GD) 
and S> 4 >V,;>4>(I) sa (2) 
where A={I, (12) (34)}. 


Vis=V,/(/) is a factor group of (1). As V, is a group of order 4, it 
is not simple (since any simple commutative group is of pr me order). 


The factor groups of (2) viz. Sil As, АУ, V4[A, A are of orders 2, 
3, 2 and 2 respectively. Hence all these are sim 


ple and (2) is a 
composition series of $4. 

Henceforth the main purpose is to prove the Jordan-Holder 
theorem. To achieve this objective, firstly we introduce a few notions 
and prove some results, 

Definition 5.19. Two subnormal series 

G6G,26, 2612». =... « 2G,= (e) e 

and @=б/Эб,' DG 555. 1.1 DG," =(e) -D 


of a group G are said to be equivalent or isomorphic if there exists a 
1—1 correspondence between factors of (1) and those of (2) such that 
the corresponding factor groups are isomorphic. 


Since the number of factor groups of (1) and (2) are s and t, if the 
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series are equivalent, then by definition they must have same num- 
ber of factor groups. Consequently s=r. Thus in Example 11 both 
the series are equivalent or isomorphic. 

Following lemma is analogous to Second Theorem of Isomorphism 

Lemma 5.20. .Let Н and К be two subgroups of С such that k H= Hk 
for every КЄ К. Then HK is a subgroup of С, Н is a normal su 
of HK, НПК is a normal subgroup of K and 

E SN: 
jx m HOK E 

Proof: Since kH=Hk¥kE К we have НК= КН. Consequently {К 
is a subgroup of С (Theorem 2.39). Consider x€ HK, x=hk=kh, for 
some h, ЄН, КЄ К. Then, Hxc ИЙЕ = Hk = КН —k(tH) =kh, H= 
xH i.e. Hx xlv x€ HK. This yields that His a normal Subgroup 
of HK. It can be easily checked that H N К isa normal subgroup 
of К. By the Second Theorem of Isomorphism HK/H-K/H(K. 

This establishes the result. 

Theorem 5.21. (Zassenhaus) Let B and C be any two subgroups of 
a group G, By and C, be normal subgroups of В and С respectively, 
B(BAC) _ C(CNB) 

B(BAC) _ CCNB.) ` 

REMARK, Note the symmetry, indeed the RHS of the isomor- 
phism is obtained from LHS by interchanging В and С. This 
theorem is also known as Butterfly theorem. 

Proof: Let K=BNC, H=B(BNC,). Since By is a normal sub- 
group of B,bB,—B,b + bEB, in particular as KCB we have 
KB,— Bk v. КЄК. Also C, is normal in C yields that BAC, is nor- 
mal in BNC, Consequently k(BNC,) =(BNC)KYKEK. Hence 

Hk=B(BOC)k =B[k(BNG)] 
= (BABA Co] = (K By) (BO Co) 
=k[B(BAC)]=kKHVKEK, 

Therefore FR oe he. 0) 

Now НК = B(BNC,)(BNC) = B(BNC), since 
(BNC (BAC)=BNC. (Indeed for any group G, scies i GE n C, 

Further yEHNK>yEH, y€ K2y—b,b, y=d for * £€G). 
bEBNG, de ВГ\С me b,€ By, 
CS ein cal *E By NC=CN By as d€ С and b"e€Bnocc 

Thus y-bbec€(COBj)(BnC,). 

This yields that HOKC(CNB)(BNC,), $; 

BO C,C BNC, (C^ B,(806;) С ал г Since Сгув,С prc, 
Also CN B,C B, gives (CN BABAC) B, 


bgroup 


then 


(BNC)=H. Thus we get 
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(COB)(BQC)CHOK Consequently HNK=(CNB)(BNC). * 
Then putting HK=B,(BOAC), HNK=(CNB)(BNC,) in (D, 


B(BOC) . BNC 7 Ко; 
oo BEAC) = (CAB EAC) 
Interchanging the roles of B and C we get 


CACNB) .— (CAB) ‚ 3) 
CCA B) ~ (BACCA Bo) 4 
By using the fact that BANC, is a normal subgroup of BOC an 
CNBCBNC, we get 
(BN CCA B)=(CN By)(BN Co). 


BAC сө. CNB 
(CAB MBAC) ^ (BAC)(CNB)* 
Then from (2) and (3), it follows that 


B(BAC) ^ CACOB) 
BABAC) ~ C«COB) a 
This proves the theorem.m 
Theorem 5.22. (Schreier's refinement theorem). Any two subnormae 
series of a group have equivalent refinements. + 
Proof: Consider the subnormal series 1) 
G-G98:26:2 c.v el 2G,-(e) -—: 
CERD A ЭН,=(е) ar) 
of a group С. Since for any i, j, k and 1, Gi is normal subgroUP' 
of G; and H,,, is a normal subgroup of H,, we get 
Go ;-Gi(G,YH), (1=0, 1, 2,.. »5— 15 j-0,1,2,.. , 1) .+- (ЗУ 
Нь=Нь(НуГ\бу), (k0,1,2,..., 1 1:150 1.2, з)... O 
are subgroups of G. 
Now H;,, is normal subgroup of H; implies that Су, за is normal 
subgroup of Gy, ;. Similarly H,, e 


1 15 normal subgroup of Hp i- 
Since H,=(e) and H$,—G, we have 


Gis ,— Gf, (G((AH)—G,, (9—G. 

Also G; o= Gi, (С.Н) = С: (GiNG)=G,,, G;—G, 

Thus Gi, , Gi =G; o NSA Usp a7 оз " guo. 
Similarly Нь Нею Но м0, 12 7 "y Un O 
Consider two series 

C= Go7 Gs 2Gon 26042. . 2G, (=G, =G )2G,,2Gp:2:** 
26 (=F 6,92. 36, „526, „з.. e. moe) 7 

M et 

G—Ho—Hoo2Ho ЭН 2... Hs H= нуэн DH 

d 2Hy (=Ha= Hono) 2. 3 Hos 2H, anD. > Энн 
" um 


Hence 
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Both (7) and (8) have same number of terms, viz, 154-1. 

Clearly С, occurs in (7) and for each m=1, 2..., s, as (C C 
by (5) we see that each Gm occurs in (7) for all m. Thus (7) Pe 
refinement of (1). Similarly (8) is a refinement of (2). 

Now by Zassenhaus theorem (Theorem 5.21) 


Gros G.4(G, ПН.) TT Haa(H.G,) Hes, 
Grs +1 z С.1(6. Н. +1) ie Н+(НЬС\С +) a 5: 
for all r=0, 1,2,...,5—1 and forall s=0, 1,2, ..., 2-1, 


Thus (7) and (8) are equivalent. This proves the theorem.m 

Let us come back to composition series now. A group may or 
may not have composition series. Indeed the following lemma shows 
that if a commutative group is infinite it cannot have a composition 
series. In particular the additive group of integers has no co3.posi- 
tion series. E 

Lemma 5.23. If G is a commutative group having a composition 
series then G is finite. 

Proof: We firstly show that a simple Abelian group must be a 
cyclic group of prime order. This follows at once from Theorem 
3.47(а) and the'ract that any subgroup of an Abelian group is 
normai. 

Now let G=G)>G,>G,>...>G,=(e) be a composition series 


ince Pil бза 
of G. Since m O 


=G, is simple Abelian, o(G, 1) —p,., 


: 1 С,—› 
where ps, is a prime number. Further G 


is simple Abelian 
T 


Gs: а 
= °( © =р;_› for some prime number p. s. 


$—1 

We can write G, , as disjoint union of p,-. distinct right cosets 
б.у а„ буа... Ga „-; and each has р,_у elements. So С; 
has ps-, р,» elements. ^ 
Proceeding in this manner we get that G has py p, P». . 
G; 
Gia 
Now let G be an arbitrary group having a compos: 
G26,26G,»6G;»...7G,--(e). D 

Suppose G—H, ЭН, 2 Н; 2. - -2 H.—(e) is a refinement of re 
former. This refinement can be proper if for some i, H; is note E. 
to any С, Itis clear that fcr some i, G,H,»G,, : Furth is 
cau choose j to be such that б; > H; Thea H, | > Ga a 
As H; is normal in Н; з, we get H; is also normal in б, С т 
Gvently H./G;,, becomes а proper normal subgroup of Ө ыа As 

ШЧ. 


G.G,,. is simple, this is not possible. Consequently we ЕГШ А 
bali 


Ps- elements 


where р;==0 ( ) for i=0, 1, 2,...,s—'.m 


tion series 
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composition series can not have Proper refinement. 4 
Suppose G=G,'>G\'>. ..>G,'=(e) TT 
is another composition series of G. By Schreier's refinement theorem 


(1) and (2) have equivalent refinements. 


However, as see carlicr 
none of th 


wo scries admit a proper refinement. Therefor e, both of 
them must themse;.cs bc equivalent. This establishes the following: 
The em 5,14. (Jordan-Holder Theorem). If а group С has e corm 
Position series, then all its composition series are pairwise equivalent.9 
Although we huve proved Jordan-Holder theorem for g: пета! 
groups. yet there is another proof for finite groups which is cf special 


int :.st because of iis simplicity and non-dependence on Schrei^r's 
8 We give that proof. 


те]. iement thcorem. In the followin 
der Theorem for finite groups). 


Theorem 5.25. (Jordan-Ho! 
27 Every firite group having at least two elements has а composition 


567.25. 
(л (()=G,<G,<G,<.. .<G;=G 
and (е)=Н,< HH... -<H,=G 

are two composition series for a finite Sroup G then k=] and i= 0, 


12 k—] С Macys, set 
ér.. K=], = — H Jor seme permutation x of he < 


=U) 


10, 1, 2,...,Е- 1} (ie. any two composition :eries for G are equivalent) 
roof: (1) We shall apply 


irduction сп 0G). Let o(a).- 1" 
case n--2, (e) -G,— G, -=G is the only Composition series for С 45 
Ci,/o,2:G and С being a cyclic group cf Prime order, is simple. n 
ti. theorem holds for n=2 : 


“et every eroup of order< л ha 


2 tO 
; ve à composition series and let 
be à group of order n2. 
If С is simple, then G has no 


Proper normal subgroup. Cons® 

У composition serics for С. 

Proper normal su» тоцр of б. xine 

fizitely Тапу proper ro-mal subgroup 
: : С 

nc uber of elements. Then Af Ds aol having larg? 

i ple group and Af. 


?sis M has 
(Qm Mic MEME <M 


e)- My М. <M. 


subproup ©: '"* 


AG. So that (Mjm. Непсо 
а Composition sevizs, 22У? 
* Now consider the series 

1<. -<M=M KG. „300 
By Cefinit?on of a composition Series, each Mai, is a simple 
i 

"m FT Alig б. d 
М, M 


group for all i=0, 1, 2,. . ds simple 


Consequently(1) is à composition Series for G 
: 
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› (2) Suppose 
(е)= G,«6,«G. c. . .<G,_,;<G,=G О) 
аза (0—H,«H,€H,c...-H,,«H,—-G <2) 
are two composition series fo- the Suite group G- Again we shall 
apply induction en o(G). Lct o(G)—n. If n—2 then as seen before 
G uas only one composition series, so 2nd part of theorem hoids fo: 
groups of order 2. 

Lek us suppose that o(G)=n>2 aud let the result be true for all 
groups of ordur <и. W^ consider two cases (1) G;., =: у ane 
(П) Gi. E Hia- 

Саве I. G, ,;—H,; 

Evidently (e\=Gy<G,;<G,<...<G,. , . (4 

and (e)= H. Н,.-<Н,<...<Н_у=Сь-\у - 5) 
are two composition series for the group G,_, whose order is jess 
then n. So by tue induction hypothesis series (4) and (5) ae equiva- 
lent. This gives k— 1—/—1 i.e, k=l and further series (2) and Qi 

С, G G H, 


are equivalents as = = =-+,—. This case now 
3 бүз the Ag Ил 


follows. 

Case П. G; ,,5H, 4. 

As Gy, and 7, are maximal normal subgroup: of G, 
Q-—G,.4 (1 Hı is normal subgronp of G, , as wed as of 77, and 
as Grau, Q«G, 4, and Q< Il, ,. Further С, iHi: 5? normai 
subgroup of С. Now С, C С. „Н, and Pi С С... Since 
G,_, and H,., are maximal normal subgroups of G, С, =G (it 
can’t be equal to G,_, and H, , simultaneously). 

Let (e)-Qy« Q1 Q4 —. ..—Q,,—Q be a compcs'*ion serios fo, 
the group Q, then we claim that 

(0=0,<0,<0,<...<0,(=0)<6,1<6,=6 .. (6 
and (#)= 0И<0,<.0,<...<0„(=0)<Н_,<Н=сС_...(; 
hoth are compusition series Гог С. For this purpose it is sufficient : 
Gy. 


rove that -$1 ang fic are simple. 
Get „бюл. - С.Н Ga СО 
Now Q GrH Wie He Dut po is simp ic 
Gi- rome SA s Ж Goes, 
hence EC 1 js simple. Similarly - g es Ga I$ simp’. Again (6) 
" С, Ë өң 
and (7) are equivalent, since == A ond PUE, 


1-1 
Seen above) and each of (5) and (7) is of iength т-- 3 
Now by Case (I), series (2) and (6) are equivalert, sc 


: ; k=m-42, 
Again by Case (1), series (3) and (7) are equivalent, therfore б 


l=m42. 
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Hence k=l. Also as series (6) and (7) are equivalent; the series (2) 
and (3) are equivalent. This completes the proof for the Case (Ш) 8 


PROBLEMS 


1. By using the fact that any commutative simple _roup is of 
prime order, prove the following: 

(a) A finite group G is solvable if and only if it has a composition 
series, each of whose factor group is cyclic of prime order. 

(b) Any solvable group with a composition series is а finite 
group. 

2. Let G be a group having a composition series and Н, a normal 
subgroup of С. Prove that С has a composition series, one of whose 
terms is H. 

[Hint, Let G=G,>G,>G.>. . .>G,=(e) be a composition series- 
Consider the normal series G> H>(e). By the Schreier’s refinement 
theorem, they have equivalent refinements.] 

3. Let GA(e) be a finite group. Prove that if G is solvable #0 
G contains a normal Abelian subgroup HæÆ(e); if G is not solvable 
then G has a normal subgroup H-Z(e) such that H'=H. 

[Hint. Use the fact that С is solvable if and only if G'?)--(&) far 
some positive integer n.] 

4. Determine a composition series of A, (224). 

1 1 ; ЗАЧ С finite solvable group of order mn such that (m n) 
. contains at least one subgroup of order т a 
any two such subgroups are conjugate. 


6. Prove that a finite p-group (pisa prims number) is cyclic if 
and only if i; has only опг composition Series 


' 7. Let G bea finite Abelian group of order p» wit (5p p) 
as its set of invariants. Prove that it has СРС р" —— D- ipeo 
composition series, (p—1* 


8. A group G is said to be nilpotent if it has a normal series 
6-6 2 6,26,2...2 G,- (e) 


G 

such that ae С a 

биз © (су) i-o 12.5 
Prove the following: ў 


true. 
(b) A subgrcup and a quotient gro Я are 
{ up of oup 
nilpotent. | Р of a nilpotent 8f 
(c) Any commutative group is nilpotent. 


(2) Every nilpotent group is Solvable, however converse 15 not 
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(d) If С is a group having a normal subgroup. Н such that G/H 
and H both are nilpotent, show by an example that G need not be 
nilpotent (Compare with Theorem 5.10). 

9. Prove that every group of order pq, p and q are prime numbers 
(not necessarily distinct) is solvable. 

[Hint. Use Theorem 5.10.] 

10. A group G is said to be perfect if G=G’. 

G is a group such that all its subgroups H(;£G) are solvable, but 
G is not solvable. Show that G is perfect. 

11. Show that if N is a normal subgroup of G and G has a com- 
position series than N has a composition series. 

[Hint. Use problem 2 above] 

12. Let a group G be direct product of two subgroups H and K. 
Show that G has a composition series if and only if each of Hand K 
has a composition series. 

13. Let G—HXK, then show that С is solvable if and only if 
each of H and K is solvable. 

[REMARK. One part of this problems is Cor. 5.11.] 

14. Prove that every group of order pq, p, д are primes is solvable. 

15. Prove that every group of order pqr; р, q, г are primes, is 
solvable. 


6 


SURVEY OF SOME FINITE GROUPS 


We have seen before, that two finite groups of same order need 
not be isomorphic e.g. the group S; and the cyclic group of order 6, 
are of same order, but they are not isomorphic. One can ask the 
following pertinent question. Given a positive integer n, how many 
non-isomorphjc groups of order n exist? Cayley's theorem shows 
that any group of order п is isomorphic to a subgroup of the 
symmetric group S,, of degree n. So the above problem is solvable 
if we can find all the subgroups of S, of order п and see which i 
them are mutually non-isomorphic. Since S, is a finite group (o 

order n!) S, has only finite number of such subgroups. So 02 
does feel at the outset that the problem is one of verification and » 
Dot difficult to solve. But it is very surprising that the problem ps 
awaits solution. Here we shall answer the problem for some special 
values of n like p*, pq, 8 etc. where p and а are distinct primes- р 
the case of Abelian finite groups, the problem is completely solved 


by the use of Fundamental Theorem of Finite Abelian groups 3s Ù" 
seen in Theorem 6.3. 


Lemma 6.1 . Any two finite Abelian groups G and G! are isomorphic 
if and only if their Sylow subgroups are isomorphic. 


Proof: Let o(G)=p,*1p."2. . „руе where p/s are distinct prim? 
and a;>0 are integers, Then 


К G=S,8S,8...0S, fae а) 
where each S; is the Sylow p,-subgroup of С. 


If c is. an isomorphism of С onto Сі then 
Gt=o(G)= o(S)G с(5,)Ф... Ф e(S;). 
k 


k 
Consequently o(@)=olo(G)|=]] els) [T piti=o(G) 
il S 


and 0(0(5)1=0(8:) —P/" gives that o(s,), e(S;) 
Sylow subgroups of G'. Now с maps $ 5 
So that 8:220(5;) V i=1, 2, 3, . 


‚.› (5) аге k 
ғ isomorphically onto ol di 
<» k. This proves that the co” 
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tion is necessary. 

Conversely let G and G! have isomorphic Sylow subgroups. Since 
51, S.,..., S, are the only Sylow subgroups of G, С! has correspond- 
ing Sylow subgroups Sj’, S.’,..., Sj such that S;=S; 4 i under an 
isomorphism с; of S; onto S;’, 

Now G'=S,'@S:'®..-®8S,/ zs) 

Define o:G-+G' as under. 

Take хЄ С, (1) yields x=x,+~.+. ..--x, for some unique X;€ S, 
wi. Then put о(х) —ejG5) + o.(x2)+. ..-Fei(x;). Clearly e(x) € G1, 
For any x—xX X; . «Xi; у= H+. . - +E G with x; y;€ S; 
wi, we have 

М х+у= (+) + (+). . EO d-)). 

Therefore, о(х+))= оху) + G(X: 3-9) . . e. (6-34) 

= [91(х1) + o0] H- [o2 G2) H. - + [os (4) H- 2, ()] 

= [вү(Ху)+-+%(%;)+Е...-Ев„(хь)]-Е[ву(о) + o). . t ox0)] 

==вс(х)-Ев(у). 

This proves that c is a homomorphism. 

Now 
с(х) = (> в(ху)-Е (х)... (х) = 010) + 920) H-. .. T o,(x,) 

сх) = о(у) vi—1, 2, . . ., k because of (2) 

zX;—yiMi-l,2,.... k; since c; is 1—1. 

>x=y. 

Thus c is also 1—1. 

Consider any x'€G'!; (2) yields, x’ = х, + x; +... -+ x,’ where 
xi ES vi. Since в: S:S; is onto, there exists x;C€ S; such that 
c(xj)ox,. Take х=х,+х+...+х; 
then o(x)=6,(x,)+ o.(x.)+. . Fo, (х) 

=x HX H. o. HX Ex". 

Hence c is onto. Consequently c : G>G'is an isomorphism and 
G&G". This establishes the lemma.m 

In a worked-out exercise given after section 5, chapter 4 we defin- 
ed ‘par ition’ of a natural number n. We re-state (slight differently) 
that definition as under. 

Definition 6.2. (Partition of a natural number). 

Let n be any natural number. Then any expression of n as а sum 
of natural numbers is called a partition of n. The number of parti- 
tions of n will be denoted by t(n). 

Remyrk. In the expression of п as a sum of natural numbers we 
Write the numbers in descending order of magnitude, 

Thus if n=mtnet.. Бп MSNS.. >п. 

EXAMPLE 1. 4=4, 4=3+1, 4=2+1+41, 4=212 


» 41 
1+1 are five different partitions of 4. Thus 1(4)=5, +14 
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EXAMPLE 2 5=5, 5=4-+1, 5=3+14+1, 5=3+2,5=2+2+1, 
5—2--]--14-!, 5=1414+1+41-+1 are the seven partitions of 5 and 
so 1(5)=7. 

Theorem 6.3. For any positive integer n=p,"! p... ри“ where 
рг are distinct prime numbers and o;>0 are integers, the number of 
non-isomorphic Abelian groups of order n is the product 1(,)t(22)- + + 
oe о). 

Proof: Let С be an Abelian group of order п. Then 

G=S,65.0...8S; E 
where each S,isthe^Sylow p-subgroup of G of order рї. BY 
Lemma 6.1 any two finite Abelian groups of order n are isomorphic 
if and only if their corresponding Sylow p;-subgroups are isomorphic. 
Thus if А, is the number of non-isomorphic Abelian groups of order 
p;*‘, then there exist АА... А, number of non-isomorphic Abelian 
groups of order n. So if we can establish that A;=t(a;)the result will 
follow, 

Consider any prime p and any positive integer «. We are required 
to prove that the number of non isomorphic Abelian groups of order 
p* is t(z). Consider any Abelian group S of order p*. Then 

5=А4,ФА,6...Ф4,. . PP 
where A,’s are cyclic p-subgroups of order p^ such that 8,228:2* 
mS Rie 

(2) => p*=0(S)=0(A,)o(A,). . (A) phitBit.- B 

Thus sr Bot. . -FBris a partition of a. We know that ph 
рб? .. p аге the invariants and апу two finite Abelian р groups 
are isomorphic if and only if they have same sets of invariants 
Consequently two isomorphic finite Abelian p groups of order Ys 
determine uniquely same partition of « Consider a partitio" 
ac ry ri: ers of a. We сап take rr. >r, by renumber 
ing, if necessary. Choose cyclic groups Cf acia рїї (ї=1, 2, 
нде эз, HR: Then $—8,0 В.Ф. --®B,, isan Abelian p-group of orde! 
р“ such that P's p"? , .., p'™ are its invariants. So we have 58 
that two Abelian p-groups of p* are isomorphic if and only if they 
determine same partition of « Further to each partition of « there 
corresponds an Abelian group of order рх such that it determine’ 
the given partition of ш. This proves that the number of 10%” 
isomorphic Abelian groups of order p is same as (7) Hence t 
theorem follows.@ 

Theore: 6.4. For any prime number p, а group of order р? is either 
cyclic or а direct sum of two cyclic groups of order p each и 

Proof: Let G be a group of order р" We know that G is Abelia” 
(Corollary 3.57). If G has an element of order р? thea G is cyclic 
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Suppose that С is not cyclic. Then for each a(z£2) EG, o(a) | p. gives 
o(a)=p. Choose a(4e)EG then H= < a> is a cyclic subgroup of 
С of order г. Choose РЄ С such that bg H. Then K— <b> is also of 
order p. Now НК = (е). Consequently o(HK) —o(H)o(K) =P*=0(G), 
so that G=HK. Hence G=HX K, a direct product of two cyclic 
groups of order p each.m 

Remark. The above result follows immediately from Theorem 6.3. 
Since 2=2, 2=1+ 1 are the only partitions of 2, there are two non- 
isomorphic Abelian groups of order p* having (p?) and (p, p) as their 
respective invariants. In the former case G is a cyclic group of order 
р? and in the latter case G is a direct product of two cyclic groups, 
each of order p. 

Theorem 6.5. Let p and q be two distinct prime numbers. To be 
definite let p<q. If G is a group of order pq, then one of the following 
holds. 

(I) С is cyclic (Abelian). 

(IT) It has two generators a and b such that a?=e, b*—e, a-!ba—b* 
Jor some г such that ғ51 (mod q), r"21 (mod q) and р divides q—1 
(Non- Abelian). 

Proof: Since o(G) —pq, G has at least one Sylow q-subgroup of 
order q. By Sylow's Third Theorem the number of Sylow q-subgroups 
is 1-++kq for some k>0 and 1--Kq divides p. As g>p we have k—0. 
Thus С has only one Sylow q-subgroup, which is normal and being 
of prime order q, is cyclic, say <b>. Again G has at least one Sylow 
p-subgroup of order p and number of such Sylow p-subgroups of G 
is 1--kp for some k>0 and 1--kp divides q. As qis prime we have 
1+kp=1 or 1--kp—q. In the former case С has only one Sylow 
p-subgroup <a>; which is normal. Then <a> N<b>=(e) gives 
ab=ba [since if H and K are two normal subgroups of a group G 
such that H(YK —(e), then hk kl € H, КЄ K] Consequently o(ab)= 
o(a)o(b) —pq—o(G). Hence G=<ab> is a cyclic group of order pq. 

We are left with the case when 1+kp=q. This implies p divides 
4—1. As С has at least one subgroup, say <a> of order р, o(a) — p. 
Now a baG <b>, as <b>, is normal subgroup of С. Consequently 
aba=b for some r with 1<r<q 

If r—1 then again we get G=<ab>, a cyclic group of order Pq. 
So if С is non-Abelian rz£l. Thus rÆl (mod д) Now а-а 

4 (a-!ba)a— a7 bra—(a- bay —(b') =b" . Similarly a~*ba®=b" and so 
on, finally a-^ba»—b'" . However a?=e. Hence b=b"” This yields 
r?=1 (mod q). Further notice that <a> N <b> =(e) and henes 
о<а> <b>]=0<a>0<b>=pq=o(G). Hence G=<a> ер. 
Thus each element of С is of the form ач», This proves that G is 
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a group generated by two elements a and b such that a?—e, bi=e, 
a-!ba— b', r#1 (mod q), r?=1 (mod q) and P | (9—1). 


Conversely let r, p, q be such that p<q are primes and they satisfy 
the above conditions. Consider two cyclic groups H=<a> and 
K=<b> of ordersp and q respectively. Let G be the set HXK= 
{(a“, b") | и and v are integers such that l<u< 


p—1 and 1 &v«q- 1). 
G has pq elements. For any 


(a, b”), (a*, bY) in G, define (a", b") 

(a*, b?) — (ач, ЬУ), ге 

To show that the composition is well-defined, let (ач, b*)— 
(а'& ‚ Б^), (a”, b") — (а, bY) 


This > at=al, b°=b', а= аха, br py 
=p | (и—и)у),р | (х—ху), q | (v—») and 


qgl16'—») 2. A) 
>p | (ux) - (Ex) аана, since (a) p, LAS 
Again consider уу-уу 

(г) г (у) Бу). TM 
Since q | (v —v,) and q | (y—},), if x=x,, we get 


from (4) that q | (r*-- y) (vri py) s prt by pnr n, 
Suppose xz£x,. To be definite let X<x,. Then 
r= 7"(1— r“ X), As pry (mod q) and p х 

—X) we ha 
poten (mod q) > q| науа | (rex 01720) We have 
Then again, (4) yields that "+y psy, 


Hence (att, БУ) (анх ругу 
This proves the composition is wel] 


defined 
Consider 


(a", b"), (a*, b"), (a*, b')eg. 
(1) Associativity: — (a, b"Y(a7, Ьа", 

(auto, by at, pe 
= (avers, HOLY ys, 


= (ans BY ур 


bt) 


+t 
Similarly (a*, Ь»)[(а°, by) (qs, ы) ) 
—(autzers Б yrs 
This proves the law of associativit е A ty. 
(2) Existence of Identity. T 


А €—(a*, boy ; 
(a^, bo^ (qo. bY) — (qo tn that 
и e) =(a", by) ат, bi) (go bo 
Thus (49, P) is the identity of Ns Bo), 
() Existence of right in i 
that vr^-- y is divisible by 
positive integer such that Iq> px 
Then (a*, b"Y(a», Б") = (gv x ; 
Hence С is a group, Р n= (а, Ьо). 


verse: Takin 
8 x= 
if D—u 
9; for example take ys Puto besuch 
TS —vre 


Where ] js a 


Pp — 
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Note let а, = (а, 5°), b,— (а, b) then 

a,*=(a", b^), b,"—(a^, b"); so a,^b,? =(a", b") and therefore, a, and 
b, generate С. Further a,?—(a?, b?) —(a^, b?)—e, the identity of G. 
Similarly b,t—e. Now a,7b,a,=(a?™, b^)(a^, b)(a, b") = (ae, b")—b,r. 
Hence G is a group of order pg generated by elements a, b, 
of orders p and q respectively, rl (mod q), r?=1 (mod q) and 

— 1). 
7 Кын x show that any two non-Abelian groups G and G’ of order 
Pq are isomorphic. 

Now С and С’ have generating sets (a, b) and (a', b') such that 
а?=е, bi=e, (a’)?=e’, (b')!—e', for some integers r, ғ"; a^? ba-br, 
(a!) ?b' a' —(b')" with rAl(mod q), r’41 (mod q), r?=1 (mod q), 
(r')P=1 (mod q). Now all solutions of the congruence х”==1 (mod q) 
which are not congruent to 1 modulo q are congruent to some one of 
r, r°, Р... 1771 modulo q. Thus we have r’=r? (mod q) for some i, 
between 1 and p—1. Then Б” =br'=a-‘ba‘. If we put а, =аї, b,—b 
we see that a,, b, also generate С and a,™ b,a,—b,". Define a 
mapping с: СС by c(a,"b,")—(a')"(b')" x integers и, v. We 
leave it to the readers to verify that с is a well-defined mapping and 
is an isomorphism.m 

REMARK. The above theorem gives that for any two prime 
numbers p<q. Following cases happen. А 

(1) If р does not divide 9—1, then any group С of order pq is 
cyclic. 

(2) If p divides q—1 then there are only two non-isomorphic 
groups of order pq, one of which is commutative (which is again 
cyclic as p and q are different primes) other is non-commutative. 

EXAMPLE 3. Consider p=2, 4—5, Clearly p| (4—1). Thus 
there are two non-isomorphic groups of order 10 one of them is 
cyclic and other is generated by two elements a and b such that 
a’=e, b^—e, ac ba—b^, since 4*z1 (mod 5). 

EXAMPLE 4. Consider p—3, 4=5. Here p does not divide 
q —1. Thus any group of order 15 is cyclic. 

Definition 6.6. For any positive integer n, a group D, generated 
by two elements a and b satisfying the following relations a"=e, 
b'—e, bab-1=a7"; is called nth dihedral group. 

Let H=<a> and K=<b> be cyclic groups of orders п and 2 
Tespectively. Consider the set G=HxK={(a", b”) luv any 
integers). If, for any (a", b°), (a*, b") C С we define (ач, b"Y(a*, b!) 
(ач+з, һә) in case v=0 and (а“, b")(a*, b") — (a-e, b»*v) in case v=] 
Then G js a group of order 2n with a,=(a, b9), b,— (a^, Б), as iis 
Benerators, Also q,?—e, b—e, bab; —ay;, Hence G is ze zh 


172 MODERN ALGEBRA 
dihedral group. It can be verified that any nth dihedral group is 
isomorphic to G. 


Definition 6.7. A group G generated by two elements a and b 
satisfying the relations a‘=e, b'—q, 


bab?—q is called group 
of Quaternions. 1 
The set H consisting of the following matrices 
1 0 0 1 Aug 
&($ 1 (2 о) (УГ _ —©), 
0 у= 
(yt р) 


is a group of order 8 under usual matrix multiplication If we take 


З 01 -[(V-1 50 ү, 
а= (o3 o) and 5—( 0 г) сап be easily seen that 


a and b satisfy the conditions defining the quaternion Broup. An 
group of quarternions can be seen to be isomorphic to H, “ 
Theorem 6.8. Any non-Abelian group G of order 8 is either D 
the group of quaternions. or 


Proof: Since G is not Abelian G is not cyclic so G 
i cannot h 
any element of order 8. Further if every non-identity element а ё 
is of order 2, С will again be Abelian. Thus there exists 
such that o(a) is neither 2 nor 8. Then o(a) | o(G) si а (&е)єЄ С 
Thus the subgroup H={e, a, a’, азу being of index 2 is a o(a)=4. 
Choose bEG such that bé H. normal in С. 

Then G=HUbH={e, a, a’, a’, b. 

This shows that a and b generate G ++ (1) 
commutative. So abzzba Now bab-!c H, ài аи then G will be 
=o(a)=4. In Н, only element Other than 15 normal, o(bab т) 
that bab! =a? =a", а Of order 4 jg na 

2 IS 4%, So 

Now G/H is of order2, so (bHy— 
or b*—a ог = а? or Баз, 

If b'—a ог b?=a? 


> ba, Ба?, bay, 


then муы, 


А = This į 
mutative. Hence b?= HN IS 15 not Doss; 

B5 D, and in the falis: Ma ^. In the f, c ua аѕ G is not 
nions.m © get that G ig the нае Pat i. 

REMARK. Since 3—3, 3-241 a Ol. quater- 

: 3a] 
of 3, there are three nop. А1 аге th 
е -isomorphi e A 

Above theorem gives that there an Phic Abelian ice Partitions 
groups of order 8. Hence e two nop.; 
order 8. 


no 
ther, 
© аге five пото nie Abelian 
"phic gro, 
ups of 
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PROBLEMS 


1. By taking p=2 in Theorem 6.5, prove that the co 
relation r*—1 (тоа д) has only two solutions viz. г 
(mod д). Conclude that any group of order 2g (q 
either cyclic or the dihedral group D,. 

2. Prove that any non-commutative group of order 6 is isomor- 
phic to the symmetric group S;. 

3. Prove that in S,, the sum of lengths of any set of non-id 
pairwise disjoint cycles cannot exceed n. Using the fact tha 
group of order 15 is cyclic, conclude that 4,, A, and 4, 
subgroups of order 15, although 15 divides their orders. 

4 If a group С of order 12 is not isomorphic to 4,, prove that G 
must contain an element of order 6. 

5. If a non-Abelian group of order 12 is not isomorphic to 4 
and contains at least two elements of order 2, then G is the dihedral 
group D,. 

6. Show the direct product S,x Н, where H is a cyclic group of 
order 2, is isomorphic to D,. 

7. Show that the number of non-isomorphic Abelian groups of 
order 12 is two. 


ngruence 
=1(mod д), rz —1 


is an odd prime) is. 


entity 
t any 
have no 


MISCELLANEOUS WORKED-OUT EXERCISES 


Exercise 1. Let f, g be two disjoint cycles in S, of order m and k 
respectively. Show that o( fg)=d where d—[m, k]. 

Solution. o( f) —m, o(g)=k = f"—I and g*—I. Since f and 
g are disjoint, fe —gf. 

So (fg)-f4g!—I, as m| d and К | d. Further let ( fg)" =e then 
f'-g. 

If f* is not the identity permutation, there exists a € S such that 
S"(a)a, so f" (a) belongs to the cycle of f. But f" (a) —g-'(a) implies. 
87"(а) belongs to cycle of f. This is absurd as f and g are disjoint 
Cycles. Hence our assumption is wrong. Thus fr=J=g-r => f'-I 
and g'=/ = m|r and k | г. Now d—[m, К]. Consequently d|r. 
Hence o( fg) =4. 

Exercise 2. Show that a group of order 112 can not be simple. 

Solution. Let С be a group of order 112. o(G) —112—24.7, 

Consider Sylow 2-subgroups. Number of Sylow 2-subgroups is 
142k where k>0 is an integer, such that (142k) | 7. This gives 
K=0; 3. 

In case k=0, we have only one subgroup of order 16. So it must 
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be normal and hence G can not be a simple group. 

In case k—3, we have 7 Sylow 2-subgroups of G, and all of them 
are conjugate to each other. Let H be one of these Sylow 2-sub- 
groups. Number of distinct right cosets of H is o(G)/o(H)=7; let 
these be Hx,, Нх,,..., Hx. 

Define f: G>S; by fX) T. » x € G where Ta(Hx)=Hx;x-! 


у i=1,2,..., 7. It can be easily checked that Т. Є S, fisa homo- 
morphism, and Ker f С Н. 


If G were a simple group, Ker f— 


(e), where e is identity of d 
G#Ker f otherwise G=H! Nur 
Now since Ker f—(e) we get that Gz«f(G), where f(G) is а sub- 
group of S;. 


Iff(G) consists of all even permutations, then f(G 
о(4:)=2520 and of /(G)] -o(G) -- 1012 =» 112 | 2520. Dus B ine 
Thus f(G) has at least one odd permutation, The set of even рете 
mutations in /(С) form a normal subgroup of f(G) of index 2, which 
is against the simplicity of G. Consequently G can not be a simple 
group. Ў 


Exercise 3. Characterize all groups G which have exa tly one pro- 
per subgroup. 

Solution. By problem 24, section 3, Chapter 2, G must be a finite 
group. ketip pue q be two distinct prime numbers dividing o(G) 
Then by Sylow's Theorem, G has Subgroups of order p and q This 
as against the hypothesis of the exercise. Hence o(G)—p" wh 
is a prime number and n is an integer 22 —p" where p 

Again by Sylow's theorem, G has sub ron - 
Since G has exactly one proper subaru; ML TU р" eae 
sequently G is an Abelian group of order p. Either е : E 
group or G is the direct product of two Cyclic groups e is а cyclic 
p. In the second case G has more than one соот Боо 
p, which is once again, a contradiction to 
is acyclic group of order p? where 

Exercise. Definition: A subgrou, 

AIT р HofagroupG i T 
mal subgroup if (i) HÆG, and (ii) There Bar gr. es 0а шя 
K of С, such that HZ K«G. Xist any sub-group 

Show that <Q, + > has no maxi; 

Solution. Let H be a maximal s 
rational number r/s(r, s Є Z, 5350y 
subgroup of Q, and Z4Q; HAO: Lét m În 
тп520). 

Now тіл € H > nmn E Hs meg Мий 

- Maximali esit 
H+<r/s>=Q. As a consequence r|sms=h4tr Is Fu Wa E 
1 D 


! and p. 


pisap 
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t € Z. Thus r/s=msh+tmr=(sh)m+ (tr)m EH as m EH, sh, tr © Z 

This is a contradiction. А 4 
Exercise 5. Prove that the centre of a group G is properly contain d 

in every maximal subgroup of.G having a composite index. S 

Solution, Let Н be a maximal. subgroup of б, with composite 
index. 

Let Z be the centre of С and let Z be not contained in Н. There 
exists a € Z,a g Н. 

Consider < Н, а > i.e., the subgroup generated by H and а 
Since His maximal; Н C <H, а> and à g H > <H, a> =G So 
any g € С can be written as a'h for some h € H, i € Z. (Note that 
we have used the fact that a € Z). 

Now for апу y Є Н, g EG, 897 — (a'h)y (ath) Sa‘hyh-1g-t 
—hyh-! as a € Z. But h, y, h-! Є H imply that gyg™! € Н. Hence 
H is a normal subgroup of G. As G/H has composite order, it has a 
non-trivial subgroup say K/H, ie., {H}<K/H<G/H. This in turn 
gives that H<K<G. This is against the maximality of G. Hence 
Z CH. 

Now if Z=H then Н is a normal subgroup of С and by the same 
arguments as given above, we get a contradiction. Hence Z<H, 

Exercise 6. If С is a perfect group, then centre of G/Z (С) is trivial, 

Solution. For convenience we shail write Z for Z(G). Suppose 
centre of G/Z(G) is non-trivial. There exists Za € 202) such that 
a @ Z. Define a mapping f: G > G by Гох) =аха-!х-!. We claim 
that axax- € Z foi all x € С. Since Za € z( z) ZaZx=ZxZa 


> Zax=Zxa > (ах)(ха) € Z = axa x! € Z. 

Thus f is a mapping from G to Z. We now show that f is a 

homomorphism. 

Note that /(xy)-axya ! yx- =(axa 1 x-1)x(ayay 3)x71 
—(axa-!x-!)(aya!y !)xx^!, as (aya !y3) € Z 
=/(х) fO). 

Now Ker f is a normal subgroup of G. 

If Ker f=G then for all x € G, f(x)=e 2 axa x =e > ax=xq 

=> a€ Zwhichisa contradiction. Hence Ker f <G. 

Finally as f: 6 > Z is a homomorphism, G/Ker f~T where T is 

а subgroup of 7. As 7 is Abelian, G/Ker f is Abelian hence 
G' C Kerf. 
But G is perfect, G=G’ This in turn implies G=Ker f which is 
Poss Hence aZ=Z; as a consequence, centre of G/Z consists of 
only. 
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Exercise 7. (Wilson's Theore 
(p- 1)z-—] (mod p). 

Solution, Consider t 

As p | p! DPA p! Sylow p-subgroup of S 
of Sylow P-Subgroups of S,is 14 kp. 
of order p, no two Sylow p. 


m). If P is a prime number then 


The elements of order Pin S, are Precisely the Cycles of length p. 


А a fil 
So their number js (ovo =(1+kp)(p—1) 


=(P—1)! Hence (p—1)! 
=p+kp?—kp—1| = (р—1)!+==— (той p), 
MISCELLANEOUS PROBLEMS 


1, For any non-empty subset ру of G, define Н-1— 


„(ж є H}. 
Prove : (i) Hisa subgroup of G > A =H, But Converse of this 
result need not be true in general, 
(ii) If H isa non-empty set then Hisa subgroup of G if and only 
if HH С Н. 


2. Show that a subgroup ру of a group G js normal subgroup of 
G if and only if for all *y € G xy € Hy € H. 

3. Give an example of а non-Abelian Вор G such that (ху): 
ху? for all x, y, in С. 


П group, Ргоуе th 
solutions of x"—e where n | *(G) and е; 


eis identity of 
of n. . 

5. Show that 4, has no Subgroup of 

[Hint. Use simplicity of EPI 

6. Show that a group of order 129 is not simple, 

[Hint. Use problem 5 above.] 

Aa Oye hat X group of order p'a, p and q being distinct prime 
numbers, is not simple. Show further that if q<p and od peal 
then every group of order Pqis Abelian, 

8 Prove that xax —b is Solvable for x in Gif ang only if aj ia the 
Square of some element in G. 

, ever 
commutes with a, a^! and e only, 


[Àn;, 


at the number of 
G, isa multiple 


Order 129 


Cyclic groups of order l, 2, 3 ana S4 
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10. Let G be a group of order 2n. Suppose that half of the ele- 
ments are of order 2 and the other half form a subgroup H of order 
n. Prove that H is of odd order and is an Abelian subgroup of G. 

Give an examp'e of a group satisfying the conditions given 3B5ye 

[Hint. Try 5;.] z 

11. Prove that every finite group having more than two elements 
has a non-trivial automorphism 

12. Give an example of an outer automorphism of a group G (i.e. 
an automorphism of G which is not inner) which maps each conju- 
gate class of G onto itself. 

[Hint. Take G flo а b € Z, and (5, 9-1). у 
С is group under matrix multiplication. Define fi Gag by 

b 


(Qs SE) 


13. Prove that a finite group of order 2n which contains an ele- 
ment of order n has at least +()+1 normal subgroups, where т(л) is 
the number of divisors of n. 

14. Let G be an additive Abelian group. For any non-void subset 
S of G, let D(S) denote the set of differences X—», Where x, yie s. 
Show that if A and B are any non-void subsets of G such that 
G=A U B, then either D(4).2 Bor D(B) D A. Show that if Gs 
A U Band if A and B are not disjoint then D(A)=G or D(B)=G, 

15. Let S be the set of all elements of G which are of order n, a 
fixed positive integer. Prove that the subgroup generated by S is a 
normal subgroup of G. 

16. Let G be a finite group, show that G is a cyclic P-group if and 
only if G has a unique maximal subgroup. 

17. Prove that the nth roots of unity constitute the only set of 
nth-roots of a complex number which is a group under multiplica- 
tion. 

[Hint. Let z be a complex number whose nth-roots form a group 
G under multiplication. Clearly G is a subgroup of non-zero com- 
Plex numbers under multiplication. So 1 € G > 1—zi/ 2—11] 

18. Let G be a finite group and suppose that for all d 21,G has 
at most d elements of order d. Prove that G is cyclic. 

19. Let G be a finite group of odd order. Prove that the set of 
Products of all elements of G taken in any order, is contained in the 
commutator subgroup. 

20. G is a finite group. Show that every element of G is expres. 
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sible as a square of some ele 
21. If p isa prime dividi 
of order p in S, are products of disjoint р. cycles. 


(Hint. Use worked out Exercise 1 after Theorem 6.8.] 
22. Show that As has no subgroup of order 15 and 20. 
[Hint, Every group of order 15 is cyclic and A, 

of order 15,] 


ment of G if and only if o(G) is odd. 
ng n then prove that the only elements 


has no element 
23. Let S be a Sylow 2-subgroup of 4,. Show that S has .5 conju- 
gates in A,. 


7 


RINGS 


1. Introduction 

Up-till now we have considered sets with one binary composition 
only. But there are non-void sets with more than one binary com- 
positions namely the set of integers, the set of rational numbers etc. 
We would like to enrich the structure of group by attaching some 
additional properties to it. The motivation arises from the fact that 
integers follow a definite pattern with respect to the ordinary addi- 
tion and multiplication. In this way we are led to the concept of a 


_ ring which we define as follows: 


Definition 7.1. Ring. 

A system <R, +,.> where R is a non-void set, + and ., two 
binary compositions defined on the set R, is called a Ring if it 
satisfies the following postulates. 

For any a, b, cER 

R—l. (a4-b)d-c:2a4- (b c). 

R—2. a+b=b-+a. 


R—3. There exists OER such that a+0=a. 
R—4, For each a€ К, 3—a€ К such that 
a+(—a)=0. 
R-5. (a.b).c=a.(b.c). 
R-6. a(b+c)=a.b+a.c (Left distributive law) 
(b+c).a=b.a+c.a. (Right distributive law) 
Remarks. 1. + and. will be called addition and multiplication 
respectively. 


2. Postulates R—{ to R—4 show that a ting R is an Abelian 
additive group. Thus the additive identity 0 of Ris unique. We call 
it, the zero of the ring R. Also because of the saine reason, for each 
4C В, —a is unique; we call it the additive inverse or negative of a, 

3. For any two elements 4, b of a ring R, we shall denote 
a-+-(—b) by a—b. р 

4. For convenience sake we shall usually write ab for a.b. 
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3. Following the Convention set и 


confusion Tegarding the underlying binary compositions in a ring 
<R,;+, .>, we shall Say ‘Ris a ring’. Thus the phrase ‘R is a ring’ 
means that R is a Non-void set with two binary compositions + and 
-, Such that XR, i ing. 


Definition 7.2. A ting R in which ab=ba for every a, bE К, is call- 
ed a commutative ring, 


Definition 7.3, An element е of а Ting R is called a unity (or an 
identity) of R if ae=ea=a for every ac m. 

Tn general a Ting may or may not h i 
easily shown that if a Ting Rhas an 


P for groups, if there is no 


m 0. Howe 


ver if R has at least 
urse th: 


must be different fro ACIER. has unity then it 


EXAMPLE |. T 
multiplication, It js 
the unity of Z, д 


m zero, 
h i ; 
debis i I rag inda usual addition and 
к S Ting With unity, The integer one is 
9! the sets i А E 
bers, all real numbers and all complex num ы ee a 
ЖЕЗ Ж З ctiv 
commutative ring with unity under usual addition а E р Ive. 1: E 
EXAMPLE 2. The Set E of even integers ; Nd multiplication. 
addition and mult 


Plication, p ; со SS а ring under usual 
since there is no even integer е such hee ifie TIng without unity 
integers y, at еу 


Jé—y for all even 
EXAMPLE 3, T А 
1 The set M of 2 matrices Over j i 
under matrix addition and multiplication is à 28018 form a nd 
ring with Unity, The Zero Matrix i the М 
(ПШ ОХЕ F 

matrix ie 0 Is the Unity, For 44 
‘the negative of A, 

To show that M js nOn. 


4,4 NOn-commutative 
additive identity and the 


" ‚ В| а = is 
а а, а —üs 
find two 
fg ABR 4. Take АЫ 1 4, and 
B= ( ) then аг 0 ‘0 3 

Ar 0 3 o) апа Bae (1 2 m 

EXAMPLE 4, Consider the set у. 1 2/* Clearly ABE 
under addition and multipli ={0 


1 f W, Т, 2 3, | я in 
EXAMPLE 5 ; Mlication modulo 6( Tb X is a ring 
AUG oan additive ay CC Chapter 1) 
two elements, Define a binary e Ve Abeli 
under, HET 


ition 21 BTOup with at least 
190 On the elements of С 25 
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For any x, y€G set х.у=0. 

Then <G, + ,.>isa ting, Gisa commutative гіп 

EXAMPLE 6. Let F dencte the s 
such that f is continuous on R. 

For f,g€ F we define their sum and Product as follows: 

CJ--8)6) —f(X)--&(x) for all хє. 
(f.2)(x~)=f(x)g(x) for all xc R, 

Then <F,+, .> is a commutative ring with unity whose zero ele- 
ment is a map w: В — R such that w(x)—0 x x€R, The additive 
inverse of fE Fis a map f* :R >R such that f'(x) = —f(x) y XER. 
That F is a commutative ring is seen as under. 

For any f, F, (fg)(x)=f(x)g(x) and (s.f )6) —s(x) f(x). But 
KC). B(X)ER in which multiplication is commutative; therefore, 
Jos (х) = (х) f(x); hence (/.8)(х)= (s. f Xx) vx€R. Thus f.g=g. f 
for all f, ec F. 

Finally let 9: R > R be the mapping defined by 6(x) 21 v xc R. 


Then (6. /)()—f(x) -( F(A s xe R gives 0. f—f.6 =f. Hence @ is 
unity of the ring Р, 


g without unity, 
et of all mappings £: R > R 


2. Preliminary Results 
Theorem 7.4. For all a, b ina ring R 
(i) a0=0a=0, 
(ii) a(—b)=(—a)b=—ab. 
(iii) (— a(à— 5) —ab. 
Proof: (i) Forall ^ a€ R, a0=a(0+0) 
—a0--a0. —R-3 
404- (—40) — (a0 4- a0) 4- (—0) 
0=a0+-[a0+(—a0)] 


=:04+0 
=a0. 
Similarly 0а=0. 
Непсе а0=02=0 має К. 
Gi) alb+(—b)]=a0=0 ~ [By (i) above] 


=> ab+a(—b)=0 

=> a(—b)=—(ab). . 
Similarly we can prove that (—a)b — — ab. 4 
(iii) (—a)(—b)=—[a(—-b)]=—(—ab) [Ву part (ii) above] 

—ab.m 

Remark 1. 7f R isa ring with unity 1 and 1—0 then R=(0). 
Proof: Let хЄ К then x=1x=0x=0 by (i) above, so R—(0).m 
Thus if a ring R with unity 1 has at least two elements then 1350, 
So as to avoid the trivial situation, when we say that R is a ring 
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i i i ual to 
with unity then this would always mean that its unity 1 is not eq 
zero. 


В + is а posi 
REMARK 2. (i) By nx we mean x+x-+...,ntimesif n is a p 
tive integer and 


Е : ive 
(<х)+(—х)+...., (—n) times if n is a negati 
integer. E 
(i) If nis a positive integer, by x^ we mean xxx. . ., n facto 
Thus 


SX=X+xX4x-4x4% 
(-3x-C-3) (734. 


X!—XXxxxxx V x€ R 


¥xER, 
DHH) vxER 
and i 
3. Special Kinds of Rings 0. 
We know that given two integers a, b; ab=0 implies a—0 or b= t 
Thus in general if a, b are elements оға Ting then one expects ha 
whenever ab=0 then one should geta=0 or 5—9. However this 1 
not true. For let 


{ 
О 73 (Dog 
Mm 4-5 э), в-(0 0) 
then AB=( 4 б) while А ang B are non- 
to the ring M of оуу Matrices over integers, Thus it is possible 
that ina Ting R, there may exist two non-zero 
ab=0, 


at 
elements, a, b such th 
Definition 73, 


Let R be a 
ab=0 for some 


А in 
Zero matrices belonging 


(Zero-divisors), 
Ting, 


yeni 
ап element 2€R is called а left. zero-divisor } 
non-zero bE В, д, 


x y €R such that ba—Q. left 
: contains at least two elements, then 0 in à 
as well as right zero-divisor of R.0 is called а trivial zero-diviso" 
A non-zero element of R which ; (right) zero-divisor is calle 
hi 
уво: om ZerO element of R which." 
0-divisor is Called a Proper zero-divisor ee 
divisors, we say that ‘R4! 
Н f 
commutative rin R wh; i rope 
zero-divisors is called an integral domar M em mr 
Alternatively a commutative ring p< ain 
B R is 1 dom 
if for all a, b€ К, ab=0 = А Called an Integra 
EXAMPLE 75 The Set Z under usua] addition апа multiplicatio® 
isan integral domain, because for any two ; x b: aba 
= a=0 or b=0, Integers a, b; 
EXAMPLE 8. Consider the ring X—(9 i28 s 6 2 unde 
the addition and multiplication modulo 8, This fee commutatiV* 
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however it is not an integral domain. Since 2 
non-zero elements such that 2.4=0. CAU nre twa 

EXAMPLE 9. The set Q under ordinary addition and multipli- 
cation is a integral domain, for ab—0 > a—0 or b=0 у a,bco 

Remark. In later chapters, we shall be using frequently the word 
*domain' for integral domain. 

Definition 7.7. An element a of a ring R with unity 1 is said to 
be unit (or invertible) if there exists an element b of R such that 
ab=ba=1. 

EXAMPLE 10. In example 8 above, 5 is a unit of the ring X, 
since 5.5=1 (mod 8). 1, 3 and 7 are also units as 3.3—1 (mod 8), 
1.1=(mod 8), and 7.7=1 (mod $), while 0, 2, 4 and 6 are not units. i 

Remark. An element a of a ring R with unity is called a non-unit 
if it is not a unit. Thus in example 8; 0, 2, 4 and 6 are non-units. 

EXAMPLE 11. Consider ring R={0, 1, 2, 3, 4, 5, 6} under 
addition and multiplication modulo 7. Since 1.121 (mod 7), 
2.4=1 (mod 7), 3.5=1 (mod 7) and 6.6=1 (mod 7), we see that all 
non-zero elements of R are invertible. 

Theorem 7.8. In a ring R with unity 1, units form a subgroup of the 
semi-group —R, >. 

Proof: Let S be the set of units. Clearly 1.1=1 gives 1 Є S. 
Consider a, bES. Then as a, b are units 3 c, d€ S such that 
ас=са=1 and bd=db=1. Then (ab)(dce)=a(bd)c=ale=ac=1, 
Similarly (de)(ab)=1. Thus ab is а unit; so ab€ S. Clearly c—a-i 
is a unit. Thus a! € S. Hence S is a subgroup of <R, .>.m 

Definition 7.9. (Division ring). 

A ring with unity in which all non-zero elements form a group 
under multiplication is called a division ring. 

Definition 7.10. (Field). 

A commutative division ring is called a field. 

EXAMPLE 12. Consider M, the set of all 2x 2 matrices of the 


type ( a Ji where a, b are complex numbers and à, 5 are their 


D 
З 5 1 0 : 
onjugates. M is a ring with unity (0 |) under matrix addition 
and multiplication. Let A be a non-zero matrix in M. Then 


LE ( x4 yi Aia where x, y, u and v are not all zero, 


—u--vi x—yi 
x—yi m u--vi 
зуи x*-Ey?-Eu*--y? 
Consider B= Р j xd 
u—vi x+yi 


xy et ve XHP +e pe 
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0 
Clearly ВЄ М and AB=BA=( i D 
Е ЗР. 
Thus every non-zero matrix of M is a unit. Hence M is а divisio 
ring. We show that M is not a field 


w (156 ew — 
TETT NE 
EON Po к 
era fa, ws D 


— 
EXAMPLE 13. In example 11 we have seen that R is a сой 
tive ring with unity and each of its non-zero elements is invertible, 
therefore R is a field. 


EXAMPLE 14. The set C of all complex numbers is a field under 
usual addition and multiplication. С is clearly commutative and its 
is unity of С, Also for every non-zero complex number a+bi ! 
a—bi š m ICT 
cp works as its multiplicative Inverse. 

Similarly since reci 
rational number and reciprocal of a non-zero real number is a €? 
number, Q and R are also fields. 

Theorem 7.1]. A commuta 
only if for all a, b, cE В, ab я 

Proof: Let R be without ,b,cER be sach 
that ab=ac and a40. Now ab =ac>a(b—~c)=0. As a0 and R has 
no non-zero zero-divisors, b —c—0 Le. b—c, 

Conversely suppose that R satisfies the given cendition and let 2, 
bER be such that ab=0 and a0. Now 0=а0 gives ab—a0 wit 
47-0. This by our hypothesis implies b=0. Hence Risa ring with- 
out zero-divisors.m 

Definition 7.12. (Cancellation laws). 

A ring R is said to satisfy the left cancellation 
cER, a0, ab=ac>b=c. А similar definition c 
cancellation law. 

REMARK. It should be em 
we always mean cancellation of non-zero elements. 

Theorem 7.13. Any finite non-zero integral domain is a field. 1 

Proof: Let R={a,, a, . . +- Qn} be a non-zero finite integr? 
domain with a,=0 and n 


22. Consider any a(zZ0)C R, then 
аа}, аа,, Aaina eny eee aln 


reciprocal 


58 
Procal of a non-zero rational number 1$ 


aw if for all 4. b 


en for right 


an be given for 


Phasized here that by cancellation in rin£ 
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are all л distinct elements of R, as cancellation laws hold in R, Con- 
sequently given any a;€ К, a, is one of ааг (i=1, 2,...,..., nyne 


a,— a4; for some i. 2 tis 
Thus in particular there exists q€ R such that 
a=aaq,. TI (2) 


Then for any bE R, ab=(aa,) b=a (a,b); hence b=a,b. Since R is 
‘commutative, this in turn implies that a; is the unity of R. Let us 
denote a, by e. Now (1) gives there exists a Є R such that e—aa; 

So a^—a;€R. Hence R is a field.m 

Remark. Another proof of the above theorem can be given by 
using the fact that a finite semi-group with cancellation laws isa 
group. Here R— (0) is a finite semi-group satisfying both left and 
right cancellation laws. 

Theorem 7.13. (a) Any finite non-zero ring R without zero-divisors is 
a division ring. 

Proof: The proof is exactly similar to the proof of Theorem 7.13 
except tha: after equation (2) we proceed as under. 

a-—aa,2» a(a,a — a) 2 a? — à? — 02» ааа as a340. 

Now for any x€R, ax-(aaj)x-a(aj;x)29 x—a,x and further 
xa=x(a,a)=(xa,)a>x=xa,. Hence a, is the unity of A. Finally (1) 
gives a,—aa; for some a;ER. Also a(a;a—a,)=(aa)a—aa= 
aja —a0,—02-a;a—a,. Consequently А is a division ring.m 

Remark. By a famous theorem of Wedderburn, “every finite divi- 
sion ring is a field". Hence we can say that ‘any finite non-zero ring 
without zero-divisors is a field’. 


WORKED-OUT EXERCISES 


Exercise 1. Let R be a system satisfying all the postulates for a 
ring with the possible exception of a+b=b +a. If there exists one 
element cE К such that ac=be>a=b¥a, bE К, prove that Ris a ring. 

Solution. (a-4-b)(c--c)-a(e--c)-- b(c4-c) -- ac4- (ac 4- bc) 4- be 

Again — (a--b)(c4-c) — (a-- bjc4- (a4 b)e— ac 4- (bc--ac) 4- bc 

These give ac-- bc bc-- ac 

> (a+b)c=(b+a)c 

Re a+b=b+a_ bythe property of element c. 

Hence А is a ring. 

Exercise 2. Jf in a ring К, х?=х for all x in R, then show that R 
is commutative. 

Solution. Рог all x, YER, (ху —х?ух?)2 x*ysty — xt yxy! 
—x!yx!y- x? yxtyx?—0 as х%=х°?. 

Thus x:y -xtyx?— (ху — X!' yx? = 02 x y X^ y, 
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Similarly we get ух? — х?ух?=0. Hence x*y=yx?. К aoe z 
Further (х2 — x =x — x> —3x+3x?=0533x=3x2 Lh т 

Finally (X? —3)!—x!—2x'4-xt—2x: 2x 2x2 -2x— x — x? by ( A 

But now by (1), (х2 — x} y=y(x?—x)? so we get (х—х?)у=у(Х—Х (3) 


5 em 
Again by (1) xy-yx?. This together with (3) imply that xy—J 
Hence R is commutative. 


Exercise 3. If in a ring R with unity, (ху)=х?у? for all x, eR 
then R is commutative. 
Solution. For all x, yE К, x(v+ D] ax*(y-4- 1? 
> (xy rx) = x (?--2y4-1) 
> (ху) E xyx-b x! y Ext xtyt E 2x'y 4 x2 ay 
> хух=х?у ang Y 
Replacing x by x--1 we get that Gc Dy(x-- 1) (x 4-1)??y 
> (ху+у)(х+1)=(х?--2х-Е1)у 
XYXTXYLYX+V=x" y+ Ixy+y 
= ух= ху; since by (1) xyx=x’y, 
Hence R is a commutative Ting. 
Exercise 4. Let S={g,, E» 


++» 83) be a finite semi-group with com 
Position denoted multiplicatively. Let R be a ring. 


n 
We define R(S)-( X 148: | 4€ R, g; 
t= 
formal symbol. 


‘Thus Xa;g;—X bigiea;,—b;vi—1,2,.. sn 
We define +- and . on R(S) as under 
n n 


=> 


п е 
ES}, where X ag; is just 
i=1 


n 
У ag;t E bg;— X (a;-- big; 
i=1 i=1 i-1 


n n n д the 
(2 aig; is ай ы where c, = X абу; 
i= j= = 
А t 
sum being taken over all pairs ai, b, such that gig; gi. Verify the 
R(S) is a ring. 


Note. R(S) is called semi-group ring. 
Solution. Clearly (Z aig; 
Li 


T 2 bigi) + Leg; = z (a;3- bog. 08 
de Silat b)+ cdé: 

Bit Bede: 

= Z agit( Ё bigest z сю) 

апа хав X bg,— X (a; 

Nos 0— 2 dis 


= Hat Qr cylg,— Xa 


tb)rn- X b-ra)yg- У bigi+ zd 
1 t $ 
Where dj—0 wi, works as zero for R(S) ? 
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F agit A dig; = (а:4-4,)8:= = aig; as d;=0 xi. 


Also zc PER poa 2(- —a;+a;)g;= 


Thus <R(S), a > is an nem group. 
We denote, by У аф; the element c,— È a;b; of ring R, 
8i8j=8k 
where the summation is taken over all a;, b; such that Sig;—£x. 
Similarly У a,b,c, and > a:b;c,, stand for the elements 
(gig5)8k —8u Bil 838K) — £v 
„== X абусь, B, — X а{бус„ of the ring R respectively where the two 
summations run over triples a;, bj, c, such that (g;gj)g,—$, and 
gi(£;2x) =e, respectively. 
Now [( a а:8:)( T bsg) z O81) =( : arge) 5 с) [where 


„= = а= 23 Buku 
8i85=8x Ы 
where B= = C= = ( > aib;) с, 
Ek$1—8u &к&1=&щ 8183=86 
= x aib;c, REI 


(2igj)g— gu : 
Again ( > 4;8;)[( : big; 2 c«g))-( = aig) 2 Big; [where 
Li 


B= € Б] x Ly Sins r= X a= X al X b,c) 
818 1=Sk 8i8k=So 8i8k=8o 8)81=8к 
= У а,Ь;с,. 
2:221) = 8v 
Since Sis а semi-group under multiplication, g,—gu vt, v=1, 2, 


ә п. Hence [( 2 ав) b,gj)K х cgi) 
= agil 2 6,0 г cig)]- 
Thus —R(S), . > is a semi-group. 
Finally Z ав: (У big; + Ecjg;) 
= д а ( z (bi+c;)g;) ү 
à aigi c d,g;) when d;=b;+-c;¥j=1, 2,...,n 


Bangs where a= X  aidj- У  a(bjtcj) 


ij ij 
5183= Ek БЫЧ 
= ж аб рас, 
i,j i,j 
8i85=8k Si83—8k 


—B,rY, where B= > .ab,v,— X ас; 
7 à 
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Again (  ajg,)( Ж big;) +( Ж ағ (ХУ c,g;) 
i j i 
=} TE 
Р BeBe F rx 
= 2 (B.+Y2) 2% 


= У ag, 
E cgi) 

Hence Zag, (E bizit 3e) (gy ag 2 bg) X agi с 
Similarly it càn be proved that 

(2 bigi+ X cg 3 aig;)=( Z bg, У ав;)--( E суо) ( Zago 
j j i j i 

>. > is a ring, so wim 
lansky) Prove, that if an element of a. ring i 

one right inverse, then the set of its right inverses 


Consequently < R(S), + 

Exercise 5. (Кар, 
unity has more than 
not finite, 5 

Solution. Let R be a ring with unity 1 and let a€R has mor 
than one right inverse, 

Consider the set S of right inverses of a, 
(x€R | ах=1}. 

Let s be a fixed ele 

Put 

Since a(xa— 


In other words 52 
ment of S. 
T={xa-1+5 | xes). 
1+5) =(ах)а а ag 
=la—1+as 
=as=] 
Define f : S—T by f(x) 
ther f is 1—1 Since f(x) 
=> Xa=ya>(xa)x= 
So if S is a finite Set, 
Since SES, SET and 


» We get Ха—1+5Є 5, hence TCS. A 
—Ха—1+5, ¥xES, Clearly f is onto. Fut 
“SIO)>xa—-14s=ya— 145 

(ya)x>x (ax)— J(ax)2» x— y, 

then | 5 | zT. 


So s=za—lis for some zes. 
- This implie: 


ae ch 
that a is unit and as » a 
4 nverse. This is against the hypothes 
Hence S is not a finite set, 


=. 
AS а consequence Т 


id set R with binary compositions + and: 
Satisfying all the postulates of a ring except r 
laws, is called a Pseudo 


ring if (a+b)(c+4 

alla, b, c, dC К. Show th 
2—0.0 then 3z=0 and a.0 i 
if we define yon R by хау X y— z for all x, YER then prove tha 
(К, +, x) is a ring and X&z 

Solution, 0 -0)0--0) 06.100. 

Further ОО рорад 

> a0432=2 > айы, imilarly it can 


=0.a=4.z 


0.0-+0.0>2=42=32=0. 
+z>a,0+2z=0. А 
be proved that 0.a= 
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In particular this implies a?.0=0.a?=z. 
Thus a.z—a.(a.0)—(a.a).0—a?.0 =z, Similarly it follows that 
Z.a=z, 
Lastly for all a, b, cc R. 
(аЬ) с (a.b — z)«c—(a.b—z).c— z 
—(a.b —z).(c+0)—z 
= (a.b).c+ (a.b).0 —z.c—z.0 —z 
=(a.b).c+z—z—z—z 
=(a.b).c+z as 3z=0, 
Again ag(b4c)— a4(b.c — >) 
=a.(b.c—z)—z 
=(a+0).(b.c—z)—z 
=a.(b.c)—a.z+0.(b.c)—0.2—z 
—a.(b.c) -z--z—z—z 
=a (b.c)4- z. 
Since (a.b)c—a.(b.c), we get that x is associative, 
Further a,(b+c)=a.(b+c)—z 
= (a+0) (b+c)—z 
=a.b+ac+0.b+0.c—z 
=ab+actz4+z—z=a.b+ac+z 
Also (a.b)--(ac)—a.b —z--a.c—z 
=a.b+ ac—3z+z 
=a.b+a.ctz as 3z=0. 
Hence — a4(b--c)—a45b-F- asc 
Similarly it can be proved that (b+c),a=bya+cya. 
Consequently < R, + , > isa ring. 
Finally x4.z=x.z—z=z—z=0 and Z4X=Z.X—z=z—z=0, 
Exercise 7. S is a non-empty set and R is a ring. Let X be the set 
of all functions from S to R. For f, g€ X define f+-g and f.g as under: 
For all хєх, Cf-8)6)—f()--g(x) 
and (/.в)(х)=/(х)в(х). 
Show that under these binary compositions X is a ring, 
Further if R is commutative, then X is commutative, 
Solution. The function w:S>R given b 
definitely in X, so X is a non empty set. 
Clearly if f, gE X, f+g and f.g given by 
SEOSE and (FOSA) vxe X, are also in y 
Let x€S and f, g, hE X. у 
Then ((f4-g)4-h) (х) = C--£)6)--A(x) 
—(U09)--20))--A(x) 
=) H{8(x)+A(x)} 
={f+(g+h)}(x) 


У w()—0 ¥sES is 
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> (f+g)t+h=f+(e+h) 


Also (f+8))=f(™)+8(x)=8(~) 4- E) 
>f+g=g+f. " 
Again Cf w)x) =) (х) — fx) e f-w—f v fe X. 


fine f; : S>R by /\(з)=—/(з) vsc S. 
Tei dn CF f)09 —f0)3- Q9) f(x) - f(x) 0 —w(x) 


+fi=w. 
Next per DAADAA =[ /(х)в(х)]!(х) 


SSANIA- 
=[/(в.)](х) > (f-g).h=f.(g-h) 
Finally 168+) — foot -- 509] -fo)[e (x) 2-09] 
=/(Х)в(х)+Дх)щ(х) 
=( /.8)(х)-+-(/.)(х) 
=(/я+/.!)(х) 
> f(g--h)—f.g--f.h 
Similarly it can be proved that 
(g+h) . f—g.f--h.f. 
Hence X is a ring. 
Lastly if R is commutative then 


LAA =Д(х)в(х)=в(х)/(х)= (е. f)(x) ofg=e.f. 
PROBLEMS 


1. Prove that the set Z{i]={a+bi : a, bEZ} is a ring under the 
usual addition and multiplication of complex numbers. 

Z{i] is called the ring of Gaussian integers. 

2. Prove that the set R={at+b VT +c VT +аує |a b ё 
dcQ) is a field. 

3. Is the set R’ 


of all irrational nuinbers a ting under the ordinary 
operations of addition and multiplication of real numbers? 


[Ans. No) 
4. Prove that for any prime number p, the set f 
Q(»)-(a*bV 7 |abEQ}is а ring under the operations 0 
usual addition and multiplication of real numbers. Is this set a E 
Ans. 
5. Prove that for all a, [An 
(a+b)(c+d) 
6. Prove that a ring R 


b,c,dina ring R 
—ac-t ad 4- bc-- bd. 
is commutative if a 
(a b —a:--2ab 4- p ма, ЪЄ В. : 

T. Let К, be the set of all nxn matrices whose elements аге 1? 
a ring R. For any two matrices 4 —(a;;), B=(b;;) define ATB7 
n 


(aise) and AB=(c,,) where C= È agb; Show that under these 
k=1 


nd only if 
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operations AR, is a ring. This ring is called the ring of nxn matrices 
over К. 

Further show that if R.has unity 1, then. R, is not commutative 
for any n22. 
8. Let S be a non-void set and let F be the collection of all sub. 
‘sets of S. For any A, BEF define 
A+B=AUB—ANB 
and AB=ANB 
Prove that F is a commutative ring with unity. 
9. Let G={(g1, 8..5 +++» Zn)} be a finite group with its com. 
position denoted multiplicatively. Let R be a ring and let 
R(G)—((a,, а... + + ал) | a;€ В}. 
We define addition and multiplication compositions on R(G) as 
under: 


(а, Gey 5 а) (01 bos «+ oy +. y) 
=(a;+b;, а,Ь, «2 5 + © o An+bn) 
and (а, Ar,» a ++ ass bo. as © o ора) (Crs Core eg LL, en) 


where c;=%a;,b,, the sum being taken over all pairs a,, b, such that 
g.8:=8; in the group С. Verify that R(G) is a ring 

R(G) is called the group ring of G over R. 

10. Let H —(as--aji4-a;j-- ask | ao, ау, a», ЄВ). 

Define equality between the elements of H as under: 
0 4- ai4- a; j-- ask — bo b,i-- b.j-- bk if and only if 
a=b, a, —b,, a,=b, and a4—b;. 
Define addition and multiplication compositions on 7 as follows: 
(aota i +a j4- ask) = (bo - bii 4- b; j-- b;k) 
= (aot bo) - (a1 b,)i -- (a .-- b3)j 4- (as - bo)k 
and (a,-F-a;i--a; i+ ask)(bo4- b,i4- b, j4- bsk) 
= (abo — a,b, —aib, — a5b3) + (aob, +a1b0 + а,Ь, —ayb,)i 
+ (а +42b9+ ab, —a,bs)j+ (aoba+asbo+a,b, — ayb;)k. 
Prove that H is a division ring. 

11. If R is a system satisfying all the postulates for а ring with 
unity with the possible exception of a+b=b+a Prove that this 
postulate holds and therefore R is a ring. 

[Hint. Expand (a+b)(1+ 1) in two different ways.] 

12. If in a ring R, x*=x¥xER, then prove that (i) 2х=0ухє R 
and (ii) R is commutative. 

13. Give an example of a non-commutative ring. R without 
such that (xy)’=x'y" for all x, yE К. 


ЕЗ Таке в={(о À | a, bez 1] 


14. Prove or disprove. 


unity 
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If R is a ring with unity such that (x5)! —x3)? for all x, yE R, then 
R is commutative. 

15. Give an example of a pseudo-: ing which is not a ring. 

[Hint. Let X—(0, и, 2u} be an additive cyclic group of order 3. 
For every a, bE X, define ab—u.] 

16. Let А bea ring and eC К be such that ex ox v x€ R, then? 
is said to be a left unity of R. Show that if R has a unique left unity 
then К has unity. 

[Hint. Show that for each x€ А, x--e— xe is also a left unity of RJ 

17. Let К bea ring with unity e. If for some хЄ А there exists 
unique yE R such that xy =e, prove that x is invertible. 

[Hint. Show that x(e--y — yx)—e.] 

18. An element e of a ring is called an idempotent if e=e. Fur- 
ther an element x ofa ring А said to be nilpotent if x» —0 for some 
positive integer л. 

Show that in a riag A; 

(i) A non-zero idempotent cannot be nilpotent. 

(ii) In a ring with unity 1 and no Proper zero-divisors, the only 
idempotents are the zero and the unity. ў 

19. If in а commutative ring А, a and b are nilpotent elements 
then a+b and ar for all rE К are nilpotent. Prove ! 

(Hint. If a"=0, 5^—0 then (а--Ьу"+п н 

CONDE ELS au whe. bomen.) 


20. If a ring A has no non-zero nil 
potent el any 
idempotent e of R, ex=xe¥xER. Prove! Rr der KS 


[Hint. For any x in R, (exe— xe): — 

21. Let R be a ring with more than 
a€ К there exits a unique element b in 
that (i) bab—b and (ii) R is a division 

[Hint. Show that R has no Proper zero-divisors 

22. Prove that a field is an integral domain EP ‘ 


23. Let p be a prime number, Li А - 
bers which, when expressed ; ct D, be the set of rational num! 


b=p" for some integer k>0. 

and multiplication D, is an int 
24. Prove or disprove th 

att i i i i i 

t Um here is an integral domain with 51* 


[Hint. Let D be an integr 


0 —(ex —exey.] 

one element. Let for each 
К such that ађа=а. Prove 
ring. 


al domain of 


tively. Then 2ab —0. Now a0 
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25. Prove that any finite field must be of prime power order. 
[Hint. If F is a finite field such that two distinct primes pand 
divide order of F, then by Cauchy’s theorem F contains two Miner 
a and b of order p and q respectively with respect to addition. 
then pab —0.] а 
26. Show that the ring of integers modulo р isa field if and only 

if p is prime number. 


4. Subrings and Ideals 

In Chapter 2 we discussed the concept of subgroup H as a non-void 
subset of a group G closed under the binary composition on G such 
that H is itself a group under the induced composition. In analogy 
with this concept we now introduce the concept of a subring. 

Definition 7.14. A non-void subset S of a ring Ris called a sub- 
ring of R if 

(i) for any a, bE S, a--b€ S and abC S. In other words S is clos- 
ed (or stable) under the addition and multiplication compositions 
in А. 

(ii) S itself is a'ring under the induced addition and multiplication 
compositions. 

If S is a subring of R, then R is called an overring of S. 

EXAMPLE, 15. Z is a subring of Q. 

EXAMPLE 16. The set Y of all2x2 matrices of the type 
[ “| where a, b, с are integers is a subring of the ring M, of all 
2x2 matrices over Ж. 

Theorem 7.15. A non-void subset S of a ring К isa subring of S if 
a-d only if a—bES and abES for all a, be S. 

Proof: Let S be a subring of R and let a, b € S. Then by defini- 
tion of S, a--b€ S, а2Є S. Also as S is a ring under induced addi- 
tion and multiplication, it follows that a—bES. 

Conversely let S be such that for all a, LES, a~bES and abc S. 

Now a—b€S va, be S implies that 5 is a subgroup of <R, 5, 

Thus S is closed under the addition composition іп А and is an 
Abelian group under the induced addition. Further we are given that 
S is closed under multiplication. Consequently S is sub-semigroup of 
<К, >. The laws of distributivity hold in S since they hold in R 
So that S is a ring under the induced addition and multiplication, 
Hence 5 is a subring of R.m : 

In complete analogy with discussion on Group Theory, it is now 
the turn of equivalence relation to be defined on the elements of rin 
R with respect to a subring S. E 
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Definition 7.16. (i) Let Rbe a ring and S, a subring of R. n 
a, bE К, we say that a is right congruent to b modulo S [Symbolica А 
a= ,b (тоа 5)] if and only if a—beS and (a—b)d€S for a 
ає К. ү 

ү Similarly we define а is left congruent to b modulo S [гурды 
cally a=,b (mod 5)} and only if a—b € Sand d(a—b) € Sfor 4 
dec Е. | ! 

(iii) a is said to be congruent to b modulo S ifa is both right an 
left congruent to b modulo S; this is denoted by a=b (mod S). 


Theorem 7.17. Right congruence modulo a subring S, is an equiv 
lence relation on the elements of R. 


Proof: Let a, b, c € R. 

(1) Reflexivity: Since 4—а=0, (а-а)4=0 v d € R and 0 € 5 
we get a=, a(mod S). К 

(2) Symmetry: a=,b(mod S)=a-bes and (a—b)d € Su 
d€R > b—a— —(a—b) € S and (b-ad—-(a—b)de S vd € 
=> b=,a(mod S). 

(3) Transitivity: a=,b(mod S), b=, c(mod S) > a—b E S, b-i 
€ S, (a-b)d Є Sand(b de sy d€ в 

As S is a subring, a—c=(a—b)+(b—~c) Є 5 

and (a— c)d-- (a — b)d +(Ь—с)а Є5 чхає в. 

Hence a=, c(mod S). 

This proves the theorem.m 


П 


subring of R such that for any a € E 
y€R, ау € S then for each x € R the subset ice 15 5 
is the equivalence class for the relation of right congruence modul? 


€ R, xS is the equivalence class for # 
ray ruence modulo § 
y Я 


» then ay € S for alla € "" 
Proof: Let the Subring S p 
and let L={r є р | tz М 


А 
“ћааує5уає Sy Є: 
Now if y € L then y 


u 
Again z € x+S алм е Lhe 


5 
ST S. Then for an R, (2—х)у € 
by the h thes; ee УУЄ К, Į "ERU 
ar hesis. This Blves z=, x(mod S)ie,z C L. This yiel 
Hence x+ 9— Ln. 


Conversely if ^ be 
relation of Е а each x € R, x--S is an equivalence class for t d 
gnt congruence modulo S, then as 0--S—S we £ 
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a=, 0 (той S) v a E S = (а-0)у E 5уує р > ау є 5 з 
у Є R. Hence ay Є S чає Sandy E€ Rm 

Similarly if T be а subring of R such that for ally € R, r Є Т, 
yt €T then for every x Є R, x--T isan equivalence class for ihe 
relation of left congruence modulo T and conversely. Further if у 
be asubring of R such that forally € V, r € R, w E у, Є р 
then for every x € R. x+V=V+ xis the equivalence class of rela- 
tion of congruence modulo V and conversely. 

Allthat we have just discussed above motivates the following 
definitions. 

Definition 7.19. ^ non-void subset J of a ring R is called a left 
ideal of R if (i) a,b E I > a—b € I and (ii) a € I, гє ЕЮ 
- rae 1. 

Definition 7.20. A non-void subset J of a ring R is called a right 
ideal of R if(i), a,b E J >a—b EJ and (й) aE Jr Rs 
ar € J. 

Definition 7.21. A non-void subset K of a ring R is called an 
ideal (or two-sided ideal) if K is both left and right ideal of R. In 
other words a,b € К» а-Ь Є K anda€ К,гЄє К > ає к 
and ra Є К. 

REMARK. [п а ring R, (0) and A are trivially right as well as left 
ideals. Any right, left or two sided ideal A of R, whichis not equal 
to (0) and R is accordingly called a proper right, left or two-sided 
ideal of R. 

EXAMPLE 17. Set E of even integers is an ideal of the ring Z 
of integers as 2m —2n—2(m—n) € Е for all 2m, 2n € E; further if 
r € Z then r(2m)—2rm € E ¥ 2m € Е. 

EXAMPLE 18. Let R be a ring and leta € R. The subset 
X={r € R | ar=0} is a right ideal of R. To see this firstly note that 
0€ XsoX is non-void. Further if x, y € X then ax=0, ay=0 
=> a(x—y)=0 > x-y E X. 

Also if r € R, a(xr)=(ax)r=0r=0; hence xr € X. 

EXAMPLE 19. In the ring М, of 2x2 matrices over integers, 


0 
consider the set z-l( 0) abcz | 


Now la 0) Є Land so L is non-empty. 


А а 0 с 0 (4-3 0 
Also (5 TER 0)= bu o En 

x күш б th ( M o (мт 0 
Again, if e є M E Y ЛЬ 0]^7 Ya--8b 9] 8 L 
This shows that Г is a left ideal of M. However L is not а right 
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тег е. 0 1 | O(0 j 
ideal of M since $ o) € Land (o o) € Mbut (а o o 0 


0 1 
= L. 
(0 0) 
EXAMPLE 20. Let again M be the ring of 2x2 matrices over 


integers. Then K={(6 o] abez | 
is a right ideal of M but not a left ideal of M. That K isa right 


ideal, can be checked easily, Now * н ) Є К, H o) c M, but 


0 o) олу, [0 0 
(a 00 o}=\o 1) К. 

Thus К is not a left ideal. | | 

REMARK. By definition every left, right or two-sided ideal is а 
subring but the converse is not true. This can be seen from the 
following example. 

EXAMPLE 21. Z is a subring of Q but Z is not an ideal of 2 
since 3 .3=2¢Z though € О and 3c Z. 

REMARK. Let BC A be two ideals of a ring R. It is immediate that 


if we regard A as a ring itself then В is also an ideal of A. We show 
by an example that the following does not hold: | 

‘If CC IC К be such that C is an ideal 
then C is an ideal of R’. 


b 
EXAMPLE 22. Let r= (3 ? d 


0 0 g 
then К is a ring under matrix addition a 


of Гапа Jisan ideal of А 


a b,cdef,gc 1 


nd multiplication. 


0 
Let 4= | 0 
0 


A is an ideal of R. 


0 
Let B= 1: 
0 


0 
(Verify 1) 


D x 
0 y x, yeZ ; 
0 


ez] then B is also an ideal of A, 


000 0 

since 020 o) eal, a t 00 y 0 0 u—v 
000 оо 0/ \ о О] 00 i 

0 0 0.0 0 

0 0 

and Duos n 0 O “\/o o л ооо 
0 0 oo о 0/10 oko o y|-[o o piet 

We claim that B is not an ideat OO 0 0 0 0 0 0 


| 
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0 0 0 0 0 I 
To see this, consider| 1 0 0|Є Капа | о о ol|c A 


ооо ооо 


0 0 0/0 0 1 ооо 
then {1 0 оо O JEU 0 1J|& 8B. 
000/90 00 ооо 


Hence В is not ап ideal of К. | | | 
Definition 7.22. A ring R is said to be simple, if 
(i) 3 a, bE R such that ab, 

and (ii) R has no proper ideals. | 

Tad If Risaring with unity 1520) then to prove that R IS 
simple, we do not need show the condition (i) in the above definition, 
since by taking a=1, b—1 we see that Е = 

Theorem 7.23. A division ring is а simple Ting. — | | 

Proof: Let A[>4(0)] be an ideal of a division ring К. ae 
45(0),3а(50)є А. Араіп аѕ К 15 а division ring, а 1S ы) unit in 3 
Le. 3b€ К such that ab—1. Hence 1 € А, since dcm "e E. = i 
we get г=г1Є A. Consequently R=4- Hence prop 
ideals.m | | 

REMARK. For any ring R with unity 1, if any eur I е: ЧЕ 
tains 1 then /— Р. То see this consider xER then x=xl Eas 1c 7. 


So that RC I. However IC К. Hence I=R. 


WORKED-OUT EXERCISES 


Exercise 1. Let R be a ring with unity. If R has no right ideals 
€xcept R and how that R is a division ring. à 
шг. К: sufficient to prove that <R-— {0}, . > 1s a group. 

Let x(40)ER, Consider хК=={хт | "Є К}. Clearly х=х1Є К, so 
R is non-void. 

Further xy— xz2x(y—2z) €xR 
€xR. This implies xR is a "g 
XR—R. 

As IER, there exists Y 
is a semi-group with unity 

ence < R— {0}, .> isa g 


a b 
Exercise 2. Prove that M а) 


ple ring. " = 
Solution. That М isa ring under matrix addition and multi- 


plication can be easily checked. Since M, has unity viz. (0 1) 


and for апу SER, (xr)s=x(rs) 
ht ideal of R. Since x(40) ExR, 


ER such that ху=1. Thus <R—{0}, > 
is which every elemeni is right invertible. 
roup. Consequently R is a division ring. 


а, Б, с, dC о} is а sim- 
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д be 


M, will be simple if it has no ideals except M, and {0}. Let atriz 


an ideal of M, different from {0}. There exists a o D 3 
К . 0 the 

XEA. Let X=(a,)), ai;€Q, i, j=1, 2. Since XA [a 0/° i 
: ing 

exists a, C Q such that a,,40. Let E;, denotea 2x2 matrix P. É 

at ith row and jth column position and zeros elsewhere. (Ei; 1 

a matrix unit). 

Put Y=E,, and Z=E,,, С=Е,,, D—E,, 


ан 0 00 ars 0 ) A. 
Then YXZ+CXD= f o)* o an)=(0 ad 


; ы ^ 0 
Since a,,40, a,,-1 € Q.. So the matrix (5 н a € Ms 


т: 
Ce | 

As A is an ideal of М, (0 i-r ex o 0 )є& 

Hence A=M,. Thus М, is simple. 

Exercise 3. Let A be a non-empty set, and P(A) denotes the 
of power set of X (compare problem 8 at the end of section 3; ps. 5 
7). Frove that a non-empty subset I of P(A) is an ideal of. P(A) if 
only if for all X, YET, P(XUY)CI. 

Solution. Suppose for all X, Y € J, P(XUY)CI. 


ring 
ter 


Wi 
X,Y € I >= X A Y=(XUY)—-(XNY) isa subset of X U Ý- 1 


implies YAY€ P(XUY) = XAYCI. be 
Further for any ZE P(4), XAZCXC(XUY) = Xnze P(X”) 
X™MZEI. Hence J is an ideal of P(A). 
Conversely, let 7 be an ideal of P(A). 
Let TC P(XUY). This implies that TCXUY. 
X,Y€ I and Jis an ideal of P(A) = ХДҮЄІ. XnYCI 
Further, since TE P(A), TO(XAY)EC I and TANYE! 
But T=[TA (X AYJAITA(YAY), (Verify !) 
Hence TEF. Asa consequence 


P(XUY)CI. 
PROBLEMS 
9 
l. Let R be a ring. Show that Cus, roye R 
subring of R. C={xER | xyayx vy 


C is called the centre of R 
2. If R is a ring and ac к, sh h | arr P 
3 » Show that N(g).— (rc К | ar= 
subring of R and that the centre of Risa me RE N(a). 
мо is called the Normalizer of ainR p 
. Let А be an ideal i if R 
duty thea fr ОЁ R such that ASR. Show that i 


. y 
4. If A and B are ideals of a ring R, define А: B—(r€ R | „ВС! 
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Show that A : B is an ideal of R. 

[Note that rB— (rb | bc Bj]. 

5. For any element a of R show that the set Y—(rc R | ra=0} 
is a left ideal of R. 

6. Let К be a commutative ring and let 4 be an ideal of R. Prove 
that V A ={x € R| x" € A for some positive integer л} is an ideal 
of R such that (i) A C V A (ii) V V A —« А (iii) If А has unity 
and У А —Rthen A—R. 

[Hint. a,b € VA = a" € A, b^ € А, for integers mn>0 
= (а Б)" а" "Сатар, К (1) "+прт+а Є А > a—b 
EVA] 

7. Let R be acommutative ring. Prove that the set of all nilpotent 
elements of А is an ideal of А. 

8. For any left ideal 7 and any Tight ideal J of a ring R, prove 

1={х Є К | x =,0 (mod I) 
and J,—(x € К | x =,0 (mod J)} are ideals of А. 

9. Show that any matrix ring F, over a field Fis a simple ring. 
Deduce that a simple ring may have proper one-sided ideals. 

10. If Zis a right ideal of a ring А, show that I, the set of all 
3x3 matrices with elements in / is a right ideal of Ry, the ring of 
3x3 matrices over R. 

11. Prove that if Risa ring with more than one element such 
that aR—R for every non-zero element a of R then R is a division 
ring. 

[Hint. First show that R has no proper zero-divisors. Let c and 
d be non-zero elements of R. Then cR—R, dR—R. Thus (cd)R= 
c(dR)=cR=R. This gives cd Æ 0. So that R is a ting without 
zero-divisors, Now c(z 0) € R=cR = c=cu for some иЄ К. Then 
си=си` = u=u and u0. As uR=R, for any x€ R, x—uy, 
y € R> их=1йу=иу=х. So uis a left unity of А. Now uc R= 
cR = 3d Є Rsuch that u=cd also u € R=dR = je € R such 
that u—de > e=ue=(cd)e=c(de)=cu=c.] 

12. Let E be the ring of even integers. Prove that the Set all 


matrices of the form Е 4) where each a is of the type 4k (kis 


some integer) is an ideal of E,, the ring of 2x2 matrices over К. 

13. Show that a commutative ring R with unity is a field if and 
only if the only ideals of R are {0} and R itself. 

14. If Ris a ring such that for all x € R, x°—x € the сайте Uf 
R, show that R is commutative. 
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5, Algebra of Ideals 


Theorem 7.24. Intersection of two right (left) ideals of a ring КЇЎ 
i t) ideal of R. . 
" jr A A a B be two right ideals of a ring R. Since ue 
0€ B—0€A40 B, AO Bis non-void. Let x, y € AN B b 
TE К thenx,y € A П В=хЄ АапйхЄ В,ує A andy . 
As A is a right ideal of А, xy € Аап xr C Avr Є Ё. A 
the same reasons x—y € Band xr € B v r € R. Thus x,y€ 4 
-x—y€AnBandxr€ AYBvrec Р. | 2 
Consequently 4 (Y B is a right ideal of А. Similarly it сап 


д t 
shown that if 4 and B are left ideals of R then A N Bis also а le 
ideal of R.m 


Theorem 7.25. Intersection. of any non-void family of right (left р 
ideals of a ring К is a right (left) ideal of R. ' Li 
Proof: Let F—(Aj)i be any non-void family of right ideals y 
a ring R. Let A=N A, Since 0 € A; ¥ i€ А we have 0 € ^' 

itA 
Consequently А z& 4. On the same lines as in the above theorem "n 
can prove that x € 4,y € A4,rE R > X—y € A, xr c A. Hen? 
A is a right ideal of R. Proof for left ideals is similar.m 


Remark. If A and Baretwo ideals of a ring R then A U B may 
not be an ideal of R. This can be w 


ell seen in the followin? | 
example: 


EXAMPLE 23. 4=(2n | nC Z} and B= 


чый] 
(3n | nEZ} are two ide?7 
of 7. Consider 4 U B. 2 €A3C B32 


3€ AU B, but 977 
=] @ A U B as lis neither a multiple of 2 nor a multiple ah 
Hence A U Bis not an ideal of Z m 

One should notice that in this example “neither A is contained ! 
В nor B is contained in А.” Now we prove: п 

Theorem 7.26. For two ideals A and B of a ring R, AU В is й 
ideal of Rif and only if either А C Bor B C. A. 

Proof: If A C B then 4 U В= В is an ideal of R. Again BC AT 
AU B-Aisan ideal of R e 

Conversely let 4 1) p be an ideal of R, Suppose that ол us 
contrary “neither 4 is contained in B nor B is contained in В 
Then there exist elements x € A—B and YEBA xc A, y € 
099 9G А В As A 


; RE o) 
U В is an ideal, this in turn implies X A 
€ AU B So сүп ЖЕЎ GC Логу у € B. Intas x= E i 
We get y=x—(x—y) € A. This contradic 


mi 
hes ts the choice of y. E 
1 ху € Bthenx-(x— y), y € B whichis against the ре 
that х ё B. Hence our supposition is words eit 
AC Bor B a wrong. In other 
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We show that union of more than two ideals may be ideal even if 
none of them contains the union of others. Consider the following 
example. 

EXAMPLE 24. Let Y=(0, a, b, cj be a set, subject to the condi- 
tions 2a=2b=2c=0, а+Ь=Ь--а=с, at+c=c+a=b, b6+c=c+b=a 
and x x, y € Х, ху=0. Then X is a ring. The subsets I={0, ah, 
J={0, b} and K= (0, с) are three ideals of Y and none of them con- 
tains the union of other two. But Х=/ U J U К, is an ideal. 

Definition 7 27. Let А and k be two ideals of a ring R, then, the 
set A+ B={a+b | a€ A, bE В) is called the sum of ideals A and В. 

Theorem 7.28. For any two ideals A and B of a ring К, A+B is 
an ideal of R containing both A and B. 

Proof: Clearly 0—0--0€ 4--B, so A+B is non void. Consider 
х=а-ЕЬ,, y=a,+by, ау, a.€ А and bj, Б.Є B. Then x— y-(a, — as) 
-F(b, —b.)€ A+B as a, —a,€ A and b, —b.€ B. Further for any rE R 
xr=ayr-+-b.r, rx-ra,-rb,€ A+B since ar, ra,€ А and bir, rb, Є B. 
Hence A+B is an ideal of R. Finally for each ac A, as a=a+0 
and 0€ B we get aC A+B. Consequently AC A+B. Similarly BC 
A+B. This proves the theorem.m 

Definition 7.29. Let S be any subset of a ring R. Then an ideal 
A of К is said to be generated by S if (i) SC A and (ii) for any ideal 
B of К, SC B—AC B. 

We shall denote such an ideal 4 by the symbol <S>. One can 
see from the definition that <S> is the interscction of all those ideals 
of R which contain S. Consequently <S> is unique. Further if 
an ideal A is generated by a singleton, say S={a}, then A is said to 
be a principal ideal and instead of writing A=<S> we write A= 
<a> or (a). Finally if for an ideal A, there exists a finite set SC A, 
which generates A, then А is said to be finitely generated. 

Theorem 7.30. Fer any two ideals A and B of a ring R, A--B— 
<AUB>. 

Proof: By Theorem 7.28, A+B is an ideal of R such that AC 
A+B and BC A+B so AUBC A+B. Let X be any ideal of R such 
that AUBC X. IfzEA+B then z=a+b, a€ A, bC B. Now ac 
AUB, bE AUB=>a, bE Xa be X5zc x. 

Hence A+ BC X. Consequently, by definition A+ B— < А\)В:>.щ 

Definition 7.31. For any two ideals 4 and B of a ring R, define 
АВ={ X a,b; | a;€ A, b;€ B). ABis called the product of A and В. 

finite 

Theorem 7.32. For any two ideals A and Bof a ring R, the product 
AB is an ideal of R. 

Proof: Clearly 0—00€ 4B, so AB is non-empty. x, УЄ ABS 
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n 
m Я —y- Ў aib;i— 
x= 3 aby, у= È сй, where a; суЄ А, by, dC B; then x—y i=l 


i=1 im} i 
+ — е» 
X td D x where x,—a, ¥ k=1, 2, . . . n, х„ы==—С'%/ 
j=l k=1 2 m. 
2,..., mi Yu=be VK=1, 2, .. n, and y,u—d, 1—1, 2, ++ › 
[TH 


Since x,€ 4, укЄ Bvk—1, 2, .. ., m--n we get х—уЄ AB. 


n 
Further if rER then xr=(_ Zapor 
i= 


| 
| BO 
= X a(br)EAB as @ЄА and bre 
ii 


n n d p,€? 
Similarly rx=r( X ajb)— X (raj)b;C AB, as ra,C A and bi 
i=1 i=1 


yi=1, 2, us n. Hence AB is an ideal of R.m 
Definition 7.33. Powers of an ideal. 


Let A be an ideal of a rine then we define 4?— 44. 
Thus a aib; | aj, b:€ A). 
nite 


Using induction we can define А for any positive integer 7t. 
Definition 7.34. Nilpotent ideal. m" 
An ideal A of a ring R is said to be nilpotent if for some posit 
integer n, A"— (0). jat 
EXAMPLE 25. Consider M,, the ring of all 2x2 upper triang" 
matrices over integers. Consider the ideal J of M, generated 
i 3 Clearly 7 is nilpotent ideal Since 7?— (0). 
Definition 7.35. Nil ideal. fI 
An ideal of a ring R is said to be a nil ideal if each element ° 
is nilpotent (i.e., for each аЄ I, there exists a positive integer п 50 
that a^—0). 


EXAMPLE 26. The ideal 7 referre 
Ss - О 70 0 
deal = 
nil ideal since le 0) –(0 8) 


REMARK, Clearly every ni 
ideal then there exists à 
each aE A, an А" 


2 Ју 
d {о іп Example 25 is cleat 


` potent 
ilpotent ideal is nil since if A is nilpot? 
Positive integer n such that A»=(0). So { 
(0)>а"—=0, hence д is a nil ideal. Converse 
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not true, for this purpose we give following example. 

EXAMPLE 27. Let Zpn (n>1) be the ring of integers modulo p» 
where p is a fixed prime. Let F={{@,} | a4€ Zpn} Le. Fis the family 
of all sequences (a, } With 4, € Zpn. 

Define addition and multiplication on F as under. 

(à,)-- {bn }= {ant bn} and (2,)(5,) = (a,5.). 

Then it can be checked that F is a ring with the sequence {0,} 
working as zero, where 0, is zero of Zj, and —(a,)—(—à,). 
Now let R be the set of all those sequence of F which have only finite- 
ly many non-zero terms. Then R is an ideal of F (Verify !). 

We consider Rasaring. Let Ibe the ideal of R consisting of all 
elements of type (pri, Dra... « P7m0, ---), 4€ Zp*. 

Let a—(pr,, рӯ, ...,.-5 рт. 0, 0, ...,...)€ I. Since in Zpi, (prj —0, 
we get (pr —Ox ik. Thus a*—(0,0,0,...,...,..). Hence J is a nil 
ideal. We claim that / is not nilpotent. For this purpose we show 
that for any positive integer n there exists an element a€ 7 such that 


a"=40. 
Define a={@,} by taking à,4,—7 іп Zpnu and &,=04kAn+1. 
Thus a=(0, 0, 0, ..., ...5 ..., 2, 0, 0,...,...). 


m 
(n+1)* place 
Since in Zpn+ı, 2"50, we get d 
a^— (0, б, O, ...› ...› .-.› 7,0, 0, «+9 -+-) 40 
Hence /"5(0), x integers n>0.° Consequently 7 is not a nilpotent 
ideal. 


WORKED-OUT EXERCISES 


Exercise 1. S and T are subrings of a ring R. Let ST— 
qa Siti, SES, t€ T). Show that if ST=TS then ST isa subring of 
nite 


R. Give an example of subrings S and Tof a ring R such that ST need 
not be a subring of R. 
Solution. Clearly ST is non-empty and x, yC ST>x—yEST. 


m n 
Let x, y& ST then x= У sit; E a;b;, Si, a,C S and t; b;C T. 
J= 


і=1 
п т 
This implies that y= È E) si(t;a5)b;. 
Jesus 
Now t,aj€ TS > tia; EST 


iD 
> а= X af gt? 
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) : 
where ae Per and q(i, j) is a natural number depending upon 
i and j. 
n т qi,j) (i) Gi) 
Hence x= X Z sab. 


) 
But sa ES, $5, ET vk, jand i 
Hence xyE ST. 
This shows that ST is a subring of R. For second part take R=Zs; 
the ring of 3x3 matrices over Z. 


f/o о 0 r/o 0 a ] 
Let (в 0 o) a, — rd b o) a,beZy 
Uc 0 J J 


Lo o o 
It can be verified that S and T are subrings of R. 


0 0 00 a 
For any s=| x 0|€5,:-|o в oler 
0 0 0 0 


y 
0 0/0 0 cV /0 о о 
st=| x JE B JEC 0 =) =) 
у 0/50 0 0 0 zB ya 


and ST is a finite sum of elements of type (1). 


000 001 000 
Now |1 о oles, {o 0|€T2|o o i| EST 
110 0 0 0 1 1 


1 
0 
000 001 000 
also (i 9 Jes(s 2 0) ет 0 0 1\eST 
b 2:0 0 0 0/ 0 4 1 


А М ооо 0 
So if ST is a subring of R, then ( 0 | ч j EST. 
4 1 


осо моо 


ч 


0 1 1 


000 
In other words 0 4 1,)EST. 
042 


This is absurd as every element of ST must be of type (1). 
Hence ST is not a subring of К. 0 
Exercise 2. Two ideals А and B of a ring R are called 
maximal A+B=R. 


fn 
Prove that if A and B are co-maximal ideals of a commutative Г 
R with unity then АВ= Аг\В. 
Solution. As A is an ideal of R, 


Similarly 85 
ABC АВС А. Sim! 
ds an ideal of R, ABC В. сакс 
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Hence ABC ANB. : 

Let x€ ANB. Now R=A+B > l—r-ts for somerc 4, sc p. 
This gives that x=x 1—x(r-- s)-xr-Fxs. But rE 4, xc B > ip. 
€AB and xE A, SEB = х5Є AB. 

As a consequence x € AB. In other words 4 N B C AB. Hence 
A(1B—AB. 


PROBLEMS 


1. Show that if A is a right ideal and В is a left idéal of a ring 
R, then ABC ANB. 
' Give an example of a ring R and ideals A and B of R such that 
АВ-&АГ\В. 

2. Prove the following: А 

(i) If A and B are right (left) ideals of a ring R then AB isa 
right (left) ideal of R. 

(ii) If A is a left and B is a right ideal of R then AB is a two- 
sided ideal of R but BA need not be even a one-sided ideal of R; 
however BA is a subring of R. 

(iii) If A is a left and B is a right-ideal of R thend+ В need not 
be even a one-sided ideal of R. 

(iv) If A is a left ideal of Rand B is a right ideal of R, A N B 
need not be even a one-sided ideal of R. 

(Hint. (iij) and (iv) In the ring Z, of 2X2 matrices over Z 


take »-l(s 2) « bez} ana 4-lG o) x, yez}. ] 


3. Let A and B be ideals of a ring К such that A(1B—(0). 
The sum A+B is called direct sum of A and B, and it is denoted by 
АФ B. Show that each element of A@B is uniquely expressible as 
a+b, a€ A, bc B. 

4. If A, B and C are ideals of a ring R prove that A(B+C)= 
AB+AC. 

5. Prove that ifa ring R contains a non-zero idempotent e (i e. ее) 
such that е is not a left unity of А then R is direct sum (see 
problem 3 above) of non-zero right ideals eR and S={a—ea | ac R}. 

6. If A, B, C are ideals of a ring such that BC A prove that 
AN(B+C)=B+(4N0). 

This is called modular law. 

Give an example to show that in general AN (B+ C) is not equal 
to ANB+ANC. 

[Hint, See Example 24. Take A=/, B=J and C-—K.] 
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7. With reference. to problem 4 of Section 4, if 4, B, C are ideals 
of a ring R, prove the following: 
(i) (ANB): C=(A : С)Г(8 : C). 
(il) A : (B+C)=(A: B)M(A: С). 
(iii) 4: (BC)=(A : C) : B. | 
8. With reference to problem 4 of Section 4, prove the following 
for all ideals 7, J and K of a ring R. 
(i) ICJ = I: КСЈ: К and K: IDK: J. 
(ii) 7: A=: J”) : J—( : J) : J” for any positive integer п. 
(iii) 1: J—1: (I-J). 


9. Let R be a ring with unity and let R, be the ring of all nxn 


matrices over R. Prove the following: 
(i) If I is an ideal of А then /,, the subset of А, consisting of 
those n Xn matrices whose all elements are in Г is an ideal of Rn- 
(ii) Every ideal of R,, is of the form 7, for some ideal J of R. 
(iii) If А is simple then A, is simple. h 
10. Let R be a ring with the property that every subring of К 18 
necessarily an ideal of R. If А contains no proper 2егӧ-й1Уі5015, 
prove that R is commutative. 
11. Prove the following: 
(i) The sum of two nilpotent ideals is nilpotent however the sum 
of two nilpotent elements may not be nilpotent. 
(ii) Show that in a commutative ring R there exists a nil ideal A 
which contains all the nil ideals of R 
12. With reference to problem 4 of section 4, prove that if Ris? 
ring with unity and 7, J are ideals of R then 7 : J —ReJCI. 
Give an example to show if R has no unity then the result need 
пої be true in general. 
[Hint. Таке R=(2), 7=(4), J=(6)]. 


| 


8 


HOMOMORPHISMS AND EMBEDDING 
OF RINGS 


1. Quotient Rings, Fields and Homomorphisms 

By definition, a ring R is an additive Abelian group and an ideal 
N of Ris necessarily additive subgroup of < А, +>. We can talk of 
the additive quotient group R/N—(r--N | rE R} of <, +>. Fur- 
ther notice that each r4-N is also an equivalence class for the rela- 
tion of congruence modulo N (Theorem 7.18). Thus RIN is the set 
of all equivalence classes for the relation of congruence modulo №. 
We would like to make R/N a ring. For this purpose, we define 
multiplication composition as follows: 

For r+N,s+N € RIN, (r+N)(s+N)=rs+N. We notice that 
since R/N is an Abelian group under addition composition @ given 
by (r--N) Ө (s+N)=(r+s)+N, Ф is already well-defined, We verify 
that multiplication is also well-defined: for this purpose let 

r+N=r,+N and s+N=s,+N for some r, г, s, SER. 

This implies r—r,=n, s—s,=n, for some n, nc ү 

=> r=n+r, and s=n,+s, 
> rs=nn,}+nSs,+rn + rS 

As п, nE Nand N is an ideal of R, nni tns +rn EN. 

Consequently rs—r,s,EN. 

Hence rs+N=r,5,+N. 

Le. (п N)- N) = (ru - NY Gs; H- А). 

This shows that multiplication in R/N is well-defined, 

Theorem 8.1. Let R bea ring and N, an ideal of R; then RIN is а 
ring under the addition and multiplication defined as under: 

For r--N, s+NER/N, (r+N)+(s+N)=(r+s)4.N and (r+) 
(s+N)=rs+N. 

Proof: By definition R/N is closed with respect to 
multiplication. Let r,s, rE А. 

(1) <R/N, + > isan Abelian group. 

(2) Multiplication is Associative: 


addition and 
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(++ N)-- N)]- (r4-N)Gst-- N) 
=r(st)+-N 
=(rs) t+N, since (rs) t=r (st) in А. 
=(rs+N (t-- N) 
—[(r-- N) (s-- №) (+N). 

(3) Distributive laws: 

CHN) KG4- N)--(t4- М) r4- N) [G4-1)3- N] 
=r(s+t)+N 
=(rs-+-rt) +N 
=(rs+N)+(rt+N) 
=(r +N) (5+ N) G4-N)(t-4- №). 

Similarly we can prove that 

[6+М)+(@+)] (+ №) = G3- N) (РЬ N)-2-Q4- N) (r+N). 

Hence <R/N, +,.> is a ring. 

Definition. 8 2. Let R be a ring and N be any ideal of R, then the 
system <RIN, +,. > where R/N={r+N! re R} and + &. are 
binary compositions on R/N defined by (r+N)-+(s-+N)=(r-+5) +N 
and (r-- №). (s+N)==rs+N for all r, s€ А, is a ring. This ring !$ 
called the quotient ring of R with respect to the ideal N. 

Notation. We shall usually denote the element x+N of RIN by $ 
thus 0 in this notation will mean N, the zero of R/N. One finds fro? 


definition that for any x,» c RIN, x - yj —xxy and ху= xy. 


EXAMPLE 1. Let N={6n | n€ Z}. N is an ideal of Z. The ele 
ments of Z/N are the cosets №, 14- №, 2+N,3+N,4+N and 5+ 
which according to our notation can be denoted by 0, 1, 2, 3, 4, 4% 
5 respectively. Then <Z/N, +, .> isa ring where both addition a”! 
multiplication are modulo 6. See the following tables. 


Addition Table 
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Multiplication Table 


Definition 8.3. (Prime ideal) Let. R be a commutatiy, 
ideal P of Ris called a Prime Ideal if м a, bER, ab 
or bc P. 

EXAMPLE 2. In an integral domain D, (0) is а Prime idea], 
Since ¥ a, bE D, abc (0)2ab-02a-—0 ог b=0 as 
domain. 

EXAMPLE 3. In Z, the ideal (3)— (3^ | n€Z) is Prime, since 
abc(3)—3|ab-—3|a or 3| b>a€(3), or bc(3 
ideal (p) — (pn | пЄ Z) where p is a prime number. 
of Z. 

Theorem 8.4. An ideal P of commutative ring 
only if R/P is an integral domain. 

Proof: Let R/P be an integral domain, then for all a, bER 

abe P = ab =0 = ab =0 Where =q- p 2 
= @=( or b=0, as R/P is an integral domain 
= a€PorbcP. 

Thus P is a prime ideal. 

Conversely let P be a prime ideal; then 

ab=0 => ab =:0 
= abeEP 
= a€PorbcP 
=> @=( ог b=0. 


e ring. An 
€P-acp 


D is integral 
). In fact every 


» 15 a Prime ideal 


R is Prime if and 
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Also R/P is commutative as R is commutative. 

Consequently R/P is a commutative ring without proper zero" 
divisors. Hencé R/P is an integral domain.m 

Definition 8.5. (Maximal ideal) 

An ideal M of a ring R is said to be a maximal ideal of R , if 

(i) MÆR, 

(ii) there exists no ideal J of R such that M<J<R. 

Thus from (ii) if M (ÆR) is a maximal ideal then for any ideal 
J of R, M C J C R holds only when either J— M or J=R. 

EXAMPLE 4. In a division ring D, (0) is a maximal ideal. 
Trivially (0) == D asl € D and 150. Let J be any non-zero ideal 
of D, then 3 x (0) in J. But D is a division ring so x? € D; which 
gives 1—x x~! EJ. Consequently J=D. Hence (0) isa maximal 
ideal. 

EXAMPLE 5, In the ring E of even integers, ideal (4) is maximal. 
As 2 & (4), (4) E. Further let J be an ideal of E such that (4) ^ 
Then there exists an element x€J such that x&(4). In other words 
x is an even integer not divisible by 4. Consequently x—4n--2 fof 
some integer п. Now 2—x—4nCJ as 4n€ (4)« J and x€J. Thus 
every even integral multiple of 2is in J, Hence E—J. This proves 
the assertion. 

Theorem 8.6. An ideal M of a commutative ring R with unity i5 e 
maximal ideal if and only if КІМ is à field. 

Proof: Let M be a maximal ideal of R. Since А is commutativ® 
R/M is commutative. Further 1 is the unity of А gives Т is the unity 
of R/M. MÆR = 150. Thus to show that КІМ is a field it p 
sufficient to prove that every non-zero element of R/M isa unit. 
*G^0)C R/M then x& M. Consider xR={xr | rE К}, xR is an ide 
ol R and x—xl Є R. Since x € M+xR, x& M, M<M+* А 
The maximality of М gives M+xR=R. Again 1 € R=M+7 5 
= am €M,r € R such that 1=m4 xr. This implies that 1+ 
=xr +M 2I-x-—x. Therefore, ¥ is aunit. Hence RJM is а fiel 1 

Conversely as the unity of field is different from zero, 130 ii 
1& М. Thus MÆR. Let 7 be any ideal of R such that М<1. Choo". 
a€1 such that a& M. Then a349, so a is invertible in R/M. Consed? 
ently 3 bER=R/M such that a5 — 1, this yields 1 -abc M>1—4 
as M «I. This in turn implies that 1—(1 —ab)--abe I as abe I4 
ideal and a€ 7). Hence /= К. (Remark following Theorem 1.23). 

Remark. If M is any maximal ideal of a commutative ring 
with unity then КІМ is a field (Theorem 8.6) and we also know E 
every field is an integral domain, we get M is a prime ideal. 


А А E rim 
every maximal ideal іп a commutative ring with unity is P 
А 


js a? 
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However the converse of this statement is not true, 

EXAMPLE 6. Consider the ideal 
domain, (0) is a prime ideal of Z, but 
< (2) < 2. 

EXAMPLE 7. The ideal (4) іп Е, the rin 
maximal ideal (see example 5). But it is not pri 
but 2 & (4). Hence in a commutative Ting wi 
ideal need not be prime. 


(0) of Z, since Z is an integral 
(0) is not maximal Since (0) 


g of even integers is a 
me since 22 є (4) 
ithout unity a maximal 


WORKED-OUT EXERCISES 


Exercise 1. Let R be the ring of all real-valued continuous 
functions on the closed interval [0, 1]. Let M—(f € р | SQ)=0}, 
show that M is a maximal ideal of R. 

Solution. The function w :[0, 1]--R given by w 
belongs to M. Hence M is non-empty. 

Le f 8€ M. Then (f—-g)3)—/ü)—8()-0 = 7-8 € M. 
Further let f€ M, AER then Af(5)--h()f(4)—0 = hf€ M. Since R is 
commutative, fh=hfE M. Hence M is an ideal of R, 

Clearly MAR as 0€ R given by 6(x)—1 does not belong to M. 

Let N be an ideal of R such that M — М. There exists AGN. 
A& M. This means 5%)550. Put A(4)=c where c0. 

Consider »ER given by u=A—B where р(х) =с x *€[0, 1]. Then 


2(3)=A(3)—8(1)=c—c=0 = HEM>LEN, Therefore, B=A—vnEN. 

Define YER by X924 ¥ хЄ[0, 1]. 

Then ¥x€[0, 1], Y86)— YG98(x) = 1— 6(x) > y= 
is unity of А. Hence N—R. 

Consequently M is a maximal ideal of R, 

Exercise 2, For any two ideals A and В Of a rin a 

8 R such th 

BC A, prove that A/B and B are nilpotent (nil) imply A iş рогі 
{nil) ideal. 


69—0 v хє[о, 1] 


OEN. Buto 


є 4 р А \һ 
Solution, Let E and B be nilpotent. Then (+) =(B), 


me H A * 
В'"=(0) for some integers n, m>0. (+ =@8) = Anc " 
(A")"C В" = 4"n—(0) > A is nilpotent ideal, 

A ` 

Now suppose 5 and B are nil. Let 4€ А then а+Вє 4. 
Since 4 is nil, 


there exists an‘integer ^ 70 such that (a-- By p 
=p 
aes. 
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Again as B is nil, there exists an integer m>0 such that 


(a")"=0 = a""—0. This shows that a is nilpotent. Hence A is à 
nil ideal of R. 


PROBLEMS 


1. К is a finite non-zero commutative ring. Show that every 
prime ideal of R is a maximal ideal of R. 

2. Give an example of a ring R without unity which has no 
maximal ideals and in which multiplication is non-trivial. (By trivial 
multiplication we mean xy—0 ¥ x, уЄ В). 

(Hint. Take R={(a, b) | a, bEQ}. Define (a, b)+(c, d)=(at% 
b+d) and (a, b) (с, d)—(0, ac). Use the fact that <Q, +> has no 
maximal subgroup.] 


3. Prove that in Z, an ideal (л) is maximal if and only if 7^ !$ 
prime, where (п) = (nx | xc Z). 

4. Prove that an ideal / of a ring R is a maximal ideal if and only 
if (i) TÆR and (ii) for each ac R with a&l, we have J+ <а> = К. 


5. Definition: An ideal M of a ring R is said to be a minimal 
ideal of R if, 


(i) M#{0}, 
(ii) there exists no ideal J of R such that {0}<J<M. if 

Prove that an ideal J of a ring R is a minimal ideal if and only * 
(i) 1520) and (ii) for each cz 0c I, «co — JT. 

6. Let R be the ring of all real-valued continuous functions of 
the closed interval (0, 1]. If M is a maximal ideal of R, prove ш 
there exists a real number ү, O<y<1 such that M={fER | pena 

[Hint. Use Heine-Borel's Theorem). 

7. Give an example of a non-commutative ring R and an i 


"WE m M 
I of К such that (i) T isa division ring; ii) -R is a field. 


[ Hint. ci) R={( ol ^ ^e). Take I-A 3 xce]] 

8. Let К be a ring. If there exists a positive integer ” na 
that na—0 for all aC R, then the smallest positive integer With” 
property is called the characteri:tic of the ring R. If no such ut 
tive integer n exists ie. na-0 у ac g > n=0, then R is said t 
zero characteristic. s 


> at 
NorTATION. ‘Char № stands for characteristic of А. Prov? ч 
if, n is a positive integer then 


ot? 
(а) The sets J,={na| a€ R} and Jn={aE R | na=0} are b 
ideals of R. 


deal 
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b) Char (A/I,) divides п. е 
а If Char А50 then Char R divides n Char (А/Ј,). 


2. Homomorphisms 


iti. . A mapping f of a ring R to a ring R is called 
a Е US i simply a homomorphism if it satisfies the 
following properties: 
For all a, bE R, 
G) f(a--b) —f(a) -f(b). 
ii = b). e^ 
p d dec shows that a ring homomorphism is a group 
homomorphism of the additive group <R, +> and it preserves the 
Products. . ы ШЙ БМ 
; uU lled an epimorphism if f is pnto. 
A homomorphism f: R > R Io : dors rr eh 
It is called a monomorphism if it is 1--1 and isomorphism if a is 
both 1—1 and to. A homomorphism fofa ring R into itse Fis 
Called AR ото дон An endomorphism is called an automorphism 
if it is an isomorphism. Ы 3 . 
EXAMPLE Pe S be a subring of R. ее: 5 > Ы by 
f G)—xwxe€S. Then clearly for any х,у ES, f (ху) xy 


m (х) +70) and f(xy)=xy=f(x) fO). Thus fis a ring homomorphism 


from S to R. It is called an inclusion map. - 
EXAMPLE 9. Let A be an ideal of a ring R. isa ring homomor- 
Define f: R > RJA by f(r)=r+4 v TER. Api M and 

phism since f(r--s) (зА). f is clearly onto 

в) A— (r-i- Ay(s- A) =fr) Fort | 


Неп i ; - | s 
It d cs epee To see this take a(40) in 4, then Га) 


TERASA, f(0)—04-4—4. Hence Ла) =Л0) таен Ped 
equal to zero, This proves that f is not 1—1. This map is called 
Natural homomorphism. 


a0 h RS Я 
EXAMPLE 10. Let һ-{( 0)вє D where is a ring 


a 3) R 
Define f: R,>R ъл(а Q)ea for all (оо)є & 


T ; ism. This can be verified as under: 
SES] tee Doors) 
aisa r (S Ее o)7*7^ (5 0)/ (5). 
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Again /(5 o)- 00) а= (0 Нан 4 so f is 1-1. 


Finally f is clearly onto. Hence f is an isomorphism. А | 
EXAMPLE 11. Let M={a+b./2|a, bEZ}. Then Misa ring 
under usual addition and multiplication of irrational numbers. | 
Define f: М > M by f(a+bv2)=a—by2 for all a+by2EM.f | 
is an automorphism of M (Verify !). 

Now we shall establish some theorems on (ring) homomorphisms | 
which are very much analogous to theorems already proved for group 
homomorphisms. Although proofs of these theorems are necessarily 
on the same lines as those for the groups, yet we feel it to be desir- 
able from the point of view of clarity to give the proofs of some ° 
the results, | 

Theorem 8.9. Let f : В — R, be а ring homomorphism. Then 

(i) f(0)—0 and (ii) for v aE К, f(—a)— —f(a). 

Proof: For every x€ К, f(x) «f(x--0) —f()4-f(0). 

As f(X) € Rj, we also have f(x) —f(x)--0. | 

Then f(3)--f(0)—f(x)--0. Hence by cancellation laws with respec! 
to addition, f(0)=0. 

Now  act(-2)—0 = f [a+(—a)]=f(0)=0 

= f (а)+/(—а)=0 
Непсе /(—а)=—/(а).в 
Corollary 8.10. For all x, ує R, f(x—y)=f(x) — f(yy. 
rubr fap Ftd OMI aA non 
=f(x)+1-f0)] 
=/б%)—/о).п 
Definition 8.11. Let f: К> R, be a homomorphism. Kernel of f 
is defined as the set {rE R | f(r)=0}. | 
We shall denote kernel of f by Ker f. | 
Theorem 8.12. The kernel ofa homomorphism from a ring R t° ^: 
ring R,, is an ideal of R. | 
Proof: Let f : К > R, bea homomorphism. | 
_ As f()—0, OCKerf. SoKerf is non-empty. x,y € Kerf? — 
i(x)=0 and f(y)=0. 
Thus f(x—y)—f(x)—f0)—0 = x—ye Ker f. | 
І 


Again г € К, x Є Kerf > f(xr)= s4 . A» 
Similarly f(rx) —0. This implies Pt doce Ei. 
Ker f is an ideal of R.m | 
Theorem 8.13. Let f: R — R, be a homomorphism and let А be? 
ideal of R then f(A) is an ideal of f (R). | 
Proof: Note that f(4)—(x€ R, | 34€ A such that x=f(a)}- | 
Clearly 0€ f(A) as 0=f(0) so f(A) is non-empty. | 
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Let x, y € f(A) then x—/(a), y=/(b) for some a,b € A, So 
x—y-f(a) -f(b) -f(a- b) = x—y» € f(A) asa—b € A. If r, € AR) 
then there exists гЄ R such that ғ, —f(r). So тх) f(a)—f(ra) = 
пхЄ f(A) as гає A. Similarly xr, € /(4). Hence f(A) is an ideal of 
f(R).m 

Theorem 8.14. (Fundamentai Theorem of Homomorphism). 

For any idea! A of a ring R, R/A is a homomorphic image of R. 
Conversely if f is a homomorphism of a ting R onto a ring К, then R, 
is isomorphic to a quotient ring of R. Indeed R,=R/Ker f. 

Proof: Since the natural homomorphism f: А > R/A given by 
S(x)=x+A v xER is onto, we get RJA isa homomorphic image of 
R. Conversely let f be a homomorphism of R ontoa ring Ку. Let A= 
Ker f, then A is an ideal of А. Define f : RJA > R, by Ј®)= у) v P 
—r--A€ RJA. 

Now for any 7, sE RJA, we have 

т=з € r—sCA-Kerr 
€ f(r—s)=0 
e fir) fis) 
: е /@)=/( s). 
This shows that fis well-defined as well as 1-1. 

Also f@-+s )=fFF5)=f0+9) =f) +I) 1G) -K >) 

and Л) Л) 0з) SO) =F HS). __ 

This gives that fis a monomorphism. Finally as f(R)=/(R)=R,, 
we get f is also onto. 

Hence f: R/A — R, is an isomorphism and R/A c R, ie. 
R,& R[A.m 

Theorem 8.15. Let N be an ideal of R then there is 1-1 correspon- 
dence between ideals of К containing N and ideals of КІМ. 

Proof: Let f be the natural homomorphism from R onto R/N. 
Let A bean ideal of R containing N, then ДА)={ Да) | a€ А}= 
{a+N | a€ А}=А[М is an ideal of R/N (Theorem 8.13). Consider 
any two ideals A and B of R containing N such that S(A)=f(B) i.e. 
A/N=B/N. Then for any a€ А 3b€ P such that a-- N—b-LN. This 
implies a-b Є NC B = a=(a—b)+b € B. Consequently А GB. 
Similarly it can be shown that B С A. So we get A=B. Hence the 
mapping 4 — f(A) of the set-F of all ideals of R containing N to the 
Set F of all ideals of R/N is 1—1. To show that it is onto we show 
that any ideal of R/N is of the form f(A) for some AEF. Let y be 
any ideal of R/N. Define A={xER | f(x) X). Since for each ncN, 
Лт) бє X, we get nE A i.e. NC А. Evidently each member of X is 
of the form f(a), a€ A. If we show that A is an ideal of R we shall 
get X=/(4) with AEF and that is turn will give Aef(A) is a 1-1 
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correspondence between F and F. Let а, bCA, r€R, then fi E | 
fb) EX, fr) RIN. Thus /(а—Ь)=/(а)—/()Є X, /(аг)=/а) fi nes 
and f(ra)=f(r) f(a)€ X, as X is an ideal of R/N As a consequen 
a—b€A, ar€ A, raC A and A is an ideal of R. So AEF. This proves 
the theorem.m 
Following theorem gives an apparent generalization of the above 
theorem. The proof is exactly on same lines, only one has to replace | 
f by g and take N=Ker g. 
Theorem 8.16. If g is a homomorphism of a ring R onto a ring Ru 
then there exists a 1—1 correspondence between the family of ideals 0, 
R containing Ker g and the family ofall ideals of Ry given by | 
Acg(A).m 
Theorem 8.17. (First Theorem of Isomorphism). 
Let BCA be two ideals of a ring R then R/A=(R/B)/(A/B)- 
Proof: Define f: R/B->R/A by f(r+B)=r+A¥reER. f is 
defined, since r+ B=s+B=>r—s€ BC A—r-- A—s-4- A. 
We Jeave it for the readers to show that fis an epimorphism 
A/B as its kernel.m А 
Theorem 8.18. (Second Theorem оў Isomorphism). 


well- | 


with 


Let A and B b» two id i Ed irt 
et A an wo ideals of a ring R, then 4 “IAB: 
A+B 


Proof: Define f : B> LE by f(b)=b¥ bE В. 

Let b, b.€ B, then | 
(i) fbit b) == (b) +f(b:). : 

(ii) f(b bz) =, b;—b, b,—f(b) f(b;). Thus fis a homomorphis™ 


= A+B 
Now x€ = айа xa b for some a€ A, bc B. 


| 
So Xx-—atbktA-bta-A-b--A as aCA іе. g-b- (p 
hence f is onto. | 
Finally Ker /=АГ\В, since 
be Ker f = 0 | 
@ bea { 
= bEANBas bc B. | 
Hence by the Fundamental Theorem of Homomorphism 
B | A+B je ATB В 
ACYB A ДАГ" 


PROBLEMS | 


EU 
1. Let R be a commutative ring such that px=0¥xER, P ven [1 
prime number. Define f: RR such that f(x) = хт, Show that F | 
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homomorphism. 

2. Let f be a homomorphism of a ring R onto R' with Ker f=. 
Prove each of the following results. * 

(i) If A is a right (left) ideal in R, then f(A) is a right (left) ideal 
in R'. 

(ii) If Bisa right (left) ideal in А, then f" (B) (rc R | Sie By 
is a right (left) ideal of R, which contains N. 

(iii) If A and B are ideals of R such that NC 4 and NCB, then 
A<B if and only if f(A)</(B). 

3. If fis a homomorphism from a ring R into a ring S and gisa 
homomorphism from S into a ring T, show that gf is a homomor- 
phism from R into T. 

4. Complete the proof of Theorem 8.17. 

5. Let A and B be two subrings of aring A such that for every 
a€ A, b€ B, ab and ba both are in A. Prove the following. 

(i) A+B is a subring of R. 
(ii) A and ANB are ideals of A+B and B respectively. 
(iii) A+B B 
A (67:8 

How does this result generalize the Second Theorem of Isomor- 
phism. Give an example to show that sum of two subrings may not 
be a subring. 


| 
[Hint Take s={(9 o) «ez] and те ч 


оо sez} 
Sand Т are subrings of the ring Z, of all 2x2 matrices over 2. But 


S-+T is not a subring of Z,.] 
6. A homomorphism f from a ring R toa ring S is said to be a 
zero homemorphism if f(R)—0. Prove that a homomorphism from a 
field to any ring is either a monomorphism or a zero homomor- 
phism. ; 
7. Iff: К-К, is a homomorphism and R has unity 1, then prove 
that f(1) is the unity of f(A). ? 
8. Let f : RS be an epimorphism. If 4 and В are ideals in R, 
U, V are ideals in S, prove that 
(i) ДА+ B) S f(A) +). 
Gi) f(AB) —f(4) ДВ). А 
| (iit) f(04-V) =f (U)-/-XV). 
| (iv) 00у) Э 7-00) 7-0). 
| Give an example to show that in general f (UV ze f (U)f-(y). 
| [Hint. Let А be an additive Abelian group with more than one 
| element. Define xy-0 v x, YER. Then Ris a ring. Take S={0) 
and define f: RS by f(x)=0 v x€ К. Take U=V={0} then uy 


| 
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—(0) and f(UV)—R, while f (U) f(V) = RR={0}.] 


b\. 
9. Show that f: C5 R, given by fas) (. 5 Я is а mong 


morphism, where R, is the ring of all 2 х2 matrices over R. й 

10. Let (р) ={рп | n€Z, p0}, show that Z/(p) is a field if am 
only if p is a prime number. 

[Hint. Any non-zero finite integral domain is a field.] Z 
11, (Fermat). Le p be a prime number. Prove that for all аЄ 
not divisible by p, a?=1 (mod D). 18 | 

[Hint. Z/(p) is a field, so 250 and non-zero elements of а 2% | 
form a group under multiplication.] re | 

` 12. If р is an odd prime number then show that in Z/(p) there oa | 
exactly two elements x such that ¥*=T. Hence deduce Wilso? | 
Theorem. “If p is a prime number then (p—1)!=—1(mod р)” as 
13. A is an ideal of a commutative ring R. Let y A be defined pt | 
in Section 4, problem 6. Show that R/ у А has no non-zero nilpote | 
elements. pat 

14. In a ring R define S as the set {ab—ba | a, bE К). Show f 41 
for any ideal A of R, the quotient ring R/A is commutative if ? 
only if SC A. 

15. An ideal О of a commutat 
if (i) OF К and (ii) for all a, b 
some positive integer л. Sh 
only if every zero-divisor of 


d | 


| 
al 
ive ring R, is called a primary p. 
ER, аЬЄ О and a&Q-b€O po 
ow that Q is a primary ideal of R if? 
: R/Q is nilpotent, mt 
16. An ideal Aof a commutative Ting R is called a semi-Pr of 
ideal if for ¥ ac К, @'Є А®аЄ A. Show that A is semi-prime ide? ii 
R if and only if R/A has non-zero nilpotent elements. 


+ n B Ne | 
17. Iis an ideal of a ting К, prove that the matrix ring (al | 
is isomorphic to R,,/J,,. 


(Hint. Define f : R,>(R/T), 


n 


by F@)=@ +1 ¥ (a)€R- — 
| 
3. Field of Quotients and Embedding Theorems af? | 
Some types of rings ате easier to study and their structure сё 
better known than those of the other types. If one can embed 2 «of 
tain ring R in a ring S, such that the structure of the latter iS с) 
known than that of former, then by using the properties of 5 O% oa? 
say a lot about the properties of К. The process of embedding ° ef! | 
ring into another has been quite fruitfully used for the develo gif 
of ring theory. There are many procedures of embedding of 9” ine | 
into another. Here in this Section we confine ourselves to onl | 
methods (D) Embedding of a ring in a ring with unity, ( i^ 
bedding of a domain ina field, and (Ш) Embedding ofa 
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ring of endomorphisms of some Abelian group. 

(1) Embedding of a ring in a ring with unity. 

Let R bea ring, consider RX Z—((r, n) | rE R, пЄ2). RXZ can 
be made into a ring by defining addition and multiplication ás under: 

For all (r, п), (s, т) € RXZ, (r, n) -(s, m) - (r4-s, n+m) i 

and (ғ, n) (s, т) = (rs-- ns4-mr, nm). : 

It can be checked that Rx Z is a ring with unity (0, 1). 

Theorem 8.19. Every ring can be embedded in a ring with unity. 

Proof. Let R be a ring, then as remarked above R=RXZ 
={(r,_n) | "ЄК, nEZ} is a ring. We define f : К-К, by f (r)=(r, 0) 
vr€R. Clearly fis а homomorphism. fis also 1—1 as f (r)=f(s) 
=>(r, 0)=(s, 0)> r=s. 

Hence R&/(R) C R,. Consequently R is embeddable in R, which 
has unity namely (0, 1).m 

REMARK. The embedding discussed in the above theorem is very 
nice in the sense that f (А) is an ideal of R, To check this, note 
that for (r, 0) Є f(R), (s, п) € Rs (r, 0) (s, n)=(rs+0s+nr, От) 
(rs+nr, 0) € f (R). Similarly (s, n)(r, 0) — (sr--nr, 0)€ f (R). Thus R, 
under identification of r with (r, 0), becomes an ideal of Ri: 

(II) Embedding of a domain in a field. 

Every subring of a field is an integral domain. Naturally one can 
ask that given an integral domain, can we find a field which has that 
domain, as its subring? Or formally speaking, can an integral domain 
be embedded in a field? The question is of vital importance when 
one considers the solution of linear equation ax=b, a0, in an inte- 
gral domain D. Of course if a solution exists in D, it must be unique 
(Why?). It is quite possible that no solution may exist in D. For 
example іп 2, 3x—5 has no solution! But in a field F, ax=b, a0 
always has a solution namely a™'b. Thus if a domain D can be em- 
bedded in a field F then an equation ax =b, a0 with coefficients in 
D will at least have a solution in F. Now we endeavour to construct 
afield in which a given integral domain can be embedded. Our 
procedure is motivated by the method of construction of rational 
numbers from integers. — 

Let D be an integral domain with at least two elements and let 
D,—D-—(0). Consider Dx D,={(a, b) | a, b€ D, b0}. 

Define a relation ‘~’ on Dx D, as under: 

For all (a, Б), (c, а є DxD, (a, b)~(c, d) if and only if ad= bc. 

Lemma 8.20. ‘~’ is an equivalence relation on DxD,. 

Proof: Let (a, D), (c, d), (e f) € DxD.. d 

(i) Reflexivity : As ab=ba, putting d=b and c—a in the definition 

of *— we see that (a, b)~(a, Б). 
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Gi) Symmetry : (a,b)~(c,d)> ad—bc 
=> cb=da=(c,d)~(a,b). 
(ii) Transitivity: (a,b) (c,d) and (c,d)~(e, f) 
= ad—bc and cf—de, 
=> adf—bcf 
= adf=bde as cf де, 
= af—be as 2:0 and cancellation law holds in D,. 
> (a,b) —(e.f). 
Hence ‘~’ is an equivalence relation on D x Dow 
REMARK. From the definition of e 
immediately that for any non-zero el 
(0,5); (aa) —(b,b) and (ac,bc) — (a,b). 
` Let a/b be the equivalence class of (a 
lence classes it is evident that alb=c/d 
F is the family of all equivalence classe 
that under suitably defined addition a 
field. Once again the addition and multiplicatio; 1 
will give us a clue. So we define for all alb, eld c gi numbers 
(ad be)/bd and (alb) (e/d)aclbd. Note that as p 910-14 
domain, b40,d~40=>bd0, so (ad+-bc)/bd and ајы cr 1 integral 
that our definitions should make sense we must show iE a order- 
independent of the choice of representatives of equivalence . ey are 
volved in the operations. In other words we m Classes in- 


1,b). By properties of equiva- 
if and only if 


ad=bc, Now if 
s a/b of D X D,, we shall show 


nd multiplication. F becomes a 


Ust show t i 

аЬ and c/d—c'Jd' then (ad-- bo) bd—(a'd" 4 b'c) 7 ere 

a' c' [b'd'. 
Lemma 8.21. The addition and multiplication 45 defineg aboy, 

well-defined. Ai 


Proof: Let a|b—a'|b' and c[d—c'|d 
then ab' — a'b and cd' —c'd. 
Now (1) = ab'dd'— a'bdd' and bb’ cd’=bb'c'g ctl) 
=> ab’ dd'+ bb' cd' —a'bdd' --bb'c'q 
— (ad-- bc) b'd' — (a'd' -F b'c') bd 
d--bc аа -+Ьс ТЖ 
a == ae (Note F stands for x/y) 
Hence addition is well-defined. 
^ cd' —a'bc'd 
inally (1) = ab’ cd'—a p. 
Finally ( => (ac) (b'd')-- (ba) (4'с') 
ас ас 
> bd Ed 
Consequently multiplication is also well-defined. Hence the iti 


uo 8.22. <F,+, -> is afield and D can be embedded y, p. 
orani 8: 


HOMOMORPHISMS AND EMBEDDING OF RINGS 221 
Proof: From the remark following Lemma 8.20, it follows that 
0 a 0, а 
for azz0€ D, d and т Ё апі me an So F has at least two 
elements. Further notice that for any two non-zero elements а, 5 і 
D. 0 8:20. ; also if c#0 then e ый. à m 
> adem b э bc b . 
(1) + is Associative: For all a. © VCR 
) ri b , d , 7 


di сү е adi DG 
СОЕ ме 
_ (ad+be)f-+(bd)e 
(bd) f 

E (df) +(cf+de)b 
b(df) 

a cf - de 

ЪЪ а 

а 

D 


(2) -- is commutative: For all 3 £ EF 
a с ad+be bc+ad 


ptd ы d 
226-316, 
=a tb 
(3) Existence of zero element: 
, 0 3 0 au a 
Now for u40 in D, т Є Е is such that — + i hs 


+ 
Hence — is zero element of F. Let us denote it by 0. 


(4) Existence of additive inverse: 


a a —a ab—ba б 
Since §-+(=-)= к= 


0 0 a 
and up have i) 


Thus -(£)-92 EF. 


(5) Associativity of multiplication: 


For all -5 E £ eF 


1 


Cr) Ur)" бу 


, 


(2 5) 
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Gi) Symmetry : (2,5) (cd) — ad=be 
> ch=da=(c,d)~ (a,b), 

iii) Transitivity: (a,5)— (c,d) and (c,d) ~ (e, f) 
= ad=be and cf—de, 
=> adf=bef 
= adf=bde as cf: — de, 
= af=be as 4-0 and cancellation law holds in D; 
= (a,b) (ef). 

Hence ‘~’ is an equivalence relatio; 


nonDxp. m 
REMARK. From t 


equivale 


ass of (a,b). By Properties of equiva- 
lence classes it is evident that a/b=c/d if and only if gg. ^y. Now if 
nce classes a/b of Dx : 


» ме 
on and mult трон 


dn iplication, F becomes a 
d multiplication of rati 
will give us a clue. So we define for all a/b, e/g 


ac/bd. Note that Cone ave aes 
domain, b40,d40=bd0, so (ad+-be)/bd and ас/ьд €F.I Кы . 
that our definitions should make Sense we must 5 ow VO pnl 
independent of the choice of representatives of Equivalence is pi 
volved in the operations. In other Words we must Show that T raa 
at nd, 610—147 ашыш py WA it ajo 


nd nd ac/bd— 
a' c' b'a’. b ipli 

Lemma 8.21. The addition and multiplication аз defineg above qr, 
well-defined. , 


Proof: Let a/b=a‘/b’ and c[d—c'|d' 
then ab'— a'b and cd' —c'd. 
Now (1) = ab'dd'—a'bdd' and bb’ cd'=bb'e' +.) 
=> ab! dd'+ bb’ cd' —a'bdd' bea 
7» (ad-- bc) b'd' — (a'd' +b'c’) bd 
Бс " 
E =a > Note, J stands 
Hence addition is well-defined. 
* cd' —a'bc'd 
i 1) = ab’ cd'—a'bc х: 
Finally (1) d: (ас) (b'd’)=(ba) (d'c^) 
ac — ac 
+ bd bas 
Consequently multiplication is also well-defined. Hence the | 
‘ons 


*mma 
Р be embeqq, d i 
follows. F,+, -> is afield and D can ed into Е 
22. <Е,+,. ў 
Theorem 8. 


for xy) 
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Proof: From е remark ee RM 8.20, it follows that 


for azz0€ D, 2 and 2 EFand ous z- So F has at least two 
elements. Further notice thai for Ld Pie non-zero elements a, 5 in 


0 0 a 
D, = р also if C#0 then de 


(1) + is Associative: For all + Д a FEE 


a eN е adtbc, e 
rtr er 


bd 
_ (ad+ bc) f+(bd)e 
(bd) f 
—@ (df)+ (cf+de)b 


(2) + is commutative: For all + $ EF 


a с _ad+bc " bc--ad 
| NS m d 


(3) Existence of zero cy ie 


Now for uzz0 іп D, — €F is such that — T а 0. == E 


Hence 2. is zero element of F. Let us denote it by 0. 
(4) Existence of additive inverse: 


o —a ab—-ba © 
Since (x )- 22-2 


E^ 


and DE , we have $+(= 2 )=0. 


Thus -($)-52 EF. 


b b 
(5) Associativity of multiplication: 
a c 
=, =, ~ EF 
For all p: ^7 e 


(> Xr)" Ur)" 697 
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_ ace) 1 afie E ) 
кагу bd KJ 
(6) Commutativity of multiplication: 


For all T © ер @ c ac ca 


(7) Existence of unity: Now if uz-0c D then 


F is such that 
a u au a 2 ә un»? abige v 
Te ORE a This gives that т !5multiplicative 
identity i.e. unity for F. We shall denote it by 1. 
8) Existence of multiplicative inverses of non-zero elements: 


Now #0 > az, b40 = £ EF 


Dp ae 
а cp 
Thus (+) = 
Distributivity: o. E 
(9) Distributivity: For al] by EF 
Са (2+2) Gide: 
b d EET df ) 
_ _Ucf+de) 
ауу 
Mcr. сай SG MEG 
БОК ae VET dE f ba 
— (ac) bf+ (ae) Ьа 
T (bd) bf 
Iac)f--(ae)d]o 
(bdf )b 
— “cf+de) 
2 "TA 
Hence multiplication js distributi iti 
Wage en IDutive over addition, Consequently 
Finally define f: p _, F as under: 


Take a(#0)€ D, then VX€D put f(y =X@ 
ak 


Let x, yED, then fo)efg)s ха va 
а а 


= Xa*- yg? at 
Thus  fis1—]. тыг; 


Аво у(х у) Са _(х+ууг _ уа 
а a a T 
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Е 4 
хуа ха) (уа) ха уа 
ас F T =f) Д). 

This proves that f is a monomorphism of D into 
embeddable in a field F.m 

Definition 8.23. Let D be an integral domain with 
element, than a field of quotients of D isa pair (F, 
field and с is a monomorphism of D into F such that 
expressible as c(x)/o(y) for some x, yE D with >50. 

Remark. When there is no confusion regarding the monomor- 
phism c then F itself will be referred to as the field of quotients of 
D. Now as D=o (D)C Е, we shall normally identify D with its 
image o(D) and regard D itself as a subring of F, 
a€ D is identified with o(a) and hence, then each z 
x/y ; x, yED with p40. 

Theorem 8.24. Let D be an integral domain containing at least two 
elements then D has a field of quotients. If (Fi, ву) and (Fa, сз) are two 
fields of quotients then there exists an isomorphism т of F, onto Е, such 
that 4 6, = 65. 

Proof: In Theorem 8.22 we constructed a field F such that 
Jf: D>F with Дх) =х aja v x€ D and a, a non-zero fixed element of D, 

Also we saw that f was a monomorphism. Now each zc F is of the 
form x/y, x, y€ D, y#0. Then z—(xa[a(alya) —f(x)/f(y). Hence 
(F, f) is a field of quotients of D. 

Let (Е, в,) and (Р, сз) be two fields of quotients of D, 

Define y : F,>F, as under: 


223 


F. Hence D is 


more than one 
с) where Fis а 
every ZEF is 


In that case each 
EFis of the form 


Take z€ F, then by definition 2 for some x, yc D, у520, 
Put = 92) 
=O) 


i -defined si j a) _ olu) 
7 is well-defined since if z E S for some х, уи VED, 


with y40 and v40, we get o,(xv) =o,(uy) 

= xv=uy as o; is 1—1 = o,(xv)=o,(uy) 
(x) _в„(и) 
(у) cv) 


=> 6,(x) ox(v)— o.(u) (у) > 


Hence у is well-defined. 

a(x) _%(и) 

o) ° o(v) 
а(х) , e) ] .[ eG -yuY 

ene DS IL s») 


Now for z= €F 
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Sv yu) a(x) . в.(и) 

BEC 2960) суу) 

—()4-x(t) 

=n [a с (u) = [ exu) с,(хи) 


es that 4 is a homomorphism. Now we show that 7 is 
ЄР, then by definition 2—2) 

(у) 
with y' £0, Clearly 105) 


= a(x’) — his 
e) €F, is such that a [ ЮЛ] Thi 


Onto, Let z' 


for some x, YED 


Shows that 7 is onto, 


Finally z€ Ker a> (2-0 = 22) =0 where z= 9109. 


с.(у) ст(у)` 
> o,(x)=0 > х0 as o, is 1—1 


= o(x)=0 = z= 910) 0. 


(у) vi 
So that Ker 7—(0) and у is 1—1 mapping. Hence з is an- isomor- 
Phism of Р, onto F,. 


As by definition of п, for any xc p, 11512] =0,(x) We get qs, — Ces 
This completes the proof.m 


Proof. Let F-= {+ 


a, bED, bzo). (Note that by T We mean 


ab). Since D is non-zero, 3 a (340 D. Th eu 

) (AE en 1 а EF. Now for 
mda d 
апу AD 


c ad — bc 
===, X—y- 
d 


€Fsuch that xx а 


F is a field. 


а ^l. Hence y —X'CF. This Proves that 
Given z(#0)€ D we can 
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End V, the set of all endomorphisms of V. First of all we show that 
Hom (У, V) is a ring under suitably defined addition and multiplica- 
tion. We define addition and multiplication on Hom (F, V) as under, 
For all f, gc Hom (V, V), f--g is the mapping from Р to V given 
by Cf--g) (9) -f/()-2-g() vv€V and fg is the composite mapping of 
V into V i.e. fev) -f[g(»)] vvcv. 

Theorem 8.26. Hom (V, V) is a ring with unity. 

Proof. We define addition and multiplication as discussed 
above. First of all we show that for all f, g€ Hom (V, V), f--g and 
fg both are in Hom (V, V). 

For и, v€V, (f+g) (u4-v) -f(u--») J-g(u3-v) 

=[fM+/0)]+ [e (4) 4-(v)] 
—[fG)--892]-Lf(v)--(»)] as V is addi- ' 
tive Abelian group. 
=(f+8) O+(F+8) v) 
Hence f+g € Hom (V, V). 
Further (fg) (u--»)—f[g(u--v)] 
=/(в(и)]-_/[в(>)] 
=feu)+fe(v). 
Hence fg € Hom (V, V). 
(1) + is Associative : For all f, g, hE Hom (V, V) 
7+2) +410) =(f-+8) HAO) vev 
=[ fl) +e) +h) 
=f) He) +40) 
=f) +(g-+h) 0) 
=[f+(e+)] (0). 
This implies that ( f--g)--h—f--(g4-h). 
(2) + is Commutative: For all f,g€ Hom (У, V) 
(f+8) =f) vveV 
—8)4-f() 
=(g+f) v) 

This implies that f+g=g+f. 

(3) Existence of zero element: Clearly the mapping O:V >y 
defined by O(v)=0 ¥vEV is the zero element of Hom (V, V). Since 
for any fE Hom (V, V), (f+) (у) —f(»)--O(v) =). This gives 
that f--O—f. | 

(4) Existence of additive inverse: For any fE Hom (V,V) define 

—f : V>V by (-f) )=-S0) мәс у. 
Asfor u,v€V,(—f) (и+у)= —/(и--у) 
= —[Д(и)+/0%)]=—Ли)-++1—ДУ)] 
=(—/) ®+(—S) 0), -SE Hom (Y, V). 
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Further [ f+(—f)] M=- yver 
=0 


=0(v). 
So —f is the additive inverse of f. 
(3) Multiplication is Associative: For all f, g, hE Hom (F, V) 
[( /&)^] (0)=(/8) LO) vrer 
=Sleth vy) 

Similarly [ /(gh)] (y) =Sigthy}}. 

Hence (fg)h=f(gh), 

(6) Distributivity of multiplication over addition: 

For all f, g ЛЄ Hom (V, v) 

[/(&-Ей)] (v) f[--h)9y] v vey 
=S lev) + (vy 
—f[g(v)]3-f 6) 
—fe(v)-- fh(v) 
—Cfg 4- fh) (v) 

= ЛЛ) — fg A fh. 

Similarly it can be Proved that (¢-++h) f=gf+hf. 

(7) Existence of unity: The identity mapping /: V -> у; 
group homomorphism of V,sol€ Hom (V, V). Further for any 
SE Hom (у, V), Cf) (v) =fUCI=S0) v vEV. so that we get fI=f, 

Similarly we can Show that If —f. 

Hence 7 is unity of Hom (V, V). 

Consequently Hom (F^, V) isa ring with unity.m | 

Тһеогет 8.27. Every ring with unity can be emb, 7 7 | 
endomorphism of some additive Abelian A pee » 1 

: Le i i : 
sini vik i be a ring with unity | and let V be the additive 

Define f : R^ Hom (V, V) by [fr] {йу 
UA а) UG пса тє 

us f(r 
Be J) € Hom (y, Р) апа so ur definition is meaning- 
(-swvep 
WOO TAM E - 
2707-5) =) fis) RUD UC Hf ” 
Further [ f(rs)] =(sv=r(sy) aS r, s, VER 4 | 
TOI Gv) ft) (t gy (0) —Lftr) л) (у) 
fürs) ftr) fts). Hence f is а homomorphism 
Finally f(r)=f(s) гу z 


C) =Lfis)] (v) py 
=rl=s1 as lev= 


=VYVEp 
: = К+, hence f(r) ууз) С 
Consequently f is 1—1 and so RS fR Ham d Н 
In other words Ris embeddable in Hom T 


(V, Р) а 
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Corollary 8.28. Every ring can be embedded in а ri; 
Phism of dis additive Abelian group. TUNE aE ello: 

Proof: Let R be a ring, then there exists a ring R, 
a monomorphism f : RR, (Theorem 8.19). Further t 
Abelian additive group V and a monomorphism g : R, 
(Theorem 8.27). 

Thus gf: R^ Hom (V, V) is a homomorphism. Since both f and 


gare 1—1, gf is also 1—1. This gives Re-gf(R)C Hom (A). Hence 
R is embeddable in Hom (V, V).m 


Remark. Henceforth we shall denote b 
of ring R. Thus we have proved that a ring 
able in Hom (R*, R*) 


with unity and 
here exists an 
> Hom (у; V) 


y R*, the additive group 
R with unity is embedd- 


WORKED-OUT EXERCISES 


Exercise l. Show that Hom (Z+, Z*)=Z. 

Solution. Define f: Z-Hom (Z+, Z+) by f(n)— T, for all nez, 
where T,(x)=nx v xc Zt. 

Clearly 7, x4 y) n(x - y) 9 nx -ny—- T, (x) - (y) 
=Т„Є Нот (Z+, Z^). Thus our definition makes sense, 

It can be easily checked that f is a ring homomorphism. 

Suppose f(n)—f(m), then T,— T, — T,(x) -T.(X) м x€Z*. In 
particular T, (1) — T, (1) n-—m. Hence f is 1—1. 

Finally let 6€Hom (Z+, Z+). Let 6(1)=s. We show that 
9—T,—f(&). : 

If x is a positive integer, 6(x) —6(1--1--... x times) 

—6(1)4-0(1)2-. . . x times 
=хб(1)=х&=Кх= T.(x). 

If x is a negative integer 6(x) —6(—y), where y is a positive integer, 

This gives that 0(х)= —0(у) as 06 isa group homomorphism. So 
ба) = — ky- Ky) xe Ti. 

If x=0 then as 6 is a group homomorphism 9(x)=0=k0= 7,0) 
=T,(x). 

Hence #==Т,. This shows that f is onto. Consequently Zæ 
Hom (Z+, Z+). In other words Hom (Z+, Z+)=Z. 

Exercise 2. (Hua) A mapping Ф from a ring R to а ring S is 
said to be an anti-homomorphism if for all a, bER $(a--b) — 4(a)-t- 
$(b) and (ab) =¢4(b) (a). 

Let f be a mapping from a ring К to a ring S suc that (i) мх, y 
ER, f(x--y) S f(x) 4-f() and (ii) for every pair x, y of R either fix) 
Јо) у) or f(xy)=f0) Дх). 


Prove that f is either a homomorphism or an anti-homomorphism, 
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Solution. Let W,—(xc R | Хех) =) SO} 
and X й={хєЄК| f(cx) f(x) fo}. 
Clearly W, and V, are subgroups of 
К= И.У, (By hypothesis). This will 


exists aC К such 


that RAW,. Hence we can find be R—W,. This implies /(ар)5 


Жа) f(b). Hence f(ab)—f(b) (азе (а) f(b), -- 0) 
But R-W,UV, and А, у. so V x€R, Teneo 
0 
We claim that beV, for all У in R. If not, XER, such that 
bÆV.. This gives that BEW,. Hence Fb) «f(z) SOF) f(z) .. . (3) 
Consider (a4-z)b. а) а-ал) Lf) 4 (2) 7) we 
get that f(a) f(5)--f(z) f(b) — ri (ab--z5)— f (ap) +f (zb) 
> S(ab)=f(a) f(b) by (3). This is against (1). 
If f K(a--21—f(5) flat2)=/(6) [f@+/@] we get that LO) f(a)4- 
ДӘ f(z) —f(ab) *-f(zb) = f(b) fe) Gb) by (1). This is against (3). 
Hence our claim is established. In other words 


JO5)—f(b) (уузу in R. 


Since f is not 


72. (4 
an anti- homomorphism, there exists CER. de 
that RÆV.. This implies the existence of din R, satisfying f(cd)— 
Ло) f(d)zf(a) f(c). (5) 

Using same arguments as piven earlier, we can Prove that 

J(cu)—f(c) fu) NucR -.. (6) 
and f(vd)— f(v) (а) YVER ++. (0) 
Finally consider /[(а-. с) +d). 


Case I. f[(a+-c) @+4)]=/5-4-а) fare), 
This implies that 
Klab--ad+-cb+ ed)=I f(b)4. fay ОВЕ О) 

> КОАО +74) f(e) 

a using (1), (2) and (4), we Bet f(cd) = f(d) уге i 
to (5). 

Case II. /[(а--с) (6+-d)] =/@-+Ес) flb+d). 
This gives that 


J(ab4- ad--cb-cd)-. дауд 7 

> fab) +flad)+-f(cb) +. fled). а) n Lf)--f(a)] 
Using (5), (6) and (1), Gaby c) fib, 
diction to (1). ) we get fad) (а) 7) which is 


» à contradiction 


R into an integral domain R'. If Ker SHR 
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of R'. 

Solution. First we claim that (1)40, otherwise 
Д(х=/Д1х)=Д(1) /(х)=0 > R=Ker f, which is ibi ren 
Now L/(D]:—/() £0) =f.) =f). me 

Let r&€ R' then (rf) —r] /(1)=г[ Д(1]#—у1)=о > f(l)=r 
f(1)40 and А’ is an integral domain. Since R’ is oomimutative 
f(I)r2rvre R'. Hence f(1) is unity of R'. £ 

Exercise 4. Prove that the only homomorphisms of Q into itself 
are the identity mapping and the mapping that sends every element 
into zero. 

Solution, Let £f: Q>Q be а homomorphism. If f(1)20 then 
Ker f=Q = f(x)20 v xcQ. 

If f(1)40 then as Q is an integral domain, by Exercise 3, above, 
(1) is unity of Q. So f(1)—1. ; 

Let n be a positive integer then f(n) -f(1--14-. .. n times) =/(1) + 
S()+...ntimes=n f(1)=n. 

If п=0 then f(0)=0 => f(n)=n. If n is а negative integer, put 
(n— —m, where m is a positive integer. f(—m)— —f(m)— —m by Ist 
case above. Hence f(n) —n. 


Further for any rational number- P, 4EZ, 4520 
ey Е, (7 
ELE 2 f(p)—f(a) f = ) 


рү Јо) P =. 
(2. )-19-2, [Note. that 490-704) =450]. 

Hence for all x& О; f(x)— x, so f=/, the identity mapping оп ©). 

Exercise ‘5, Let X be a set aná f isa 1—1 mapping of X onto a 
ring R. Define + and . on X as under. 

For all x, yE X, хуу) ЈО? у= f? UG ЈО? 

Show that < X, +, .> is а ring isomorphic to К. 

Solution. Since f(x), /О)Є А, FASAHA SU) ONEX. 
As f is 1-1 onto mapping /7'[/()--fO)], FISSO] are 
uniquely defined for any pair of elements x, yE X. 

Note that definitions of + and . imply that f(x--y) -f(9)-- f) 
and fGx.y) efe) fO) v x, VEX. 

Now ¥ x, y, z€ X. 

Л(х-+»+@=Лх+»+ЛД@=Дх) HOO 
= (х) ЙО )] 
—fbr- 04-2] 

> (х+»+т=х+(О+2). 

Similarly it can be checked that v x, y, z€ X, x+y=y+x 
(x. y).z=x (y.z). х.(у+®)=х.у-Ех.2 and (yz) xy. x zx. , 
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f(O) works as zero for X, since XFO —f3UfG) 4-ff2(0)] 
SARAHA. Also for each xEX, F[—f(x) works 
as negative, For 

x+ f= O ур 
=f) fo} fit). 

Consequently <X,+,.>isa Ting, 

Clearly f : ¥ + Risah 
1—1 and onto, 

Hence Y&R. 


onjmorphism which is already given to be 


PROBLEMS 


1. Show that Hom (Z*,, 2+.)=2, where Z, is the Ting of integers 
. modulo n. 


elements, such that a"=b™ and qn. ps for two relatively prime 
integers and п, prove that a=b, 
4. Give an example to show that j 


in the aboye Problem if we 
Teplace integral domain by a commutative ring the result need not 
be true, 


[Hint. In Z/(8), 43—23 and 41—21 but 42] 
5. Let R be a commu 


tative ring with unit. A non-void subset s 
of R is called a multiplicati 


t s" (rs' sr") 


is a ring under addition anq multiplication defined by r[s4-r[s, — 
(r5, 4-rys)/ss,, (r/s) (5/5) rr fg, for all r/s, r/s, є0. 
Define 7:650 by f (@)=as/s fo: 


. T some fixed seg. Show that f 
isa homomorphism of R into Q. 

Lastly prove that every element ОГО of the form 51/5, $,5s,€S 
has an inverse in Q. Б а 


[О is called а ring 
denote it by А]. 
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regular elements of R. Show that О is a multiplica; 
problem 5). The ring of quotients of R with respei 
Classical Quotient Ring of R (or total ring of 
denoted by Q., (R). Prove the following:— 

(i) If a,bER then ab-! isa regular element of Q..(R) if and only 
if a is a regular element of R. 


(i) If every regular element of R isa unit of К then show that 
R=Q.,(R). 


tive Subset (see 
Ct to U is called 
quotients of R) and is 


unity. Prove that R possesses a classical quotient ring if and only if 
it satisfies the following condition. 

For all a, bER; b regular, there exist c, d€ К; d, regular, such 
that ad — bc. 

9. Show that the set S={nEZ | p) n, Where p is a fixed prime 
number) is a multiplicative set. Determine Zs, the ring of quotients 
of Z with respect to S. 

10. Let P be a Proper prime ideal of a commutative ring R. 
Take S— R— P, show that Sis a multiplicative subset. Denote Rs by 
Ry. Show that PR, is the unique maximal ideal of R, where 
PR,—((qs/s;) (r/s) | 4€ P,rz К, з, 5 ES}. ‹ 

ll. Let S bea multiplicative subset of a commutative ring R with 
unity, prove that the mapping f : R>Rs given by f (r)=rs/s for some 
fixed sE S, is a monomorphism if and only if S contains no Proper 
Zero-divisors. 

12. Let S bea multiplicative subset of a commutative ring R with’ 
unity. Prove 

(i) J={aER | as=0 for some 5€ S] is an ideal of R. 

(ii) S/I is a multiplicative subset of R/T where S/T={s+] | ses). 

(iii) No element of S/T is a Zero-divisor of RIT 

[The ring of quotients of R/T with respect to S/T is c. 
lized ring of quotients of R with respect to S.] 

(iv) (R/D sii Rs. 

13. Let U be the set of all regular elements of à commutative 
Ting R. Prove: 

(2) If 7 is an ideal of Rthen IU“ ={aJb EQ 
is an ideal of О. (R). Conversely each ideal J of 
from (J gi. 


alled generg. 


a(R) | a€ 1, be uy 
Qa (К) is of the 
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(b) For ideals A and B of R, (A+B) U1=AU-14 BU: 
(4B)U71— (AU) (BU-) and (AM BJ-1— AU, BU-1. 

14. Determine the field of quotients of the following integral 
domains. 


(i) The domain of all rational numbers of the form m/10" (m, n 
integers). 


(ii) The domain of all complex numbers a+bi where a,bcz. 


(Ans. (i) О (ii) (c--di | c,d EQ} 
15. Give an example to show that non-isomorphic integral 
domains may have isomorphic fields of quotients, 


` [Hint. Consider Z and Е, the ring of even integers] 


9 


POLYNOMIAL RINGS 


1. Polynomials 

Іп school every student who opts for Mathematics comes across 
the concept of polynomials, their addition, multiplication and facto- ` 
rization. Also he is taught to find the solutions of polynomial 
equations Later, at the beginning of college education, the polyno- 
mial functions, their limits and continuity are also taught. Here we 
want to discuss the polynomials, but not essentially from any point 
of view as mentioned above, instead we shall treat polynomials as 
members of some ring and study the algebraic properties of that 
ring. 

Consider any ring S and a subring R of S. Let иЄ S be such 
that ru —ur for every rE R. Let А[и] denote the set of all elements 
of S of the form 

Gg aur aai +... au", 
where a; Є R forevery i—0, 1, 2,..., n and n is any positive inte- 
ger. Using the fact that аи“= иа for every a Є Rand every positive 
integer k, one can immediately see that R[x] is non empty and closed 
under subtraction and multiplication. That is, R[u] is a subring of S. 
Further if 

ag-F aqttd- au +. . .4-a,u7=0 
fora;C К (i20, 1, 2, . . ., n) such that at least one of a; is non-zero 
then we say that wis algebraic over R. However if for every choice 
of ao а, ds... An (of elements іп Л) ay-- au au? . .+a,uw40 
whenever at least one of а;520 (720) then и is said to be transcenden- 
tal over R. For example let us consider Rand Q. Now 4/2 € R, by 
using the fact that (/2)'—2€ Ө, we can see that each member of 
O[4/2] is of the type a--b4/2, a, bc О. Further as 2—1(42) —0, 
We see that 4/2 is algebraic over Q. Consider x, we know that x is 
not an algebraic number i.e. itis not the root of any polynomial 
equation with coefficients as rational numbers. Thus т is transcen- 
dental over Q. E 
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Given any member 


aGscagdam4...... Ta,x"€Q[z] 
We get an infinite sequence (ao, a, а E, PEE Osea curo к OF 
elements of Q in which all te 


rms after nth stage are equal to zero. 
Conversely given any infinite sequence 
(Dobis bao ONO! ec, oe S 


of elements of Q in which all except finite number of terms are zero 
we can find a non-negative int 


eger m such that Ь;=0 xy i > m+1. 
This sequence determines an element 


Coteyn+e.n?+... and do dyx- dox, з 
with c;, d;€ Q, are equal if and only if c;=d; vi, Since otherwise We 
shall get x to be algebraic over 


O. Thus each member q,-L-a,z-- d; 
+...+a,n" is uniquely determined by the Corresponding infinite 


Sequence (do, Gy, As.. ay. a, Any ОО TM -) of elements of Q. 
Again we trun to the general case of R and S. In that case if uc S is 
transcendental over R then each member taut. tau, a;ER 
is uniquely determined by the infinite Sequence (ag, а, 
а», 0, 0,...,.. .) of elements of В? 

Let us take a look on the problem from different angle. Suppose 
Risaring. For the sake of convenienci 


elet us suppose that R has 

unity 1(40). The problem is “does there exist a Ting S containing R 
such that S contains an element x which commutes with every ele- 
ment of R and x is transcendental over R? It is this problem we 
answer in affirmative? We 


at if x is transcendental over 
R then any member ay d +a,xX'+.. a,x" determines uniquely and 


equence (a,, а, О.а. ә 
we do not know for the 
efer to define a polynomial 


а,...,..› 


+++ ›) of elements of R. As 
time being, what this x will 
over R as follows: 


Definition 9.1. Any infini 
.. .) of elements of a ring R is said toa polynomial over В if all except 
finite number of its terms a, are equal to zero, 

In other words an infinite Sequence (ap, a,, a, 

-») of elements of R is said to be a polynomi 
exists a non-negative integer n such that а= 

Each member a; of the polynomial Goan asn -) is called 
its jth coefficient. Further a, is called the Constant term and if nis the 


largest non-negative integer with 457-0 then a, is called the leading 
coefficient of the polynomial. 


be—we рг 


te sequence (a,, 
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Definition 9.2. (Sum and product of two polynomials). 
Let f= (do, а, dy.» - . ) and g=(bo, by, bp, . . ., . . .) be any two 
polynomials over a ring R then théir sum f+ and product Je are 
defined as under: 
f g— (ast bo аЬ, а,+Ь,....,...) 
Jg (со Cp €i о бу Where Co=— ao 5, 
c, a,b, Harbo, c5 — ab, - 4b; + a,b, and so on, in general 
Ck=lobkt abrit. +.. +.. Ба, 
= У ajb;forevery k>0. 
i+j=k 

It remains to settle whether sum and product of two polynomials 
over R are polynomials over R or not. This is answered by the follow- 
ing more comprehensive theorem. 

Theorem 9.3. The set T of all polynomials overa ring R is a ring 
under the addition and multiplication operation defined as follows: 

оа f= (ao; a3, d, тл a erh E= (Dos Dis Ds, vs aves DEE 

fg (9+0, a,+b,, aF ba ..4..) 
and fg=(Co, Cys €... + +) 

where c= ©  ajb,for every k>0. 

i+j=k 

Proof: Let a, and bm be coefficients of f and g respectively such 
that a;=O¥i>n+1 and b;-0xjPem--1. If s=max (т, п) then 
а= b,—0 v t5, so a,4- b, — 0x t» 5, hence f+gET. 

Again consider k 2m 4-n, then if i--j—k either i>m orj>n hence 
a,b;=0 for all i and j satisfying i+j=k fork>m+n. This gives 
that c,—0 for all k>m+n+1, hence fec T. 

Now as Ris a ring it can be easily verified that <T, +> is an 
Abelian group in which (0, 0, 0, . . ., . . .) is the additive identity and 
Ог апуу (2550). d» © ЄТ (а ао йил ыз) 
is the additive inverse of f. Clearly f'€ T. Further <T7,.> is а 
semi-group, as <R, .> isasemi-group. Finally itcan be easily check- 
ed that . is distributive on left as well as on right over +. Hence 
<T, +, .> isaring.m 

Theorem 9.4. Let T be a ring of polynomials over a ring R then 
R'={(a, 0, 0,...,) | a€R) is a subring of T isomorphic to R under 
the mapping (а, 0,0,...,...)>a. Further if R has unity 1 then 
(1,0,0, ...,. . .) is the unity of T. 

Proof: Let f : К-Т be defined by f(a)=(a, 0,0,...,...) ¥aER, 
Then for all а, bER, f(a+b)=(a+b, 0, 0,...,...)=(а, 0,0 


э++ ep 


f(a)—f(b) (a, 0,0, ...,-. )—5(5,0,0,..., . . .)&a—b. 
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Finally if R has unity 1 then f(1)=(1, 0, 0,...,.. ӘЄТ and fur 

1 Gy 05 а... JET, (Gy d» às. Ls.) Оо) 
(ay a» ay ...,...)=(1, 0, 0,..... (254505 ...,...). Hence 
(1,0, 0,...,...) is the unity of T.m 


REMARK. For each 4€ К, let à denote the polynomial (а, 0, 0; ..., 
++). Further let R have unity 1(0). 

Define x=(0,1,.0,0,...,...) then ax=(a,0,0,...,...)(0, 1, 

„%,..:,...)=(0,а,0,0,.. »5:-2)7(0 1, 0,0,...,...) (а; 0,0, 


iplication of the polynomials one 
finds that x —(0, 0, 1,0,0 


er д, х=(0, 0, 0, 1,0,0,.. 5-2 
(т+1һ р!асе 
———— 
and so on, in general (ООЛО 9€ „0,1,0,...„,...). Further 
(n--1)th place 
MIT 
for any a€ n, üx"—(0,0,0,.. Эе E Yi a 
Letf—(a5, а„ a, ...,.. -) be any polynomial over R. As there 
exists a non-negative integer n such that ai=04i>n4}] we'see that 
= (Ao, а, as o iy o ay dp, 0, 0; E bs 0r Once i 4O, а, 
OD, rss shel) Os 0) абс Le 0, 0. 
uu ad 2: ) + + cb ME ы] 
MM 
аә 0, das 0, .. 55. )=а,+-ах+фа, см У +а,х", 


Further f=0 if and only if a; 


=0¥i gives ахах. 4 
a,x"=0 if and only if each a,=0, As Rem' un 


fas axta x, set.. Hax" 


=0. Consequently x is transcendental 
e have found a ting T vontaining R such 


two overrings of R. 
ut u and и’ commute 
r the mapping f: Riu] 
cara! tau), n 


POLYNOMIAL RINGS 237 
then (as— bo)- (a, —b)ud- (a.—b,)u2 +. ..— 0 
ix agb, а=}, a4—b,,...asuis transcendental over R, 
This in turn implies ag--ayu' J-ay(u^)?4-. . =bo tbu + bu’), .. 
hence /(а,-Еау-Еа?-Е...)=/(Ь-ЕЬи-ЕЬьи?-Ь.. =): 
Consequently f is well-defined. 
Now let.ag--ayu-- agi. . ., Биа. . € R[u] 
Then f[(@o+autau’+. . .)+(bo+bu+bu +...) 
=S[@o+bo)+ (a -b))u-k (a,+b e+. . ] 
= (ao bo) + (0+6) + (a 3- by) (u^? +. I. 
=[ao+au'+a,(u')?+. . ]H- [bo 4- biu" +5,(u')?+. . J 
—f(as-- aur ag?) f(bo- bu ba. .). 
Further f[(asd-ayu-- agi? . . .) (bo - bu M- bai? . J] 
7f labot Goby +a, bo)u+ (aob a,b; аЬ). EM 
=A obo (ао, --ajbo)u' 4- (agb, 3- a5, 4- abo) (u')? +.. . 
=[ay +a’ +а,(и")--.. Ји bu). . «| 
=f(Aotau+au?+.. .)f(botbu+bwe+. ..). 
Thus f is a homomorphism. 
Again Ха,+аш+алё-. . ) —f(by bud but 4r...) 


- At au' au)! +. . .=botbu' (и)... 

> (ao — bo) -- (a, — bu +(a,— b,)(u’)?-+. . =0 

> 4)=bo, a—b,, а=», . . ., as u is transcendental over К. 
> ask aqu ray. .=bo+but+bwe+. .. 


This gives f is 1—1. 

Finally each element of R[w]is of the type ay+a,u'+a,(u')t-+. .. 
with ao, а), a» .. .€ R, which is clearly equal to Kf(ao 4 -aqu4- ag? 
Er). 

Hence f is onto. 

Consequently R[u]z- R[u'].m 

Let us return to А and Т mentioned earlier. We call x=(0, 1, 0, 
0,...5...) an indeterminate over R. Now if R has no unity then 
R can be embedded in a ring S with unity 10520). Then TC S[x] 
with x—(0,1,0,0,...,.. )e S[x] but хет. However each mem- 
ber of T is still of the form ag+a,x+a,x?+. . -+a,x", а:Є В. 

Still we denote T by R[x]. In this case it must be emphasized 
that xg R[x]. : 

Theorem 9.6. (i) If R is commutative then R[x] is commutative. 

(ii) If R has no proper zero divisors then R[x] also has no proper 
zero-divisors. 

Proof: (i) Let /=(а0 а, d». . 5...) g=(bo be Балку ot Э; 
Є Кх], then fe=(Co €i С - - +» - -) Where €,—aob,-ajby 14... 
+s baby tk D0. 

Also gf=(do, di, dp +--+ + -) 
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where d,—b,2,- -bya, 4. cba ¥k>0. 

As R is commutative 40b, .,— bi... t=0, | — E 

Hence ¢,=d,¥k>0, 

ie. fg—gf. Consequently R[x] is commutative. 

(ii) Let f40, 20 then there exist non-negative integers m, n such 
that a,2£0, a;-=0 ¥idn+1 and bnX0, b;=0¥ j>m+1. 

Let fg=(Co, сы с„,...,.. SE 

Then Cmin=aobmin аб 14. . sibus asbs a, abus it 

` ae eb. ban andy. 
=a,b,, since aji—0viontl& b;=0¥j>m+41 
770 as 4,40, 5.540 and R has no proper zero-divisors. 

Consequently fg=40. This Proves that R has no Proper zero- 
divisors.m 

Corollary 9.7. If R is an integral domain then R[x] is also an 
integral domain.m 

Definition 9.8. Let f=(a, a, VEDO any non-zero 
polynomial over a ring R. Then degree of f, denoted by deg f is 
equal to the largest non-negative integer n such that a,, the nth 
coefficient of f is non-zero. d 

Thus if f is a non-zero polynomial, we know that 
non-zero coefficient, further as f has only finite n 
coefficients, we can find a non-negative in; 
а=0 v i2 hl. 

Then /= (40, 4,05 ...,..., ay, ONO aa 

—araxcaxeM.... -+a,x", and deg f=n, 

We emphasize that we have not defined degree of Zero polynomial, 
Of course some authors define the degree of zero Polynomial to be 
equal to — oo. 

Theorem 9.9. For any two non-zero polynomials f= 
28709555... uL. -) over a ring R, 

(1) if f-- 870, then deg (у t£) тах (deg f, deg g). 

(ii) if fa#0 then deg ( fe) <deg p iau 2. 

(iii) if R is a ring without Proper zero-divisors then 

deg fg = deg f+ deg g. 

Proof: Let deg f=n and deg g=m, then 443-0, b 

=0¥j>m. 
pt » definition of addition f+-g—(c,, су, Ge UPS 
where  ¢,=a:+b; ¥i>0. | 

Now for i > тах (п, т), we have i > mi>n 
во a;=0, b;=0 and hence c;=0. 

Then by definition deg ( f-+g)<max (n, m). 

(ii) Let $2 (Gos uh. ds unc 320 


f hasat least one 
umber of non-zero 
teger п such that 4,40 but 


(ао, а Aga a oy 


m7*0, a;=0%i>n. 
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with d,= У ab; ¥k>0. 
itj=k 

If k > m+n then for any two non-negative integers 7, j; «jk 
i>norj>m. 

This gives a;—0 ог 5b;—0 and so in each case 4;b,—0. Hence 
d,—0 у k>m+n. 

Thus deg ( fg)<m-+n=deg f4-deg g. 

(iii) We know that d,i,—a,b,220 when R is a ring without 
proper zero-divisors. Consequently deg (fg)>m-+n. As Seen in 
(ii), deg ( /8)<т--л, we conclude that deg (fg) —deg f4-deg g. 

We now give examples to show that in certain cases equality does 
not hold for parts (i) and (ii) of the above theorem. 

EXAMPLE 1. Consider the ring R=Z/(6). Its elements are 
0, І, 2, 3, 4, and 5. Take f=1+9x and g=5-+4x+3x?. These are 
polynomials in A[x] of degree 1 and 2 respectively. 

Now fg—5--2x--5x' is of degree 2. In this case deg /2—2 which 
is not equal to deg f+-deg g. 

EXAMPLE 2. Consider the polynomials f—1--2x—3x? and 
g—4—3x--3x* in Z[x]. Now deg f=2 and deg g=2. But f+g=5—x 
is of degree І. In this case deg ( f+ g) is not equal to max (deg f, 
deg g). 

REMARK. For any ring R if f-—aayxdaxt-b...-RaQx^ апі 
B=) bxc byxt-p. . .-Hbmx™ are two polynomials of degree n and m 
respectively such that a, or bm is not a zero-divisor then deg fg= 
deg f--deg g. This is so, because in Jg the coefficient of x7*™ is 
AnbmZ~0 as one of a, and bm is not a zero-divisor. 


2. Factorization in R[x] 

It turns out that the theory of factorization of integers in terms of 
prime numbers has a strong analogue in the theory of factorization of 
polynomials over a field. This analogue will be studied in the next 
chapter within a more general setting. But we end this chapter with 
the theorem of division algorithm in R[x], where R is a commutative 
ring with unity. We shall see that this theorem plays a leading role in 
the development of factorization theory in F[x] where Fis a field, 
and also in the general theory of fields, 

Theorem 9.10. (Division Algorithm in R[x]. 

Let R be a commutative ring with unity; g, a non-zero polynomial 
in R[x] of degree n with leading coefficient, a unit in R, then for any 
€R[x] there exist unique polynomials h and ғ in R[x] such that 
Jf—hg--r where either r—0 or deg r «deg g. 

Proof: Firstly we establish the existence of h and r, If f=0 
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then we can take h=0, r=0 and the result holds trivially. 
Now let f be non-zero. We apply induction on deg f and use the 
fact that result holds for f=0, as seen above. Let the result hold for 


all polynomials of degree less than that of f and let deg f-—m. 
In сазе m<n, taking h=0 and r=f we get f=hg-+r. Suppose 
m2n, then we can write 


fH bo +b x+-b x24 


Dey bb x™; 5,40 zsa (D 
&=а+аүх--а,?-Ь...,.. -+а,х"; a, isa unit in В... .(2) 
Since a,— exists and m>n, (2) yields 
Бла, xm-n g Sb ma] ао" "ата; оро ae 
ms i Gs-4X771- E b, xm. s (3) 
By Subtracting (3) from (1) and by using the fact that both. poly- 
nomials are of same degree m and have same leading term bm We 
get that f- b, q.i x™ng ig а A 


» Вагі xn, r=0 
satisfy the given condition omial is not zero, by 
» TE R[x] such that 
bnan! xm-n =hg+r ‚..(4) 
g. 


hg+r. 


2) 

Part of the theorem, 
Now we show the uniqueness of 7 and r, 

Let f=hg-+-r=hg+r, with h, hy, r, r, € R[x] satisfying the given 
conditions. Then (h—h)g =r =r, Si o (6) 

If л— 50 then deg [hg] — deg (A~h) +4 Бн ЕД! 
also r,—r40 (by the Temark following Example » vd 
deg (r,—r) «deg g, which is a Contradiction t, 
h=h, and consequently r=r, g 

Since in a field every non-zero element ig а unit. the above theorem 
gives. А 

Corollary 9.11. If Е іза field, then for any two polynomials Us 
gC€F[x], 2520, there exist unique Polynomials h, re Fix] such that 
f—hg-tr and either r=0 or deg "<deg g.m 

REMARK. The polynomials hand r of the above theorem are called 
the quotient and the remainder Tespectively while f and & are called 
dividend and divisors respectively, In Case 


$ Р 7—0 we say that g di ides 
or g is a factor of f or f is divisible by g. Symbolically g T ivides f 


But then 
© equation (6). Hence 


PROBLEMS 


1. Complete the proof of Theorem 9.3, 
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[Hint. The only difficult steps in the proof are the Verification of 
associativity of multiplication and distributivity of multiplication 
over addition. Let f=(d, @,@,...,...,...), 8 —(bs, b, b,, 
хз апа h= (0) Cis Cys, <2 5. ET. 

To prove ( fg)h=f(gh) we proceed as under: 

The kth component of fg is d,— У a,b 


А 


itj-k 
Further rth component of ( fg)h is "m. d.c; 
к=к 
— (5 abj)):— У  (ab,e, 
l+k=r._i+j=k i+j+l=r 


where the last sum runs over all triples of integers 0 <i, j, 
fying the equation i--j4-/—r. 

Similarly the rth component of f(gh) is equal to 

У a (Z  bjc)- = a;(b;e,). 
i+k=r j+l=k i+j+l=r 

This gives ( fg)h=f(gh), 

Now to prove f(g -h) «fg --fh, note that the rth component of 
K(g--h) is Z ailb;+e;) whereas the rth component of fg J-f/ is 

i+j=r 


/<r satis- 


E aba X ас. Hence f(g 4-1) — fe --fh.1 
itjer itjer 


2. Let R be a ring. Verify that the set S of all those polynomials 
in R[x] which have constant term zero, form а subring of Rix]. 
3. Let R be a ring with unity and A=<x°> be the ideal of Rix] 


generated by x°. Show that i =| ares 


conclude that if Ris a finite Ting then A 


ав, aen]. Hence 


is also a finite ring. 


4. For any ideal 4 of a ring R show that A[x] is an ideal of Rix]. 
Rb] К 
Prove that Ab] =a [x]. 

5. Let A be an ideal of a ring R. Prove that the set of all those 
polynomials in R[x], whose coastant terms are arbitrary but all other 
coefficients belong to А, is a subring of R[x]. 

6. If S and T are subrings of R such that STCT and TSC T, 
Prove that the set of all those polynomials in R[x], whose constant 
terms are in S and other coefficients are in T, is a subring of R[x]. 

7. Let R be a commutative ring with unity. Show that every poly- 
nomial f€ R[x] is a unit if and only if the constant term of fisa 
unit and all other coefficients are nilpotent. 

8. Let А be a commutative ring with unity. For all polynomial 
f—a--ayx--ayx^-. . rax" € R[x]; А,, the ideal of R generated by 
the elements ay ay, 45 . . +> G4 is called the content of f. Using the 
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fact that every Proper ideal of R is contained in a maximal ideal, 
prove the following: 
If for two Polynomials f and g, A,—R, A,=R then A, =R. 


9. Let f and g be two non-zero polynomials over a ring R. Prove 
the following: 


(a) If deg f deg g then f--gz0 and deg ( f--g)—max (deg f, 


deg g). 

(b) If deg f— deg g and f+g40 then deg (f+8)<deg f. 

10. Prove the following generalized version of the division algo- 
rithm. 


5 with unity. Let f, ec R[x} with 
efficient of g, prove that there exist 
а positive integer k such that 

ak f=he+r with r=0 or deg r<deg р. 

If « is not a Zero-divisor prove that for a fixed k satisfying the 
given conditions, h and r unique. How does this result generalize 
division algorithm? 

ia R be commu f—aykayx + aut J wo 
in R[x] is a zero-divisor, n isa t i 
Such that bay—ba,—, . .=ba,= зш А 

[Hint, Choose a polynomial Есу Бох. ы xm of least 
degree m such that fg=0. Then 4nCm=0. Consider ag, if it is not 
zero, its degree is less than m and still fi Th 
4,8— 0. Apply induction on r to prove 


(а„в)=0. This shows that 
that a 
12, Let R be a commu 


tative ring with uni 


13. For any ring А show that zt 


<x 
[Hint. Define f ; Rix] >R by SQo+a.x4 a 
we ах +... +ах")=а,] 
14. Show that the additive group of 201 is isomorphic to i group 
G of positive rational numbers under multiplication 
[Hint. Use the fact that the Set of prime numbers is countable. 
n 
Define f : Z[x]>G by f ( Ел aui) 
(ES 


R. 


n 
п pi^. 
i=0 


10 


FACTORIZATION THEORY IN INTEGRAL 
DOMAINS 


In Number theory one comes across the Fundamental Theorem 
of Arithmetic which states that any integ r n> | is expressible as a 
product of powers of distinct primes and this expression is unique to 
within order. In this chapter we intend to generalize this result to the 
elements of certain special domains whose definitions are motivated 
by the properties of ring of integers. In this chapter we shall be 
mainly concerned with commutative rings with unity. 


1. Divisibility 

Definition 10.1. Let R be a commutative ring and let a and b be 
two elements of R, b is said to divide a (symbolically 5 | a) if 
a=be for some сЄ К. b is called a factor of a. Further b is said to 
be a proper factor of a if b and c both are non-units. 

The proof of the following theorem is trivial and hence omitted. 


Theorem. 10.2. Let R bea commutative riag with unity and let a, b, 
c be any three elements of R, 


then (i) a | a. 

(ii) Jf a | b and b | c then a | c and a | cx for every xE R. 

(iii) Ifa | b and a | € then a | (b+c).s 

Remark. By definition it follows that every clement of a Ting R 
is a factor of 0. 

Definition 10.3. Let R be a commutative ring with unity. An 
element a of R is said to be an associate of bE К if a=bu for zome 
unit uc R. 

RIMARK. a~b will denote that a is an associate of b. 

Theorem 10.4. Let R be a commutative ring with unity, then the 
Following hold: 

(i) The relation of being associates is an equivalence relation on R. 

(ii) If R is a domain and a, b are two non-zero elements of R then 
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a~b if and only if a | b and b | a. . 
(iii) If a, b are two non-zero elements of R then a | band b | a if 
and only if <a>=<b>. 
Proof: (i) For all x€ В. x=1x i.e. X-x, 50 ~ is reflexive. 


* РЕ r1 
Ifa~b then a=bu for some unit u€ R => b—aw! > b~a as и 
is again a unit in R. 


Thus — is symmetric, 


Finally if a~b and bc then a=Eu and b—cv for some units 
u, VER. This gives a—c vu; however u,v being units in R implies 
that vu is again а unit in R. Thus ac and this implies that ~ is 
transitive. 

Hence ~ is an equivalence relation on R. 

(i) If a~b then а= bu for some unit WER = b| a. Also bau? 
-al|b. 

Conversely if a|b and b | a we get b=ac and а== bd for some С, 
d€R; thus b—bdc > dc—1 as Ь520 and R is an integral domain; 
thus d is a unit, Hence аЬ. 

(iii) а | b > b=ac for so 
Similarly b | а = <a> С <b>, hence <b>=<a>s, 

Conversely <a>= <b> EXC bs =i ge pL for some "ЄК 
b | а. Tn the same fashion <b>=<a> Bives a | b.m 
Note, Thc only associate of 0 is zero, , 

EXAMPLE 1. In Z, —3 and 3 are associates ag —lisaunit. In 
fact the only units in Z are 1, — 1; so every non-zero integer n has 
two associates namely —n and n. 

EXAMPLE 2. In Z/(8) onl 
ciates of 3 are therefore 3 and 

EXAMPLE 3, [n Z[i]— (a-- bi la bez,i-. IS (the . ring of 
Gaussian Integers) the units are 1, — l,i, —i, So the lat of 
2--3i are 24-31, —2-3i, 2i—3 and 3— 5j, ia Que 

Definiticn 10.5. An element ive ri R i 
is sald to be NSARE Pofa commutative ring R with unity 


MecER = be <a> s cp. С <a> 


ly units are IREA and 7. The asso- 
5. 


called irreducible if P in à commutative Ting with unity is 
(i) p0 and pis not a unit, 
(ii) Whenever p—ab then one of a and b must be unit; 
words p has no proper factors. а 
EXAMPLE 4. In Z every prime number isa prime element апд 
also every prime number is ; an irreducible ciment, 
EXAMPLE 5. InZ(V 5]-(a£5 4—5 |а bEZ}, УУЗ is 


in other 
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prime element since if 4—5| (a+bV—=5) (c--d У —5) for some 
a, b, c, d€Z, then (a+b 4 —5) (с-а V —5)-(V —5) (x +» =—5у 
for some x, уЄ7. __ te E 
Thus (a—bV —5) (c—-dV —5) =(—V—5) (хуу —5). 
So (a+ Sb c? 5d) = 502-5) 

- 5 | (a"-I- 5b? (c*-- 5d). 
But 5 | 55^c^-- 5a'd? 4-25b'd*. Consequently 5 jac. 

Now 5 is a prime number so either 5 | a? or 5 [es 
In case 5 | a*, 5 | a; in second case 5 | с. E 
Let 5|a then / —5 | aas 5=(V —3) (—-V —5). 
Therefore 4 —5 | (а4-У —5b). Similarly in case 5|c we get 
V —5 | (c-- V —5 d). Hence 4 —5 is a prime element of 214 —5]. 

EXAMPLE 6. Again coming back to Z[V —5] it can be checked 
that only units in Z[V—5] are 1 and —1. We claim that 3 is irredu- 
cible in Z[V—5]. Ifit were not, it would be possible to express 
3—(a--bV —5) (с-а —5) for some a, b, c, d€Z where both 
a+bV—5 andc+dV—5 are non-units, Then 3=(a—bv —5) 
(c-dV —5)>9=(a°+5b°)(c?+-5d:). Thus either а`--50%=1 and 
c*--5d* —9, or a*-- 55? —3 and с? 542—3 ог a°+5b*=9 and c?+-5d? 
—1. Since 5>1 the only integral solutions of à?--55?—1 are a=+]1, 
b=0. Also a^--55*—3 has по integral solution. In case a^ 4-55? —9, 
c^-F5d^—1, we get c— 31, d—0. Thus 3=(a+b V —5) (сау —5) 
will either imply a+bV—5 =+1 or c--dV —5—.r1. But 1 and -1 
are units in 2[У —5]! So 3is an irreducible element of ZIV — 5j. 
Note that 3 is not prime since 3 | 9—Q--A —5)2— V —5) but 
3} (2-- V —5) and (2—4/ —5), otherwise 2+ V—5 —3Xx4yV —5) 
for some X, y€ Z-—3x—2, but 3x —2 has no solution in Z. 

EXAMPLE 7. In 210, the ring of Gaussian Integers (See 
Example 3), 1--i is an irreducible element. Suppose 1+i=(a+hi) 
(c+di) a,b,c, dEZ then l—i= (a — bi (c — di) 2 — (а b*y(c-4-d:), 
So either a?+6?=2 ог gp pi]. In case d^4-b'—1 we get (a-|-ib) 
(a—ib)=1>a+bi is unit. In case a*4-b*—2, c^ d2 | i.e., (c4-di) 
(c— di)-- 1-2 c-- di is unit. Hence 1+-7 is irreducible in Z[i]. 

Lemma 10.7. In an integral domain D with unity 
ment is irreducible. 

Proof: Let p be a prime element of D, then by definition p30 and 
р is not a unit. Suppose p=ab for some a and bE D. So P|ab. But 
as p is prime either p | a or p | 5. 

Suppose p | a then a—pk for some kc D. 

This gives p —pkb, so kb—1 and b is a unit. Similarly if p | b then 
4 is a unit. Hence p is irreducible.m 

EXAMPLE 8. In Z/(6). 2 is a prime element but not irreducible 


every prime ele- 


D 


246 MODERN ALGEBRA 


element. Since 5 | ab=6 | (ab—2n)>ab—2n=6k for some kKEZ 
72|ab22|a ог 2 | 5 3|àor3 |25 is a prime element. 
But 2=2.4 where neither 5 nor Я is a unit, this gives 2 is not an 
irreducible element. Note that Z/(6) is not an integral domain. 

REMARK. In general, converse of Lemma 10.7 is not true. See 
Example 6. 


Lemma 10.8. Let R be a commutative ring and a€ К then the princi- 
pal ideal <a> is e 


qual to the sét {ar+na | r€ К, ncZ). н 
Proof: Let X={ar+na | rER, n€ Z). We shall show that Х is the 
ideal generated by 


a. Clearly a—-a0--1a€ X so that Xis non-empty. 
Let аг--па, as--ma€ X where ғ, 


Corollary 10.9. Ina 
Proof: Let 1 be the u 
=as for some SCR 
—(as| SER} ie. <a> 


commutative ring R with unity <a>=Ra=aR. 


nity of R, then we can write ar+na=a(r-+nl) 


a l€R 5 лєк. Consequently <a> 
=aR= Кала 


theorem i ] 

which are not fields, 5 ол examples of PID's 

Theorem 10.11. (а) Zisa PID. 

(b) For any field F, the ring 

Proof: Note that in each 
non-zero ideal is principal. 

(a) Let A be a non-zero ideal of Z, 
generality we may assume that a is p 
and—a is a positive integer). Let n b 
We shall show that A=<n>, Clearly <пъс 4. eta be ahy 
integer in A. By the division algorithm in Z, there exist integers A and 
r such that g=hn-+r where either r=0 ог O<r<n, If берл then 
т=@—ЮЄ А as q, nE A, which contradicts the fact that п is the least 


of polynomials Fix] is a PID 
Part it is sufficie ў 


let 970) € 4. Without toss of 
Ositive (since otherwise —gE A 
€ the least positive integer in A. 
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positive integer belonging to 4. Thus r=0 ie. q—hnsq€-n-, 
This gives А C «n2. Hence A=<n> and first assertion of the 
theorem is established. 

(b) Let A be a non-zero ideal of F[x] and let f be a non-zero poly- 
nomial in A. Let g be a non-zero polynomial of /east degree, which 
belongs to 4, then <g> CA. Now if ТЄ А then by Corollary 9.1 is 
their exist polynomials / and г such that t=/hg--r, where either r=0 
ог deg r<deg g. Butr=f—/g€Aast,g€Aand А is an ideal of 
F[x]. So if r40, then deg r can’t be less than deg g because of our 
choice of g. In other words r=0. This implies r=Ag i.e. Є <#>. 
Hence A=<g>. This completes the theorem. 

We now show that the converse of Lemma 10.7 holds for PID’s. 

Lemma 10.12, Every irreducible element of a PID is prime. 

Proof: Let p be an irreducible element of a PID R. By definition 
pz*0 and p is not a unit. Let p | ab and р} a; we shall prove that p | b. 
Now «pz-F«b--—-d-forsome 4Є Ras Risa PID. This gives 
<b>C<d> = p=dx for some хЄ К. But p is irreducible element 
so either d is a unit or x is a unit. In case d isa unit, there exist ғ 
and s€R such that 1—pr--bs > a—apr--abs => p | a as p | ab and 
p | apr, which is against our assumption. This enforces x to be a unit. 
So d=px. In other words <d>=<p>. Then <p>+<b> 
=<p> gives «b» C <p> Le. p | b. Hence the lemma follows. 

Remark. The above lemma shows at once that Z[V —5] is not a 
PID as a 3C Z[ V —3] is irreducible but not prime. 

Theorem 10.13. Let К be а PID which is not a field. Then any proper 
ideal A of R is a maximal ideal if and only if it is generated by an 
irreducible element of R. 

Proof: Since R is not a field there exists an element а(520)Є К such 
that а is not a unit, then (0)< <a> < К. So <0> is not a maximal 
ideal. Now let A be a maximal ideal of R; then as seen above A(()). 
Now A=<p> for some p(40) € Ras R is a PID. Further, AŻR 
=> p is not a unit. We show that p is an irreducible element. Let 
p=ab for some a, bER, pE <a> = AC <a>. As А їз а maximal 
ideal, either d=<a> ог <a>=R. In case <a>=R, l=ac for 
some cER > а is unit. In case A=<a>, ae <p> = a=pq for 
some ЧЄК, we get p—pqb which in turn gives gb=1 i.e. bisa unit, 
hence p is irreducible. 

Conversely let A=<p> where p is an irreducible element. Since 
pisanon-unit, AAR. Let J>A be an ideal of R. As R is a PID, 
J=<x> for some x€R and x&A (otherwise Ј= А). Now 
<p> < <x> = х|ріе. p=xy for some yER. As pis irreducible 
element either x is a unit or y is a unit. If y is a unit then 
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X—py'€4, а contradiction. This forces X to bea unit. In other 
ence A is a maximal ideal of К.а 

Z, an ideal <p> is maximal if and only if p 
is a prime number. This follows from the fact that in Z cach 


Prime number and vice versa 
EXAMPLE 11. In QIx], the ideal 


that Q[x] is a PID (Theorem 
element in O [x], because if х+2=ув, 
deg 7—0 or deg 
%ACEQ and let g 
—4 (b, --b,x) 
Similarly deg 
elment, Then 


0 then deg g=]; let f—a, where 
=b + b,x where p, bEQ and 5,50, Then x+2 
1=1. So a isa unit i.e. fis a unit. 
X--2 is an irreducible 


and (ii) for any ez 0c р 


(i) a| dandb |q 
and (ii) for апу (540) in R if a | xin R, then g | xin R 
can be extended in а natural way to any finite 
Z,3 is an HCF of 6 
- Further let 0 
that a | 6 and 4|9 then а ср 


shown that —3 is also an НС 
and 9. Now 18=63 and 18— 


x(A0) an integer such that 6 | x and 9 | x 


9—4.2—129x—42x— s. Again 2 | x=x=2k for Pains fei : E 
9 | x«x291 for some integer у This gives [18 ah 8 Re a 
Hence 18 is LCM of 6 and 9. In the same way jt ае les 
that—18 is also an LCM of 6 and 9, 


EXAMPLE 13, In the ring Z/(12), th 
5, 6, 7, 8, 9, Tò and TI. HCF o 


9.2 imply 6 | 18and 9 | 18. Further let 
- Now 2 16 


be proved 


€ elements 
Їб and g is 3 


if sez (12 
(2.8 — 8) ie. »|io.H o 
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also an HCF of б and 8. We claim that 5 and g have no LCM in 
Z/(12). Suppose that ¥ is an LCM of G and & theng | x and g E С 
х=6 п forsome 7EZ((12). Then x—i or 6, this implies 6—8g 
for some Qq€Z/(12) as LCM is never zero. ButSm=o, 2 Or 
8v m EZ/(12), hence a contradiction. Consequently б and 8 have 
no LCM in Z/(12). This shows that elements may possess an HCF 
but not an LCM. 

EXAMPLE 14. Jn Z[x|, the ring of polynomials over Z, x--2. is 
an HCF of x?--2x and 2x--4 while 2x*--4x is their LCM. Clearly 
(x42) | G?--2x) and (x--2) | Qx4-4). Let f(:0)€ Z[x] be such 
that f | (x?--2x) and f | (2x--4). Then 2x+4=fg for some g€Z[x]. 
Since Z is an integral domain, deg f--deg g=deg Qx--4)—1. So 
either deg f=0 or deg g—0. In case deg f=0, f—a,, 1,750, then 
f| (x3 2x) ex? 2 x aq(bs -- b x 4-b,x2), 6,0 as deg (x°+2x)=2; 
this gives that 4,b,=1=>a, is unit of Z > ау=1 or —1. Then f=1 
or —1 and so f | (x 4-2). 

In case deg f=}, let f=a,+a,x, а,50. 

Now f | (2x--4) > 2x+4=(a,+4,x) cy, C00 > 4,69 4 2 0,540, 
Again f| (+x) > x 2x=(m+ 0x) (dod-dix), d0 as 
deg (x°+2x)=2; > аа„=0 and 440 = dy—0. Further ad, =1 >a, 
is a unit so a,=-+-]: This gives @=-1, Finally ad, =2 > а=2 in 
case d,=1 and a,— —2 in case d,— – 1, hence f—x--2 or —x—2. 
In both the cases f | (x4-2). 

Thus x 4-2 is an HCF of x'--2x and 2x--4. We leave the verifica- 
tion of the proof of the statement that 2x^--4x is an LCM of x'J-2x 
and 2x 4-4 to the readers. 

One notices in the above examples that a pair of non-zero ele- 
ments a and b of a commutative ring may have more than one HCF 
and the existence of HCF does not guarantee the existence of LCM.’ 
Similar is the remark about LCM and its existence vis-a-vis HCF. 
Also one can’t fail to notice that if there are more than one HCF or 
LCM in an integral domain with unity then all these are associates. 
We establish this in the following. 

Theorem 10.16. Let D be an integral domain with-unity. Ifaandb 
are two non-zero elements of D such that their HCF exist then any two 
HCF's of a aad b are associates. Similarly if a and b have LCM then 
any two LCM's of a and b are associates. 

Proof: We shall give the proof for the case of HCF and leave the 
Second case for the readers to prove. 

Let c and d be two HCF's of a and b then since c | a and c | b and 
d is HCF of a and b, c | d. Similarly d | c. Hence c and d are asso- 
Ciates, [Theorem 10.4(ii)].m 
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Noration. HCF of a and b will be denoted by (a, b) and LCM 
of a and b will be denoted by [a, b]. 

Lastly we give an example to sho E. 
elements in an integral domain with unity may not possess an HCF. 


a, bc Z). EE E. m 
Then 9, —3--3/ —5 Є21У —5), 319 апа 3 | —343V—5, 
Firstly we show the only proper factors of 9 are 3,3: —3, —3; 


2+ v —5,2—4 —5 i—2-V —5, ~24-V=5, "a 

Suppose 9—(a4-bV.—5) (c+d V —5) where а+ьу —5 and 
C-FdV —5 аге, non-units, This gives 81—N[((a-- bv —5)(c+ ay —5)] 
where N(x--y V 5) у Sy"; ie. 81 2 (a. 5b?Y(c*-- 5q?). 

So a^ 5p —], 3, 9, 27 or 81. oe 

In case а°--5Ь°%== 1, a=+1, b- 0 then a+bV¥—5 isa unit which 
isa Contradiction, 

a+ 502—3 has no-integral solution, (Prove !) 


589 hasa=49, bL] ог 4-—:-3,b—0 as the integral 
solutions, Again 024-5429 gives c= +2, d=+1 or c=+3, d=0. 
Thus we get X3, +24V —5 as Six proper factors of 9 
Again 2*-F: b*—27 has No integral solution, 
Finally a?4-552—| > č+5d=1 which is turn will imply 
ctdV—5 isa unit which is absurd. Hence our assertion follows. 
Now none of the factors 2+. 4 —5, 2—4/ 5 
ЖУ —5 can be HCF of 9 and —34-34 —§ ot 
or 3 | Q—4 —5) which is impossible as Shown in 
Further 9 itself can't be i 
9 | (-343V=5) = 3434 3 


Hence if there is at all an HCF of 9 ang C333 -—S ir must be 
3, (Note.that an ascociate of HCF is again an HCF) Let it be $01 


S EE —5) (p4 qv —5). 
and 3=(2— V—5) (P-V —5) = 9=9 Fsg =: 
р= +1, 4=0 > 3=+(2-- У —5) which is absurd, Hence 9 and 
—3--3V —5 have no HCF. 
Theorem 10.17. If Ris a PID then every pair of non. Zero “elements 
a and b of R has an HCFandan LCM. Fy 


rther if d= (a, b) then d= 
or some x, y€ R. 
g^ i Consider <a>+-<b>. Since R is a PID 
г D 


> <a> <b> 
c> for some c€ R. Thus <a>C <c> and 
=< 


<b>c <c>'> 
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c|a andc|b. Let d(40)ER be such that g [а апіа| ь then 
<a>C<d> and <b>C<d> = pt a St Sy Sa <с> 
C <d> 2 а |с. 

Hence c is an HCF of a and b. 

Now cE <a>+<b> = c=ax+by for some X, YER, 

Again consider <a>N <b>, since Risa PID, <а>гу<Ь>— 
</> for some JER. Now «1» C <a> and </>C<b> = ajz 
and b| /. Let m(40) € R be such that a | m and b |m = <m>C 
<a> and <m>C <b> = <m>C <a> N<b>=<I> = I] m. 

Hence l isan LCM of a and b.m 

Corollary 10.18. Let R be a PID then any n non-zero elements 
а}, d5,..., @„Є К have an HCF and an LCM. 

Proof: Apply induction on n.m 

Definition 10.19. Two non-zero elements a and b of a commuta- 
tative ring with unity are said to be co-prime or relatively prime to 
each other, in case their HCF is a unit. 

Corollary 10.20. (Bezout’s Identity). Let R be a PID. Two non- 
zero elements a and b of R are co-prime if and only if there exist x, 
y€R such that ax+by=1. 

Proof: If a and b are co-prime then 1 being associate of every 
unit in R, is HCF of a and b, so there exist x, УЄ К such that 
ax+by=1 (Theorem 10.17). Conversely let there exist x, y€R such 
that ax--by—1. If d is an HCF of a and b then d | a and d Ib 
d | (ax+by) = d | 1. Hence 1—dc for some сЄ А. In other words 
d is a unit. Conscquently a and b are CO-prime.m 

Corollary 10.21. (Generalized Bezout’s Identity). If R is a PID, 
then n non-zero elements 25 05... а; Of R are relatively prime (i.e. 
their HCF is a unit) if and only if their exist, Xp Xs, Х„Є R such 
that 4X1. AX y+ ...-- 04x, =]. 

Proof is similar to that of Corollary 10.20.m 


PROBLEMS 


1, Show that an associate of an HCF of two non-zero elements 
a and b of a commutative ring А with unity is again an HCF of a and 
b Prove the same result for LCM. 

2. If ay an ...,а, and r are non-zero elements of an integral 
domain R show that if HCF of ra, ra; ..., ra, exists then HCF of 
а Ars ..., а, exists and (ra, , ra, ..., ra;)—r(a;, as, ..., an). 

Also prove that if LCM of a, аз, ..., a, exists then LCM of ra, 
"аз, ..., ray exists and [га„ газ, ..., ra;]—r][a;, a;, ..., an]. 

[Hint, Let c=(ra,, газ). Now r| ra, andr | ra, > р jes c= 4p 
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for some dC R. Now clearly d | a, and d | a, 
Further if x | a, and x | a, 
Again if /=[a,, 


as с | ra, and c | ray. 
then rx | ra, and rx | ra, 2 rx | сәх | d. 
a] then clearly ra, | rl and ra, | rl. Let ra, | x and 
га, |х then r| x 2 x—rs for some sER. This gives a, | s and 
4|s-I|s-rlix] 

3. Prove that in an integral domain with unity, every pair of 
non-zero elements have HCF if and only if ev.ry pair of non-zero 
elements have LCM. 

Prove that if R is a PID and a, b are two non- 
R then [a, bY(a, b) = abu for some unit ucR. 

5. Prove that an integral domain R with unity is a field if and 
only if R [x] is a PID. Deduce that Z[x] is not a PID. 

6. Let R be a commutative Ting with unity. Let a, eC R and 
let e*—e. Prove: 

(0) If <a>=<e> then a and e are associates, 

Gi) If for some positive integer m, a" and € are associates then 

for all integers n>m, а" and e are also associates. 

7. Find HCF and LCM of the following if they exist 
(i) 9 and j& in Z/(20), 

(i) x'--3x and 3x-L9 in Z[x]. 

(iii) x*-E5x.L6 and X'--7x4-12 in Z[x]. 
(0) 7 and & in 2/(14). 

(у) 3x°— 851520652 and x? 


zero elements of 


—3x8427— 2x74 6x2 in Z[x]. 
(i) HCF x--3; LCM 3x24.9x. Ans. () HCP; LCM i. 
(ii) HCF x+-3; LCM X*F9x* -26x 124. 
(ir) HCF1 ; LCM does not exist. 
(у) HCF xi -3x 1: LCM O= be DORH) 
[Recall that every associate of HCF is an Hi i 
ciate of LCM is an LCM]. i 
E E P B, C are non-zero ideals of a ting R, show that if Risa 
(а) A(BNC)=ABQ 4C. 
(b) A=<a> and B=<b> > AB= 
9. Show that if Risa PID, AB=4 
co-maximal; provided 4 and B are по 
10. Let p be a prime element of a 
Show that if p | a,a,...a, then there 
such that p | a;. 
11. Let а be a non-zero element of a PID and let a | bc be such 
that (а, b) -1. Show that a | с. 
12. If in a PID, three non- 


«ab. 


NB if and only if 4 and B are 
n-zero ideals of R. 


в R with unity. 


must exist at least one i, <i<n 


zero elements a, b and c are such that 


FACTORIZATION THEORY IN INTEGRAL DOMAINS 253 


a | c and b | c and further (a, 5) —1, show that ab | c. 

13. Show that in Z[x], <x>-+<2> is not a principal ideal. 

14. Show that in E, the ring of even integers, every ideal ig 
principal. 

15. Let R be a PID and let a, b, c be three non-zero: elements of 
R, prove that 

(i) (a, b) - 1 and (a, c) 21 = (a, bc) —1 

(ii) (a, (b, с) — (a, b), с). 

(ii) (a, 1)=1. 

16. Show that in any commutative ring with unity, an associate 
of prime (irreducible) element is prime (irreducible). 

17. If a prime element p of an integral domain with unity, divides 
another prime element q, prove that p and q are associates. 


2. Euclidean Domains 

We know that if a and b are two integers (50), then there exist 
integers c and d such that a=be+d where d=0 or 0<4< |b|. In 
this section we intend to generalize this concept. 

Definiticn 10.22. A non zero integral domain R is called a Euclidean 
domain, if there exists a function è from R— (0) to Z such that 

(1) 3(2) 20 у ac R—{0}. 

(2) v a, bE R — (0), 3(ab) (a). 

(3) v a€ Капі bE &— (0) there exist д, rE R such that a=qb+r 
with either r—0 or (ғ) < 8(Ь). 

Remark. Condition (3) is called a Euclidean Algorithm and the 
function 3 is called a Euclidean Valuation on R. Note also that in 
condition (2) we can also write 3(ab) > 3(b). 

EXAMPLE 16. The ring Z of integers is a Euclidean Domain. 

Here we take (а) = | а | va€ Z—(0). Clearly 8 satisfies all the 
conditions (1), (2) and (3). 

EXAMPLE 17. Every field F is a Euclidean Domain. We take 
3(a)— 1 v a€ F—10). For all non-zero a, bE F, ab40 so 3(ab) 21— 
8(a). Further if ac F and b is any non zero element of F, we can 
write a—(ab^?)b4-0. Hence (3) is also true. 

EXAMPLE 18. The ring Z[i]={a+bi |a, bcZ, i= 4—1) of 
Gaussian Integers is a Euclidean Domain. We define 5 : Z[i] ^ Z by 
3(a+ bi) — a?-- b* for all a+bi. Clearly (1) is satisfied and for non- 
zeros a+bi, c--di& Z(i], d{(at+bi)(c+di)] = (ас — bd)-- (ad--bc)i]— 
(ac — bd) + (ad-- bc —(a*--b)(c^-Fd^)2a*--b* as с-а], so 
S[(a--bi)(c4- di)]>8(a+ bi). Thus, condition (2) holds. 

Now to prove (3) we proceed as under: 

Let a -bi€ Z[i] and c+di(40) in Z[i]. (In other words c and d 
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are not simultaneously zero). Consider e this is an element of 


i ; bd 
complex number field. Now athi =p+qi where p eT 
_ bc— ad 


c*-pd* 
There exist integers m and m such that |p—m | <} and 
|q—n | <}. {Note that p—[p]--0 where [p] is integral part of p and 
6 is a fractional part. If OKK} we take m — [p] and if 4<6<1 we 
take m=[p]-+1.} 
Let p—m=« and q—n= then |«| St and || <}. Now 
a--bi -(p-- qi)(c4-di) 
= (6+0) «t Qi--)i] — Cc di p ni) (а 91] 
=(m-+ni)(c+di)+ (c+di)(u+ Bi) 
=(m-+ni\(c+di)t+r=g'(c+di)+r 
where q'—m-rnicZ[i] and 7— (c--di (a.-1- gi), 
Now a+bi, c- di, m-rni€ Z[i] as a, b, с, d, m, ncz, 
so r=(a+bi)—(n-+ni)(c+di,E Zfi]. 
Also if r40 then 8(г)= (с? 
= 007) (с2а) < (с? 
This gives (a+bi)=g'(¢ di)--r = i 
Hence Z[i] is а [ERR ids Арт шдеп 


апа 


4 


are rational numbers. 


g fine 8:F[x|l-101,.z 
deg f ЛЄ F[x] (0). Since Fis an j mO et i, 
80/8) - deg Je=deg f+deg SPdegif=a( f). So Condition (2) for a 
py ox. Domain holds, Finaily Бу division algorit 
€ Fla], 8(40)E F[x] there exist i 
Polynomials / c 

that /—hg--r where either r= 0 or jen 0 and foni A 
8(r)<8(g). Thus (3) al 3 е im 
dinis (3) also holds for Flx]. Hence Fix] 

Theorem 10.23. Every Euclidean Domain i 

isa PI 

Proof: Let R be a Euclide de idi 5 ideali ОЁ 
R, then there exists a non-zero element ac 4. Let rip mes praes 
EA}. Clearly 3(a)€ M, so M isa DOn-empty set of M car 
integers, so by well ordering Property of DOn-negative inte; F has 
a least element. Let b(40)E А be such that 8(b) is the Tiii. 
of M. We claim that A— «b. Clearly Xb7 CA. Now if A 
then as A is a Euclidean Domain there exist q, rep Крл 
y=qb-+r where either r=0 or è(r)<è(b). 


„5500 


an Domain, L 
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Now r—-y—qb€ А as yEA, b€ A and А is an ideal 
740, 8(r) > 8(Б) because of choice of b, which is a contradic 
This forces r to be 0. 

Hence y—gbe <b>. So that AC <b>} consequently ALB 
Hence every ideal of К is a principal ideal. Incidentally we hee 
shown that A—BR. Finally we show that R has unity. 

Since R itself is an ideal of R, there exists cE А such that 
Now since cE R, c=ce for some еЄ А. 

Then for any x€ R, x=cy for some YER=xe=cye= 
Hence e is the unity of R. Tnerefore Risa PID.m 

REMARK 1l. Note that we have shown that 
Domain possesses unity. 

REMARK 2. Converse of Theorem 10.23 is not true. The 


of R, so if 
tion to (1). 


R=cR, 
C6y—cy — x, 


every Euclidean 


HX ring 
R= {о ==> )|a vez} is a PID but not a Euclidean 
Domain. See Appendix, page 506. . 


PROBLEMS 


1. Show that the following rings are Euclidean Domains. 
G) 2142] = (a--bv2 | a, bez} 
(i) Z[V —2] = (a--bY ZZ |a, bez) 
(iii) ДУ 3J—(a4-b V3 | a, bEZ). 
2. Show that Z[V —5] —(a--bV 5 | a, < Z) is nota Euclidean 
Domain. 
[Hint. Use the fact that a Euclidean Domain is a PID.] 
3. Without using Theorem 10.17, prove that every pair of non- 
zero elements a and b of a Euclidean Domain D have HCF. 
[Hint Consider the set M-—(2^a-- ub | А, v € D) and show that it 
is a principal ideal.] 
4. Prove that a non-zero element a of a Euclidean Domain D is a 
unit if and only if 3(a) = à(1). 
5. Let D be a Euclidean Domain, prove that 
(i) (а) -3(—a)va(z50) € D. 
(ii) If for a non zero element a of D, 3(a) —0, then a is a unit. 
6. (a) If a, b are non-zero elements of a Euclidean Domain, 
that :—(1) If a and b are associates then 3(a) = (Б). 
(2) If a | b and (а) = (6) then a and b are associates. 
(3) 8(ab)>8(0) if and only if a is not a unit. 
(b) Give an example of two elements a, b, such that èla) =8(b) 
but a and b are not associates. 
7. Prove the following in a Euclidean Domain „D. 


prove 
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0) If a40)ED is a non-unit then a=p, рз...... эһ, a product of 
prime elements. 


(ii) If a=p, р»...... Po (ida... ... qm are two expressions of a as a 
product of primes, prove that n=m and there exists a permutation с 
of (1, 2, 3, ..., n) such that Р, for i=1, 2, ..,n. 

[Hint. Use induction on 8(а)]. 

8. If. D is a Euclidean Domain prove that for every integer п such 
that &(1)-- 120, the function f, : D— (0j) Z defined by f,(2) —3(a)4-n 
is a Euclidean valuation on D. 

9. Show that given a positive integer л, if we define 8(а)= |а|" 
for all a(40) іп Z, then 8 is a Euclidean valuation оп Z. 

10. Show that for every proper ideal А of the ring Z[i], the quotient 
ring Z[i]/A is a finite ring. 

11. Let К be a Euclidean Domain and let a, b be tw 
elements of R. We know that there exi:t q, 


with cither r—0 or ò(r)<è(b). Show ‘that for all pairs of non-zero 
elements a, b, of R, q and r are unique if and only if for all non-zero 
X, YER, x--ys50 implies 8(х-Е))< лах [8(х), 8(y)]. 
[Hint. If 3(x4- У) >тах[(х), à( y)], we 
and x=0(x+y)+x.] 
12. Let R be a Euclidean Domain with 3 as its Euclidean 
valuation and let F—(a€R | 8(а)== 


an 8())0(0). If the set F is closed 
under addition, show that F is a subfield of R. 


o non-zero 
r in R such that a=bq-+r 


can write x= l(x4-y)—y 


3 Unique Factorization Domains 
The F У i 
mid ar aly Theorem of ery integer 
can be expi d as number | of 
pression is unique 


ements of R. 
(2) If a 7 Di P»...p, and a—qq,.. 


positions) of a as a product of irre 
there exists a permutation c 
associate of qet) for every t=1, 
pondence between p,’s and q; 
are associates]. _ 

Thus, the conditions (1) and 
non-unit element is expressible 


ds are two expressions (or decom- 
ducible elements, then r=s and 
N {l, 2, dics r}. such that p; is an 

» F. [ie. there exists a 1 — 1 corres- 


’s such that the Corresponding elements 


(2) give that ina UFD every non-zero 
asa product of irreducible elements 
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and this expression is unique to within associates and Orders. We 
can state briefly that any two expressions of non-zero non-unit as а 
product of irreducible elements are equivalent. 

EXAMPLE 20. Ring Z is a UFD, since іп Z every integer different 
from —1, 0 and 1 is expressible asa product of finite number of 
prime numbers and this expression is unique except for order and 
sign (Notice that in Z, the prime numbers are nothing but irreduci- 
ble elements and their negatives are also irreducible elements ie —3 
and 3 both are irreducible elements.) 

EXAMPLE 21. Every field F is a UFD. Since if it were not, we 
would have found a non-zero non-unit in F which is not expressible 
as a product of irreducible elements. But ina field there is no non- 
zero non-unit. Hence F is a UFD. 

Lemma 10.25, In a UFD every irreducible glement is prime. 

Proof. Let R be a UFD and р be ап irreducible element of А. 
Let p | ab for some a, b in R. Then ab=cp for some cCR. Since 
p#0 and p is not a unit, at least one ofaandbisa non-unit. 
Suppose a is a unit then a~! exists and b —cpa- gives p|b. 
Similarly if 5 is unit then p | a. Suppose a:and b both are non-units. 
Then we can write 

4—pp.......Dn; Б=%@193......9. 
as products of irreducible elements. If c is a unit then ab is an asso- 
ciate of p, so irreducible. This in turn implies that either a is unii or 
: b is unit which is a contradiction. Hence c is a non-unit. So we can 


write c—r;r;......r,, a product of irreducible elements. 
As a consequence we get 
р\ре...... Рь@\@х..-... Qm y... 


This equation gives that P is either associate of a р: ог an 
associate of д;. So either p | a or p | b. Hence in any case p| a or 
p | b. Thus p is a prime element.m 


REMARK. We have seen in Example 6, that 3 is an irreducible 
element of Z[V —5] but not a prime element. In view of the 
result proved above we get that Z[V —5] is not a UFD. 

Lemma 10.26. In any ring R, the union of any ascending chain of 
ideals 

Ке Ко ас сш 
is an ideal of R. 

Proof: Let A=U,A4;. As A,CA vi, A is non-empty. Let a, bc A, 
T€ К. Then a€ А, bE A; for some i and j. Now either i<j or j<i, 
To be definite let i< j. Since АТС A,C A5C ...... holds we have 
А.С 4, Consequently a, bE Ау. This yields a—b€ A, are A, ra€ A, 
as A; is an ideal of R. Hence a —5€ A, ar€ А, ra€ A as A,C A, Hence 
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A is an ideal of R.m 


Lemma 10.27. In a PID, for every ascending chain of ideals 
Rev He Heiden C Ane osn 
their exists an integer t such that A, —A,v mt. 
Proof: Let АЙ, Ais ап ideal of А by Lemma 10.26. As R 
isa PID, A=<a> for some aC A. Now a€ А, for some t. Conse- 
quently A= <a> CA, Then for every integer m>t, AC А,С АһС А 
yields 4,,— 4,. Hence the lemma follows.m 


Lemma 10.28. For every non-zero non-unit element a in a PID there 
exists an irreducible element p such that p | a. i | 

Proof: Let а be a non-zero and non-unit element of a ring R which 
is a PID. Consider the ideal I,=<a>. If J, is maximal then а is 
irreducible (Theorem 10.13) and there is nothing to prove. If J, is 
not maximal, there exists an ideal J, of А such that 7,7, « R. If 
l, is maximal then it is generated by an irreducible element, say p,. 
This gives J = <a> <l, =<p,> => рү | а апі we are done. Other- 
wise we can find an ideal Тз of R such that ,<I,<I,<R. This pro- 


cess cannot continue indefinitely in view of Lemma 10.27, so there 


exists a maximal ideal /„ such that Һ<1<1,<...< „<В. Then J, is 
generated by an irreducible 


element, say, p. This implies 
h=<a> == =<р> = 


P | a. Hence the lemma follows.m 
Theorem 10.29. Every PID is UFD. 
Proof. Let a be a non-zero non-u 


nit element of a ring R which is 
a PID. There is an irreducible ele 


ment p, (which is also prime by 
Theorem 10.12) such that p,|a ie, 4—a,p, for somea,c К. So 


<a>C<a>. If <a,>=<a> then %=ar for some ЄВ = 
a=arp, = 1p,=1 => p, is unit, which is absurd as Рі is an irreducible 
element. So <a> < <a>. Now if a, is unit then a is an associate 
of a irreducible element and hence it is irreducible itself and there is 
nothing to prove. If a, is not a unit then there exists an irreducible 
element p, such that p, | a, i.e. 4;—4,p,for some a,C R. This gives 
а=а„рурв and —a,— < «a. 

If a; is a unit we stop, Otherwise we can Write as before а,=азрз 
for some irreducible element Рз and some non-unit a, of R. Here 
again <a,> < <аз>. In this Way we get a Properly (or strictly) 
ascending chain of ideals 

ON SO ae Xa <... Н 
Such a chain of ideals in а PID must be finite (Lemma 10.27). Thus 
for some п, an+, must be unit and as 415—544 941 for some irreduci- 
ble element даз Of R, we must have а, 
а=арь A= Pa: Ana =P=, pa Where a,—p,.., this gives 
a—pnppe...-- Pati 


TG 
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a product of finitely many irreducible elements. Thus every non- 
unit non-zero element of R is expressible as a product of finite num- 
ber of irreducible elements. 

Let 4=192--+-+-Im ? 5-0 
be another expression of a as a product of a finite number of irredu- 
cible elements. We want to show that (1) and (2) are equivalent 
expressions. For this we apply induction on n4-1. Note that for n=0 
the result holds trivially. Suppose that the result holds for ali those 
non-zero non-units which are expressible as products of less than 
(n--1) irreducible elements. Now (2) = qı | а = q | рур»..... Рай; 
Since every irreducible element їп a PID is prime, we get q, | р, for 
some i. As р; is irreducible, we have q,—u;p; for some unit u,. By 
re-indexing the p;'s we can suppose that i=l. Then from (1) and (2), 
it follows that p; paps... ... Pra Upidass Qm 77 PaPs--Dus177 93 Qs -Gm 
where q; —1,9, and q;' =q: i3. If we put b—psps......pu.,, We see 
that 


b pps... .-. Puta EED) 

and реа 7н. os = (4) 
are two expressions of b as products of irreducible elements and (3) 
has n terms. Since n<n-+1, the induction hypothesis gives n=m—1 
ie.n--l—m and there exists a 1—1 correspondence between p;'s 
(152253, sos ,n--l) and q’;’s (/=2, 3,...... ,n--l) such that the 
corresponding elements are associates. Since, as seen before q,—u,p; 
with и, as a unit, q, is also an associate of ру. Hence in (1) and (2) 
the number of factors are equal and there exist a 1 — 1 correspon- 
dence between p,'s and q;'s such that the corresponding elements are 
associates, This proves the theorem.m 

Since every Euclidean Domain is a PID, we get 

Corollary 10.30. Every Euclidean Domain is а UFD.m 

As for any field F, the polynomial ring F[x], and the ring of 
Gaussian integers are all PID's we obtain from above theorem that 
all these are also UFD's. 

Lemma 10.31. In a ШЕР every pair of non-zero elements have an 
HCF and LCM. 

Proof: Let R be a UFD and let a, bE К be two non-zero elements, 

Consider the case when one of а and b, say a, isa unit. Then q^! 
exists and b—aa"!b = a | b. However a | a, so a is a common factor 
ofa and b. Let dE R such that d | a and d | b. Then d | a and so a is 
HCF of a and b. Again a | b and b | Б gives b is a common multiple 
ofa and b. Let-c(40)ER be such that a | с and b | c. This gives 
b | c. Hence b is LCM of a and Б. Similarly if b is a unit then b is 
an HCF of a and b, and a is an LCM of a and b. 
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So we suppose that a and b both are non-units. In this case we 
can express 

a—p,^ p^? ,..... руё „* HCl) 
=p ё 2 Be v2) 
b=p py? ...... рь №№. е oe 

as products of powers of same set of distinct primes. (Here 
allow zero powers as well; e.g. 2—21,39, 3—20,31 in Z). For E 
i=], 2, 3, ..., k let v;— max (x; Bj) and 8, —min (a,, 6). - Further le 
c= ГАЛ ГАД е ре * and 4=рї1р,Үғ 


À A : В 
Now notice that given any element x—p; pj... Px* in R, if 


7 | x then we can express youp,1p,"2 
tegers p, «^; and some unit 
tion of 3;, 8i<a 


per Di"* for non-negative in- 
u€ R and conversely (Why ?). By н defini- 
iN i and hence c | a. Similarly c | b. If c’ER is such 


' [E 
that c’ |a and с' | Б then we must have c =VP; 1р, ° 
some 0;<u, 


i Br v.i and some unit v. 

Thus 8 min (^5 8) -3,v i. Further as у is à unit, 

(3) and (4), c | c- Hence c is an HCF of a and b. 
Similarly one can Prove that d is an LCM of a and b.m 
An obvious application of induction yields. 


Lemma 10.38. Any finite number of non-zero elements а, 
of a UFD have an HCF and an LCM. 


we get from 


and theorems which are in 
themselves of much interest. 
Definition 10.33. Let R be 


nX” be non-zero polynomia 
coefficients а,, а, а,.. 


of f and we denote th 


Notice that C( f) is uniquely defined, For if d’ is another HCF of 
а, а My...) à, then й is an associate of d and so d'= me 
unit иЄ R. This gives d'R— des 


duR=dR since uR=R. is 
uniquely defined. Note furth if an element em D 


er that 
ar m) of f then a | d where d is an HCF 
of f. ` 
REMA*K. Some authors define any HCF of the Coefficients of a 
non-zero polynomial as its Content, Si is not unique, this 
efinition does not give unique content, In fact есепі works, the 
above definition of content in finding Popularity, 4 

Definition 10.34. Let R be a U 

SE R[x] is said to be а primitive polyno 


then a non-zero polynomial 
is a unit. 


mial if HCF of its coefficients 
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Now given dE В, dR—R if and only if d isa unit;so we can га 
that a polynomial fE R[x] is primitive if and only if C( f)-g. 5 

EXAMPLE 22. For [-2--6x-- 10x--18x€ Zi], C(f)=E, the 
set of all even integers. As EZ, f is not primitive. (Note that HCF 
of 2, 6, 10 and 18 is 2 which is not a unit in Z). 

EXAMPLE 23. In Z[x] the polynomial g—3-45x-4x?-4-15x1 is 
primitive since HCF of 3, 5, 4 and 15 is 1. 

Lemma 10.35. If Ris a UFD then every non-zero polynomial im 
Кх] is a product of a primitive polynomial over R and an element of R. 

Proof: Let f=a)+a,x+a,x*+...+-a,x" be а non zero polynomial 
in R[x], where Ris a UFD. Let d be an HCF of a, а, a,,..., a, in 
R. Then a;=db; for some b; € R¥i=1, 2, ..., n. Since d is an HCF 
Of ay, 4, ..., а; ап HCF of b, by, ..., b, is 1. This proves that 
f d(by- bx  byx*-- ...--bux")—dg with g=bo+b,x+...+b,x" and 
HCE of bs, by, bg, ..., b, is 1. Hence g is primitive. Thus the lemma 
is proved.m 

Theorem 10.36. (Gauss). The product of two primitive polynomials 
over а UFD is a primitive polynomial. 

Proof: Let R be a UFD and let 


fa, - a x+ ajx* t ... Бах" .. (1) 
8=by +b,x+b.x?+... +B nx” +. (2) 
be two primitive polynomials over R. Then 
IB = coe x M Cox? +... Fe net” wan) 
where rm zn for Ock«m--n. 
itj= 


Let 4= (со, су, Co, .., c,4,) be a non-unit, then there exists an 
irreducible element p such that p | d. Clearly p | c.k. Since HCF 
Of a, а, a» ..., a, is a unit (as f is primitive) p cannot divide all a;'s, 
Let t be the smallest suffix such that P4 а. Similarly let и be the 
Smallest suffix such that p4 bu- 

Consider см (ааьар d acaban) 

tabu + (14b, at Q1 bus +t one 01. бе) .. (4) 

By our choice pla, pla» P| 4---» р|а- This yields 
P | (abi ub Qyb ee ua seipsa). Similarly р | (агаар 
HF...-F aj, b). Since also p | сч» (4) gives р | аф, UD | a or p | b, 
as p is prime (Lemma 10.25). This is a contradiction. Hence fg is 
primitive.m 

Corollary 10.37. For two non-zero polynomials f and g over a 
ОЕР, С =C(f)C(g). 

Eus Ah R me UFD and f, gE R[x] be two non-zero polyno. 
mials; let d and d' be HCF’s of the coefficients of f and g respec. 
tively. Then f=df, and g=d’g1, * (1) 
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к =d'R. 

where f, and g, are primitive polynomials, C( f) -dR and C(g) E 

Then fg—(dd^)f;g,. Ра Hs: 
n Aiki is primitive (Theorem 10.36) dd’ is an p. (on 

coefficients of fg. Consequently C( fg)=dd' R=(dR)(d'R)= 

as К is commutative.m 


Д soln = d 

Remark. The above corollary immediately gives that if f=gh ant 

i imiti is not primitive. 

e of g and h is not primitive then f is no A А nd 
i en 10.38. Let R be an integral domain with unity » 
polynomial f over R of positive degree is said to be irreducible на 
nomial over К if f connot be expressed as а product of two o 


н ; f 
polynomials over R both of Positive degree, Any polynomial ee 
positive degree which is not en irreducible polynomial over R is 
to be reducible over R. 


Clearly any polynomial of degree 1 over any integral domain R 18 
irreducible polynomial over R, ible 
EXAMPLE 24, x24] X'-2, x*4+x+1 are all irreduci 

polynomials in Z[x]. 
EXAMPLE 25, 343i. an irreducible polynomial in R[x]. А 
EXAMPLE 26, X'-Fl is reducible polynomial in C[x] +2 
XE I- Qc i)(x— i), since i-4 -1 ec. 
Lemma 10.39, For any inte: 


gral domain R with unity, the units of 
Кх] are Precisely the units of R. 
Proof: Clear] 


Y а unit of Risa unit of R[x] as RC R[x] and they 
have same unity, 


Conversely Jet у Є R[x] be a unit іп R[x] then there exists gc RI] 
such that / 1, This implies deg J+deg g=0 = deg f=deg g—0 7 
Jand g are constants. Thus f is a unit of R. Hence the lemm? 
follows.m 

Lemma 10.40, If 
element of R[x] 
fis an irreducibl, 


Note. We ad 


R is a UFD then any fE R[x] is an irreducible 


is an irreducible element of R 
1 in R[x]. 

cep in mind the difference bet 
d irreducible polynomial in ШЕ 
ible element. If FER then trivially 
ther if FÆR let f=gh for some & 
ment of R[x], one ofgand A mus 
» 50 one of g and л must be in К (Lemma 10:39): 
Consequently deg g=0 or deg h=0. This Means that f is ap 
irreducible polynomial in R[x]. As f-—df, where dC R and DAP 
primitive polynomial (Lemma 10.35) and deg 17deg f>0, f, is not a 
unit, so d must be a unit. Hence f is primitive 


hE R[x]. As f is an irreducible ele 
be a unit of R[x] 


Conversely any irreducible element of R is an itreducible element 
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of R[x]. Let f be an irreducible primitive polynomial in Rix] and let 
f-gh for some g, hE R[x]. Sirice fis an irreducible polynomial either 
deg g—0 or deg h=0. To be definite let deg g=0. 
Then g=a(40)ER and so f=ah. Since C( f) -1R we get « | 1, 
j hence « is a unit of R so of R[x]. This gives fis an irreducible element 
of R[x].m 
REMARK 1. Let К be the field of quotients of an integral domain: 
R. Consider any element y in an overring of K. Suppose y is trans- 
cendental over R. Consider a non-zero polynomial f—a,-4-a,y4- 


ау" (a,250) over К. Now for all i—0, 1,2, euni aim LÈ TOR 


d, 
some ci, di€ К with 0,50. Put а= d,d,d,...... d,. Then 
df=da,+da,y+......+daiyi+. +dany". 
Now for any i=0, 1, 2, ... .., n ; da;=dody......dy. zT = dd d,...... 


didi... d,c,€ К. Thus df(y)€ Ку]. 

Now if f(vy)=0 then df(y)=0. Since y is transcendental over R 
df (у)=20 and so /(у)50. Hence y is trancendental over К. 

REMARK 2. In case Ris a field, as every non zero element of R is 
a unit, it cannot bean irreducible element, the above lemma gives 
that iireducible elements in R[x] are precisely the irreducible poly- 
nomials in R[x]. 

Lemma 10.41. Let R be a UFD and K be its field of quotients then 
an irreducible primitive polynomial in R[x] is also ап irreducible poly- 
nomial in K[x]. 

Proof: Let f be anirreducible primitive polynomial in R[x] where 
Ris a UFD. Let f=gh for some g and h in K[x] with deg g>0 and 
deg л>0. Since K is the field of quotients of R, there exist non-zero 
elements d, d’ in R such that d; and d'h boih belong to R[x] (see 
remark 1), This gives dd’ f—(dg)(d'A). A 

Now dg=ag, and d'A-l, where g, and Л, are some primitive 
Polynomials in R[x} and a, BER. ne x 

Then dd'f—()g,h; with f and gh, primitive in R[x]. This yields 
иаа’ =} for some unitu in R. This implies S= ugs. However f is 
irreducible polynomial in A[x] Therefore, either deg ug,=0 or 
deg /,—0. However deg ug;--deg 270 and deg /i, —deg h>0, so we 
arrive at a contradiction.m 

Remark. In view of Remark 2 preceding the above lemma, we 
can say that every irreducible primitive polynomial in R[x] is an 
irreducible element of K[x] where K is the ficld of quotients of R and 
Risa UFD. 

Lemma 1042. If R is a UFD and Kis its field of quoti ts then 
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(4) every irreducible element of Ris a Prime element of R[x] and (2) iff 

is a primitive polynomial іп R[x| and hE R[x] is such that f | h in K[x] 
in R[x]. ; = 

aly @) igh p be anirreducible element of R and let f, g be 

non-zero polynomials in R[x] such that p | fz in R[x]. Then fg —ph 


for some hE R[x]. Now let С( })=4В, C(g)=d'R and C(hy=IR for 
some d, d', IER. Thus “f=df,, g=d'g, 


primitive polynomials in R(x). Then fg 
PIR as C( fg)=dd' ard C(ph)=plR. T 
for some unit u€ R = p | dd’ : 
R is prime we obtain p | d or p | d' in R and so the same holds in 
R[x]. However d | f and d' | g in Rix]. Hence p | f orp|g in R[x]. 
This proves that p is a prime el 

(2) Since f| in K[x] the 
is the field of quotients of R the 
Then dh—dfg Now we can wri 
Primitive polynomials h 
As h, amd fe 
associates in R = g= urn gives h,= 


. | та 10.41). As K is a field, 
f is an irreducible element of Kix]. However K[x] is a PID 
(Theorem 10.11). So fis pri 


ne Kx]. Now let f | gh in REI 
then f | gh in Кух]. But f being a prime el 
in Kix] of f| hi 


theorem on UFD. 
Theor т 10.66. If Risa UED then gis a VED, 
Proof: Clearly R[x] is an ага аа 
show .. 2. every non-zero non-unit eleme 
product of finite oumber of irreducible е], 
zero non-unit element of R[x]. If f€ R th a 
UFD and irreducible elements of Rass 


irreducible elements of R[xl- 
To discuss the case f& R firstly we prove our assertion for primitive 
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polynomials f in R[x] of positive degree, by induction on deg f. If 
deg f is 1 then f is an irreducible primitive polynomial and so is an 
irreducible element of R[x]. Let deg f=n>1 and let our assertion be 
true for all primitive polynomials of degree <n. Again if Wo ЧЫ 
irreducible we are done, so let f be reducible. Then f=gh for some 
g, hE R[x] with deg g« and dez cn. Also as fis primitive poly- 

nomial,g and A are primitive polynomials of degrees properly less 
than л, so by induction hypothesis both g and h are expressible as a 

product of finite number of irreducible elements of R[x]; as a conse- 

quence f=gh is also expressible as a product of finite number of irre- 

ducible elements of R[x]. 

In case f is not primitive, we can write f=df, where f, is a primi- 
tive polynomial in R[x] and d is a non-unit in R. As seen above both 
d and f, can be expressed as products of finite number of irreducible 
elements of R[x]. Hence R[x] satisfies the first condition for an in- 
tegral domain with unity, to be a UFD. 

Now let f- fif... fm and f—^g;g,..g, be two expressions of f as 
products of finitely many irreducible elements of R[x]. We apply 
induction on m. For m=1, f=f,=8:82.--8n. Since g, | Л, SO ifn>1, 
we yet 1g,...2,— 1 for some ГЄ К. This implies g, is а unit which is 
absurd. Thus n=1 and f,=g,. Suppose m>l and let any two 
decompositions be equivalent for all those non-zero non-unit elements 
in R[x] which are expressible as products of less than т irreducible 
elements of R[x]. 

Now g, | fg | fi f... f». AS giis a prime element of R[x] (Corol- 
lary 10.43); we get g, | f; for some i. 

Since f; is also an irreducible element we have g,=u; f, for some 
unit y; in R[x] which must be in А. By re-labelling the f;'s, we can 
suppose that i— 1. 

Then it follows that f, f; fa-.-Sm=41 figs83---8» => f. fs. fu 8:88 
-.£,' Where go’= 48. and g',—g:vk73. If we put A=fa fs.-.fm then 
we see that /1—f, fa-- fm and h—g23'...g& are two expressions of h 
as products of irreducible elements and the first decomposition has 
т— 1 irreducible elements. So by the induction hypothesis these two 
decompositions are equivalent, i.e. n— 1—m —1 (so n==m) and there 
exists a 1—1 correspondence between f/'s (i=2, 3, ..., m) and g'/s 
(j—2, 3, ..., m) such that the corresponding elements are associates. 

Again as gı=u fı With uU» aunit, g, is also an associate of fi 
Hence there is a 1—1 correspondence between fès (15:122; ay) 
and g,’s (j=1, 2, ..., т) such that the corresponding elements are 
associates. This shows that R[x] satisfies condition (2) for a UFD. 


Consequently R[x] is а UFD.m 
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EXAMPLE 27, As Zisa UFD, Z[x] isa UFD (Theorem 10.44).- 
We claim that Z[x] is not a PID. For this purpose consider the 
ideal I-—x---—4-.1f I is a principal ideal, we can find a 

polynomial fEZ[x] such that [=< f > ie. <x>+<4>=< f >. 
This gives <4>C < f > so that f | 4 in Z[x] i.e. 4—fg for some: 
8Є21х]. However deg 4—0-deg f=0=fEZ. Let f=a(40)E Z; 
then <x>4<4>=<a>, Further <x>C <a>=x=ah for some 
heZ[xsdeg h—1-h-Qx--v for some 8, Y€ Z with 83:0. Now: 
x=ch>oB=1. Thus 1€<a>31€<x>4+<4>31=xt+4y for 
some t, vC Z[x]. But this in turn implies that 4 divides 1 in Z (Put 
v=o HBX t... H Вах", BEZ in 1—xt--4v and compare coefficients), 
which is impossible hence J is not a principal ideal. Consequently 
Z{x] is not a PID. 

Now at the end of the chapter we state and prove a test for the 
irreducibility of a polynomial in Z[x] over Q. 

Theorem 10.45. (Eisenstein’s Irreducibility Criterion). Let f=a, 4+ 
4,x+...+4,x" be a polynomial in Z[x]. If there exists a prime number: 
р such that p | a; for all i—0, 1,2,...,n—1 and p}a,, and pè} ap. 
then f is an irreducible polynomial over Ф). 

Proof: Note that the given conditions imply that deg f>0. We: 
firstly show that f is an irreducible polynomial in Z[x]. If not, let. 
f-—gh with g, h€Z[x such that deg g<deg f and deg л «deg f. 

Let 8=by +b x+b x24 + +b,x* with 5,540 
and het eixt ex" 4... +с,х* with ¢,40 

let p | by and pA oe A ain f= Pa aM К, Sa aa be дейш 
ee i o Again f=g, >d,=b,c,. As Р} а, ме have p } bs- 
k om left) which is not divisible 
by p. Clearly k >0 and k<s<n. Now а=, c т 
bicis iS such that p | aj, р | b pte. шн 


o P bi, p | b,,...... »P | b,_,. Consequently 
р | brco. As Р} c, and p is is prime, p | by. This is еу vont и 


hence f is ап irreducible polynomial in 20]. Now we can write f. —df. 
where 492 and f, is à Primitive polynomial in Z[x]. Then у, is also 
irreducible in Z[x]. This gives f; is an irreducible in Q[x].as Z is a 


UFD and Q is its field of quotients (Lemma 10.41). But f, =(-г ) if 
€ Ох] so fis also irreducible in O[x.» i 

EXAMPLE 28. The polynomials xt—4x42, x 
7x!—2x?-p6x*—10x--18 are all irreducible pol 
In the case of x* —4x--2, p=2 Satisfies Einstein’. 
case of x°-9x+15, р=3. and finally in the 
733 — 2x54 6x?—10x+18, p=2 


9х+15, 
ynomials in O[x]- 


case of 
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satisfy Einstein’s Criterion. 

EXAMPLE 29. Consider f(x) —x*&1. Then f(x+1)=x°+2x42 
taking p—2 we see that Eisenstein's Criterion is applicable to f(x.i.] ) 
Since f(x) —g(x)h(x) if and only if /(x-e «ye g(x--a)A(x--a) vac Z we 
get x?-- 1 is irreducible over Q. Note that there is no prime P such 
that p | 1. This shows that Eisenstein's Criterion is nor necessary for 
the irreducibility of any polynomial in Z[x] over Q.. 

Notice that in general if Risa ОЕР and /Є R[x] then for any 
aE В, f [x] is irreducible polynomial over R if and only if f(x--a) is an 
irreducible polynomial over А. Since f(x)—^A(x)g(x) = f(x--a)— 
g(xta)h(x+a) and deg g(x)=deg g(x--a), deg h(x)=deg h(x+a). 
So sometimes Fisenstein’s Criterion cau be applied successfully if we 
replace x in a polynomial over Z by x+n where nis suitable integer 
(usually we take n= 4-1, +2). 

EXAMPLE 30. For auy prime number p, the polynomial 
xix? P+... +x?+x-+1 is irreducible over Q. 


Let f(x)—x?3-Ex?7?-L...-Lx* p x--1 =т=. Тһеп 


— @+1)”#—1 _ х>+->Сүх>-ї+...-+>С,х>”-'+...+”С,.ух 
Д(х+1) Ег = 
=x PC xP PC XP PCy 
Now as p is a prime number, p | "C,'v1&r«p-— l. (Prove !). 
Also >С, ,—p; so p? °С, 1. 
Hence by Eisenstein’s Criterion, f(x--1)is an irreducible polyno- 
mial in Q[x] and so is f(x) іп Q[x]. 


PROBLEMS 


1. In ZIV —5] ={a+bV —5 | a, b& Z) show that 3, 14-2 —5 
are co-prime but have no LCM. Also show that in Z[V —5] the 
elements 21 (1—2V—5) апа 7(1+2У —5) (1-2V—5) have no 
HCF. 

2. Show that the set of polynomials in Z[x] with even coefficients 
Of x, form a subring R. Verify that 2 and 2x have an HCF but no | 
LCM їп К. M. 

3. Show that 21У —6] —(a--bV —6 | a, bE Z) is not a UFD. 

[Hint 10225 - 2- V —6). (2—V —6).] 

4. Show that Z[V—7] is nota UFD. __ am 

[Hint. 16—2.2.2.2 and also 16=(3+/—7). 3—V—7).] 

5. Let R be a UFD and f, a polynomial of positive degree in R[x], 
Prove that /—4d, f, for some d,€R and f, a primitive polynomial 
in Rix}. If fad, f, —d, f, With 4, ER, Л, fa two primitive poly- 
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nomials then prove that d, and d, 
associates in R[x]. 


6. Prove that if p is a Prime number then for all l<r<p-1,P 
divides >С,. 


7. If R is a UFD and if K is the field of quotients of К. oe 
that two primitive polynomials f and g€ R[x] are associates in R[x] i 
and only if they are associates in Kix]. e . 

8. Let a, b and c be three non-zero elements ofa ring R which is 
a UFD. Prove the following; 


are associates in R andf,,f, are 


(a, [b, c)=[(a, b), (a, с)] 


la, (b, с)]=([а, b), [a, c] А 
Іп other words HCF operation is distributive over LCM operation 
and vice versa. 

9. Prove that in 


a UFD all minimal 
and are exactly those ideals Which are gene 
ments. 


and 


prime ideals are principa! 
rated by irreducible ele 
10. Show that if p is a prime number, the 
XPI) p. x ptg: 
is irreducible over Q. 


n the polynomial. 
+... хрр 


ч P 
[ Hine. The given polynomial— ¥ -1 


x"—1' 
1. 4, B, C are ideals of a PID, R, Show that 
(a) AN(B+-C)=ANB+ Anc 
(b) 4 On C)-(4--B)n(44.0) 
RisaUFp and Pi i 


E 

[Hint, First Show that if Such a 
ideal A of R, Next Show that we can find an irreducible element P 
such that р" | x for all integers n2]. 

13. Risa UFD and a, b, саге non-zero 
(i) Іа | cand p | c and (a, b)—1 t 
(ii) Ifa | bc and (a, b) —1 then a lc 


Q exists then Q.. 4x for some 


elements of R. Prove 
hen ab | c, 


MISCELLANEOUS WORKED-OUT EXERCISES 
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Fix] 

Tx x4 

Solution. The elements of Fare 0, I, 2, 3, 2, Б, 6, 7, 8, 9 and т, 
For convenience sake we shall drop the *bar' sign. None of the poly- 
nomials x°+ 1 and x*4-x--4 are satisfied by the elements of F. As a 
result of this none of them has any linear factor in F[x]. This Shows 
the irreducibility of both the polynomials over F. Any element of 
zu is of the type fix)+<x°+1>, with f(x) F[x. By 
Euclidcan algorithm in Fix], f(x)=g(x) G?--1)--r(x) where g(x), 
r(x)€F[x] with л(х)=0 ог deg r(x)<2. In either case r(x)=ax+ß 
with «, BEF. Thus f(x)+<x°4+1>=axt8+<x2+41>. 

Now а can be chosen in 11 ways and for each choice of «, В can 

Fix] 
<x +1> 


are isomorphic fields, each having 121 elements. 


be selected in 11 ways. Hence number of elements of 


F[x] 
<х;+х+4> 
Since each of x?-L], x?+x+4 is irreducible, —x?--12 and 

F[x] 
<х'+1> 


is 


121. Similarly it can be proved that has 121 elements. 


<x'+x+4> are maximal ideals of F[x]. Hence 
Fix] 
=®+х+4> are fields. 

F[x] х] 
<e+l> 7 А45 
O[ax+-B+ <x?+1>]=ax+(B—Sa)+<xe-+x+4>. 

Fix] 
<x'+1> 
is a field, 015 1—1. Also as both fields have same number of ele- 

E[x]-- F[xj г 
<x + l>  <х+х+4> 

Exercise 2. Show that for any integer n7 1, the ring Z/(n) have no 
non-zero nilpotent elements if and only if n is not divisible by square of 
any integer. A 

Solution. Let Z/(;) has no non-zero nilpotent elements. By 
Fundamental Theorem of Arithmetic, n—pjip,*...p* where ¥i=1, 
2 k; pès are distinct primes and A:>0 are integers. Consider the 
integer td Let B=max Qi А, ...» A,). Then [£3 z---Px- (0)]P — 
р\Ёр.Ё...р„#--(п)= (п) asn | р,ёр.?...р‚?. So ме get that рур,...р, (п) 
isa nilpotent element of Z/(n). By our assumption this means that 
Pip... py (0) (п) > n | pipes Pi. Hence егоћ Aj&1. Since A,2:1 for 


and 


Finally define 6 . 


by 


И саг be checked that 0 is а ring homomorphism. Since 


ments, 0 is onto. Hence 
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all i, we have n=p,p,...p,. Consequently n is not divisible by square 
of any integer. 

Conversely let n—p,p,...p, for distinct primes p;'s, j=1, 2, ..., t. 
Let m+(n) be any nilpotent element of Z/(x). [m+ (n)]*=(n) for some 
integer a>1. 

This implies that m* € (n) or n | m* => р; | me xj. 

> pi | mj =» рурь...р; | т = n | m = т+(пу=(п). 

Hence Z/(n) has non-zero nilpotent elements. 

Exercise 3. If R is a corin:utative ring with unity, show that centre 
of the matrix ring R,, consists of all scalar matrices of Ry. 

Solution. For convenience sake, we introduce the concept of 
matrix units E;;; i, j=1, 2, ..., n. E,, stands for matrix having zero 
everywhere except the (i, j)th place, and (i, /)th Place has the 
entry 1, the unity of R. Note that Е,, E,.—0 whenever JÆk aad 
ЕкЕд= Ец. Further every matrix in А, can be written uniquely as 


n n 
> Ха, En aise F. 
=i 


j=1 i 
n n 
Let ji LA centre R,. Consider E,C€R, 
=1 ie 
n n n n 
Cel ir Е.) Ey — E, Le EA а: ЕЁ) 


n n 
> Eos B= Xa Ey 
i-l j=1 


Now for all j4k, E; does not occur on 


| left hand side and = 
WJ#k. Since E, was chosen arbitrar; g 


à ily, this shows that all non- 

7 п 

diagonal entries of X У oy E; 
i=1 


Berg sare Zero. Thus each element of 


centre of R, is of the type z Qi; Ej. 
i=1 


Agan for the matrix z z 


Е, 
k=1 121 7 
(BEX EF уса ы 
121 Ке ii ke 151 uw an Ej) 
B n r n 
= з AZ он E,—- У F "ky Ец 


k=1 J=1 
For any fixed k, coefficient of E, on ri 


coefficient of Ey, on left hand side is о. 
So 00 


ght hand side js к, while 
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Since Гапа k were chosen arbitrarily, we get 
441—053 ... 15577, Say; hence 
j n rp 
5 ан Ел=А È E 
і=1 i=1 
This shows that every element of centre of R, is a scalar matrix 


n 
Finally let А = E; be any scalar matrix in R, then 
i=l 


n n n a n 
OA E E)( E Lay, Ej)—-^ E %Ж ai Ex 
T 1=1 k=1 k=l i=1 
n n A n n 
= 2 Z Аһ Ex= X3 5 (Ac, 
fal Gln ie ee 


(on changing dummy suffix 7 to I) 


n n n n n 
and ( = Ў оц Е)(А = i)-Z2 = (aud) Ey 
l=1 k=l iz1 k=1 /=1 


n 
Since R1s commutative, А = Аа, hence à У LE centre А. 


= 

Tius centre of А, consists of all scalar matrices in Rẹ. 

Exercise 4. A right ideal A of a ring К is said to be a minimal · 
right ideal of R if (ij A(0) and (ii) for any right ideal B of R, 
(0) C BC A = either B=(0) or B=A. If R possesses а minimal right 
ideal A and for any fixed ғ if ғА52(0), show that rA is also a minimal 
right ideal of R. 

Solution. Recall that rA={ra | aE A}. So 0—r0€rA. rA is non- 
void. For ra,ra'€rA with a,a'€ A4, ra-ra'—r(a—a')€rA as 
a d'EA. 

For any x€ Р, (ra)x—r(ax)€ rA as ax€ A (A is right ideal of А). 

Thus r4 is a right ideal of А. Now by hypothesis rA4(0). 

Let B be any right ideal of R such that (0)C BCrA. We shall prove 
that if B4(0) then B=rA. 

Since 85(0), there exists b(40)EB. As RCrA, b=ra for some 
a€ А. Let X—(s€ А | Є В). 

Clearly 0€ X, X is non-empty. Further 4, aE X2ra,, ra, B 
>ra,- ra € Ber (a,-a)€ Bza,—a,€ X. Again for anyx€R,ra,c B 
z(ra)xcB as B is a right ideal of А. This implies that r(a, х)Є B 
eee is a right ideal of R, contained in A; further since a€ X, 
X54(0). By minimality of A, this forces X to be equal to 4, In other 
words we get that rAC B. Hencé В=гА. 

Consequently rA is а minimal right ideal of R. 
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Exercise 5. Let M be a Proper ideal in a Boolean ring R (i.e. 
x'—x for all x€ R) with unity. Prove that (i) R/M is a Boolean ring 
and (ii) Е/М &-Z|(2) if and only if M is a maximal ideal in R. 

Solution. (i) For any x+ME RJM, (x+-My=2+M=x}+M as 


X-xin А. Hence Ё is a Roolean ring. 


(i) If ү = › then since & is a field, M isa maximal ideal 
of R 

Conversely let M be a maximal ideal of R, then R/M is a field and 
Since (x-- M)*—x-- M for all x€ R, we get 

G--M)(G--M)-(0-4-M))-Mox--M-M or x+M=14M as 


R/M is a field. Thus R/M has only two elements namely M and 
1+ M. 


тота ay given by /(M)-Q) and f(I--M)— 
14r (2) is clearly an isomorphism, 
Hence R/M = Z/(2). 


MISCELLANEOUS PROBLEMS 


1, Let R bea ring with unity. Prove that the sets A={xER | xis 
not invertible}, B={xE R | x is not left invertible}, C={xER | xr 
not right invertible} are alle of them is closed undet 
addition. 

2. Prove that a ring R is Boolean if and only if it has no non zeros 
nilpotent element and (a-- b)ab —0 for all a, bC БК. 

3. If m and n 


are relatively prime integers, show that the ring 
Z/(mn) contains at least two idempotent elements other than the zero: 
and unity, 

4. Prove that the 
and unity if and only 
k21. 

» E Eid А а UFD in which every proper prime ideal is maxi- 

6. A commutative ting R is cal 
of non-zero elements x, y of 
every such ring has unity, 

7. An integral domain with unity is said to be a factorization 
domain if every non-zero non-unit ele 


т | ment of R can be written as 
Pris: рь Where рг are irreducible elements of Rand k is a natural 


qual if any one 


ring Z/(n) has no idempotent other than zero 
if n 5 p* for some prime number P and integer 


lled a valuation ringif for every pair 
R, either x ly 


or y | x. Show that 


FACTORIZATION THEORY IN INTEGRAL DOMAINS 273 


"pem Prove G) A factorization domain Risa UFD if and only 
very irreducible element of R is prime. (ii) А factorizat;, 
domain R is a UFD if and only if every pair of non-zero elements Xm 
an HCF. E 

8. Jf F is a field and m a non-zero non-unit element of Fix], 
«pb 
if and only if p(x) is not divisible by the square of any polynomial. 

[Hint. Imitate the solution of Exercise 2 of miscellaneous worked- 
out exercises.] 

9. A ring R is said to be Regular (in the sense of Von-Neumanny 
if for each x€ К, there exists y in А such that xyx—x. Prove (i) If 7 
is an ideal of a regular ring A, then every ideal of Z is an ideal of R. 
(ii) If Ris a commutative regular ring with ynity 1 and 1 is the only 
unity of А, then R is a Boolean ring. (iii) If R is a Boolean ring with 
unity 1 then R is a regular ring and 1 is the only unit in R. 

10. Show that in a Boolean ring R with unity, every prime ideal 
different from R is a maximal id:al 

[Hint. Let P be a prime ideal of А such that PAR. Let xE R—P, 
then x'—x > x(1—x)20€ P = 1—x€P > 1€ P--xR.] 

11. An ideal A of a ring R is called Modular if the ring К/А has 
unity. Prove that 

(i) Every ideal of a ring with unity is modular. 
(ii) Every ideal containing a modular ideal is modular. 

(iii) The intersection of two modular ideals is modular. 

[Hint. (ЇН) If г and f are unities of R/4 and А/В respectively, 

then e+f—ef is unity of R/A (1B.] 

12. Prove that an ideal A of a ring Ris modular if and only if 
there exists eC R such that ex — x and x —ex€ A for all xE A. 

13. If f is a homomorphism from A onto a field F, prove that 
Ker f is a maximal ideal of R. 

14. (Kaplansk y). Let a be nilpotent element of a ring R. Let b be 
a left zero-divisor of А. Suppose a and 6 commute. Prove that there 
exists a c340 in R such that ac — bc 0. 

15. Let R bea ring with unity 1. Show 


any idempotent is the sum of two units. 
16. Let R be a ring having at least two elemeuts. Show that R is 


a field if and only if for all a, b, c in R with azb, the equation 


ax—xb-—c has a unique solution in R. | 
17. Show that if R isa Von-Meumann regular ring with unity then 


following statements are equivalent: } 
(i) Every principal left ideal is generated by an idempotent. 


prove that the ring R= has no non-zero nilpotent elements 


that if 1+1 is a unit, then 
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(ii) For every principal left idea! Ra of R, the exists bE К such 
. that R=Ra@ Rb. S 

[Hint. A ring R is said to be direct sum of subrings X and Y if 
R=X+Y and XNY=(0). X and Y are called direct summand of R, 
we write R=X GY.] 

(iii) Every principal left ideal of R is a direct summand of R. 

(iv) Every finitely generated left ideal is a direct summand of R. 

18. Prove that ina Von-Neumann regular ring R, every finitely 
generated left ideal is principal and intersection of any two principal 
left ideals of R is a principal left ideal of R. 

19. If R is a Von-Neumann regular ring with unity and if it has 
no non-zero nilpotent elements; show that every one-sided ideal of 
kis a two-sided ideal of R. , 

20. 1f P be the set of non-zero positive real numbers, define x on 


logs y 
P by хжу=х v x, y€ P. Prove that <P, 4> i ; 
phic to R. » 47 18 a field isomor- 


11 


VECTOR SPACES ` 


In Analytical Geometry and Mechanics, one comes across the 
concept of a vector as а directed magnitude, we do not need recall 
that definition here. From algebraic point of view the vectors so 


defined have the following salient features. 
1. In three-dimensional Euclidean space, a vector v is determined 


uniquely by its three components (č, n, А) (relative to a definite co- 
ordinate system) and conversely given any ordered triple (E 1, А) of 
real numbers there exists a vector У having ë, т, А as its co-ordinates. 
It is customary to write v=(E, А), to emphasize that v is a vector 
“whose components аге £, лапа A. Similarly in the two-dimensional 
Euclidean space, a vector has two co-ordinates and is determined 
Uniquely by its co-ordinates. Further the real numbers are called 
scalars. 

2. There are three fundamental operations On vectors, namely 
addition of vectors, the multiplication of a vector Ъу a scalar and the 
scalar product of vectors. Thus if v—(E, 4, à) and v = (5, 1, A) are 
two vectors in R?, the three-dimensional Euclidean space, « is any: 
Scalar, then we define vv (ЕЕ, ata, Ata), av=(ač, «n, añ) 
and scalar product (v, у") =, АА. First two operations on 
vectors play very significant part n Geometry and Mechanics. In 
this chapter we endeavour to give a treatment of vectors in a more 
general setting. 

The study of vectors relat 
numbers can be generalize 


ive to addition and multiplication by real 
d in two directions. Firstly it is not neces- 
sary for us to restrict our study to ordered pairs or ordered triples, 
instead one may take ordered n-tuples. Second y we do rot need 
confine ourselves to co-ordinates being real numbers. The co-ordinates 
may be taken from any field or more generally from any division 
ring. We now give an abstract definition of a vector space and then 
see that how does it generalize the above mentioned concept of 


vectors in Analytical Geometry and Mechanics. 
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1. Definition and Elementary Properties x А 
Definition 11.1. A sy stem (V, D, 6, -) where pis a non-void set, 
D a division ring, Ф a binary composition on Р and . is a mapping 
of DXF into V which for each element v€V, «Єр determines an 
element «.y€ V, is called a left vector space over D if it satisfies the 
following conditions. " 
V—1. «VF, >is an Abelian group. 
V—2. For all x, yEV, а, BED we have 
G) а(хФу)=%.хФа.у 
(й) (uk B)y.xce. x pex 
(й) («8).x=a.(8.x) 
с) ыс ber of D is called 
Every element of V is called a vector, every member o is 
3 ibt if in the above definition we replace a.v by v. 
get a right vector space over D. | , 
REMARK. In analogy with our convention in 
when there is no likelihood of any confusion we sh 
vector space over à division ring D, whenever the 
is a vectorspace over D. In this book we are 
studying vector spaces over fields. However w 
of the results proved here for vector spaces ove 
generalized to vector spaces over division rings 
Note. For convenience sake, in future, same symbol ‘+? will stand 
for Ф on V and addition in D. 
EXAMPLE 1. For any field F, let V= ((a,, *;) | «€ F). Then Y 
is a vector space over F under vector addition and multiplication of a 
Vector by scalar eiven by 


æ, then we 


groups and rings, 
all say that V is a 
System (V, D @, .) 
interested only in 
€ emphasize that most 
r fields can be suitaoly 


(41, 4 )+48 


9 B )-Ga B, + Bo) 
alur оз) — (nas, as). 

EXAMPLE 2. Let V be the additive 
variable over a field Г. For any «CF and f(x) Sos ax i P 
+@„х"Є F[x], define «f(x)- ааах... ++«„х"”. Then V be- 
comes a vector space over F. 

EXAMPLE 3. Let V be the set of all continuous real-valued 
functions defined on the closed interval 10, 1]. For any f,gc V. and 
«€ В, Define f-+-g and uf by 

G^ Eg) )— f) +(x) 
"af C) afG) vx in [0, 1]. 


Under these operations, P 
the sum of continuc"is function 
function are continuvüs).. 


group of polynomials in one 


becomes a vector Space over R (since 
з and scalar multiple of any continuous 
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EXAMPLE 4. For any field F and any positive integer л, the 
of all n-tuples (ау... -» ««) of elements of F, is a vector space o set 
F under vector addition and multiplication of a vector by a Rela 
given by 

(1, cag « « oy а) В Bos o Bu = Ga Bas tes tB) 
a(i, Zos e + +2 On) = (691, Ikas - + 5 ®®„). 

This vector space is usually denoted by F( or by F”. 

As remarked earlier, we are only interested here in studying vector 
Spaces over fields. Following lemma shows that there is no distinc- 
tion between right and left vector spaces over а field. 

Lemma 11.2. If V is a left vector space over a field F then V is also 
à right vector space over F and conversely. E 

Proof: Since V is a left vector space over F, for each vc V and 


«ЄР, «у is a uniquely defined element of V such that 
a. (u4- v) aurov 
(a-4-B).u— ott t- B-u 
(08).и= (8-4) 
and Luau v а BEF u »€V. 
Define v.u as «.»v a EF, YEV. 
Then for any а, BEF, u, VE V, we have 
(uv). (ut Y) 79 ube u.a Van 
1 (o8) — (FB) umo tt Bici IR 
u. (a8) (98). (92). as aQ-—x« 
eg. (2) B (0.2) 7 (8-0): 
end ul=lu=u. 

Thus V is an Abelian group Ч 
УЄРЎ, «ЄР, у.а is a uniquely define 
following conditions: 

For any и, v EV, *. geF 
(u- v).2 — un Y 
и.а) tt ub 
u.(aB)=(-4)-8 
ul=u. 
Hence V is a right vector Space over F. 
Similarly if V is 4 right vector space over Ft 


Vector space over F. This proves the lemma. 
e ourselves to vector spaces over fields; 


Hen nfin 
Twp i R make any distinction between left and right 
Vector spaces. However as far as possible we shall continue to write 
the scalars on the left in the multiplication of a scalar and a vector. 
t V is.a vector space over a field F. 


Notation. Vr will denote tha ; tors 
EMARK 1, For the sake of convenience, in iuture, we shall write 


tion such that for every 


nder addi 
V satisfying the 


d element of 


hen V is also a left 
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ov in place of a.v. 


REMARK 2. We give below an example to show that the condition 
V—2 (iv) viz. Lx=x¥xEV is independent of the remaining condi- 
tions V— 1 and V—2 (i), (ii), (iii). 

EXAMPLE £, Consider V—((«, 8, Y) | « 8; YER}. 

Define (а, 6, Y)-- («^. 8, т) =(=--а, B+B Y+7') 

Aa, 9, Y= (Аа, AB, 0) мо, 8, v, «', В, Y', AER. 

Now it can be checked that all conditions V—1, V—2 (i), (ii) and 
(iii) are satisfied. 

Now (3, 2, 6)EV, but 1(3, 2, 6)=(3, 2, 0)A(3, 2, 6). 

Hence V is not a vector space over R. 

Lemma 11.3. Let V be a vector space over a field F and let Oy and 


Or be the additive identities of V and F respectively, then the following 
hold. 


(1) 20y— Oy v«€F. 
(2) Оғу= Оу wv y€V. 
(3) = 000 МЕСУ. 


(4) (-«)v=0(—v)=—(av) vac Г, vey, 
(5) If «v Ov then either «—Or or v=Oy. 
Proof: (1) Since Oy=Oy-- Oy we have 
XOy —o(Oy4- Oy) —«Oy--aOy 
=> «Oy — Oy by cancellation in the grou 7. 
р <V,+>. 
(2) Or=Or-+-Or gives Orv=Orv+-Ory 


= Orv= Оу by cancellation in the group <V, 
(3) Now [1--(—D]e Lv (— I)», ye 


Also Oy=—Orv=[1+(—1 
Hence (—1)у=—›, 
(4) Since Oy—Orv—[«4- (—«)] 
Since Oy=a0y=afv-+-(—v)]= 
we also get o(—v)=—(ay), 
Hence (—2)v=a(—y)— (оу). 
Br "Or, then «^7 exists in Fand v—1v 
Hence either а= Ок or v=Oy, 
Note. In future we shall use the 5 
zero vector Ov and for the zero scalar On, for i OorO a E 
should be clear to the readers from th or space Vr. 


€ context for which thing С 
or O is being used at a particular occasion. 


[v-2] 


Jr rH C- Dr» (— 1). 


v=av+(— —a)y= — А 
UTD a)v we get (—a)v= — (av) 


2. Subspaces y 
Definition 11.4. & 292308 subset W of a vector space Vr is said 
to be a subspace of V if 
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S—1. For any a, ЄЙ, ad-b€ W 

5—2. For any a€W and «ЄР, «a€W. 

It is immediate from the definition that (0) and V are both sub- 
Spaces of V. These are trivial subspaces. Any subspace W of Vr 
Which is different from (0) and V is called a proper subspace of V. 

Lemma 11.5. If W is a subspace of a vector space Vr, then W is 
а subgroup of —V,-- >and W is a vector space over F under induced 
addition and multiplication of vectors by scalars. 

Proof. For any x, Є. we have (—1)гЄ by 5—2; so by 
5—1, x+(— Dy€W-x—y€W. 

This proves that IV is а subgroup of </,+2>. 

_ The property V—2 in definition 11.1 is satisfied by elements of IV, 
Since JVC V. and the same property holds for V and also the com- 
Positions in W are all induced by those in V. Hence W is a vector 
Space over F under induced addition and the multiplication of vectors 

Y Scalars.m 

EXAMPLE 6, Consider R?— (a, 4, 4) | ER} 

Let W,— (0, ass а) |а GERI 

W,— (a, а», аз) | aa; 2,70). , 

lt can be easily seen that W, and IW. both satisfy the conditions 

RE define a subspace. Consequently Wi, W. are both subspaces 
3 


T EXAMPLE 7. Let С be the set of all complex numbers, C is a 

i Or расе over R, the field of real numbers. W-ib | bER, 

=V Т} is a subspace of C. ; 

6 Theorem 11.6. A non-void subse 

if and only if it satisfies the fi 

a, BEF; a, БЄЙ 

er Let W be a subspace o 

ОУ, PEW (Definition 11.4, 5— 

nition 11.4, S—1). ^ ; 

E nversely let W satisfy the given condition. Let a, b € W. Taking 

in > B=1, we get a--bla4- 15€ W. Again taking 2=0 and « to be 
tbitrary We get аа=аа+ 0bcW. Hence Wis а subspace of V.m 

heorem 11.7. Intersection of any family of subspaces of a vector 


t W of a vector space Vr is a subspace 
sowing condition: E 
implies «a-t pb € W. 

f V and let a, bEW, a, 8€ Е. Then 
2). This further gives aa--ghe IV 


асе isa subs 
subspace. А 
NE Let {у | XE A) be any family of subspaces of a vector 
ace Ve. Let— Wa. 
Since єл 
set of y, ens 


Now a, bew, a, BEF 


we have Q€W. So W is a non-void sub- 
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2a€W, „БЕЖ, YAE Л, аз W= OW. 
D хл 

> cat BbEW,¥AE Л. since each W; is a subspace of а 
(Theorem 11.6). 

> «at+pbEeWw. 

Hence W is a subspace of V.m ; \ 

In particular above theorem shows that intersection of any two 
subspaces of a vector space Vr is a subspace of Vr. We proved before 
that the union of two subgroups need not be a subgroup, the ana- 
logous result holds for subspaces. 

EXAMPLE 8. Consider К". Then 

W,={(a, 9) | a€ R$ 

W.-((0, b) | bER} 
are subspaces of R?. Let W—W,UW;. Now (1, PEW, (0, 1) €Ws 
but (1, 1) is neither in W nor in W,. So that (1, 1)=(1, 0)+(0. 1) 
61У. Hence W is not closed under vector addition. Consequently 
W,UW, is not a subspace of R?, 

Definition 11.8. Let X be a subset of a vector space Vr then 4 
subspace W of V is said to be spanned by or generated by X if 

G) XCW 

(ii) For any subspace W’ of V, XCW'2WCW'. 1 

Notation. <X> will denote the subspace spanned by X. Furthef 
if X consists of elements ху, х, . . ., x, then we simply write <X> 7 
LXi, Xes o ey Xu > 

Theorem 11.9. For any finite non-void subset X={x,, хз, . . ., Xu)» the 
subspace spanned by X is the set of all vectors of the form aX 6205 
+... охь where о,Є Е for i-1,2,...,n. 

Proof: Let W be the set of all vectors in V of the form axta 
СеО "bust Є F i1, 2,. .... n. Taking о, 1, а:=04122, 
we see that x, C IW. Similarly x, x,,..., x, are all in W. So that 
ХС №. Suppose W' is a subspace of V such that ХС”. Then for cach 
і, «ЄР, xe XCW' => «x,€W'. This gives der з) у 
dux € W . Thus WCW’. So we see that W is a subset of V satisfy? 
conditions (i) and (ii) in definition 11.8. So the result will follow if 
we show that W is a subspace of V. To see this let 

acu Ха}... аах, bo Bon Ban LL. Ваха 
be any two elements of W, further let a, BEF then «а--8р—=(ж% 
88x, (tas 08,)х»+- OB TF (x3,5--08,)x, € W. Hence W isa sub" 
space of V. This proves the theorem.m 
Definition 11.10. For any finite number of vectors x,, x», -+ ? 
in a vector space Vr and scalars a, ap, Ed 


Е of 
Nd scalars aj, 03,...... a, in F, the vect ү 
" уху ‚++ Я-®һХ„ IScalled a linear combination of x,, X», 


m 


| 
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Thus, Theorem 11.9 gives that if X is a finite non-void subset of V; 
E. subspace <X> is the set of all linear combinations of аана 
of X. 

Definition 11.11. For. any two subspaces W, and W, of a vector 
Space Vr, their sum W,+Ws is the set given by (w,--w, | w EW, 
WEW,}. 

Theorem 11.12. For any two subspaces W, and W, of a vector space 
Vr, W,--W, is the subspace of V spanned by W, UW». 

Proof: Firstly we show that W,+W, is a subspace of V. Clearly 
0=0+40EW,+W, so Т6: Let x, VEW: +Wa «, BEF. 
Then X=Wy+Wos yow +W: Wis wy € W; Wos w € Ws. 

Thus «x--8y— (xw, +W) + (Bw;'4- Bs) 

= (aw, б») - Gora 1892) (1) 

Now ар Qv ЄЎ, 1-89 ЄЙ 

Consequently (i) gives that 2х +pyEM 


Hence W,+-W, is a subspace of V. 
" is spanned by P UW. For any 


Now we show that W, +W: 
EW, as OEW, we have ww + OCW Ws 
So that W,CW,+We. Similarly WC Wit Wo- 

Consequently WUW: CW tW: УУ. , e 
Let W be any subspace of V containing Wi UN. Then given 
WEW, WEW, we have Wi, w,€ W,UWs Wis w,€ Wa иЄ, 
е W is closed under vector addition = аер 
111). б. 
From у we get that ИЛ UWs spans W, +W: m 
IRA ты ae field F, consider the бо space ЕЮ), 
*i-(1, 0, 0), e, —(0, 1, 0) and e,=(0, 0, 1) are in FO. Let x=(%, 
чо) FO, Then x=2,(1, 0 0) -e«(0, 1, 0)+ (0, 0, уе е, 
Fages. Hence every member of Г?) is а linear combination of ey e 
°з. Consequently {21 € es) spans Е). In general if we consider Е" 
and define e,—(l, 0,0... 0), e (0s 1, 0, 2) ice 0, 0, 
+... 1), then F” is spanned by the 7 vectors е, €». «++» ёп 
EXAMPLE 10. ‘Consider R°. = 1. 0, х==(1, 2, 0ЄВ?. 
Let W be the subspace spanned by {ху xj. Then xi, x,€W > 
X*—x€W- (0, 1, oe > (l, © 0)2x,—(0, 1, 0)EW. Thus 
“=(1, 0, 0), e,=(0, 1, O)EW = for every «i, «, € R, ае, ае: (t, 


% NEW, 

Let W'— (a, as, 0) | a> a,€ Ry. W' isa subspace of R? and as 
Seen above WCW. Now x,-etecW, x,—e t 2e; € И” since ey, 
Є, Thus the subspace W= <” x,» CW'. Hence W—W'. 


TW. 
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WORKED-OUT EXERCISES | 
Exercise 1. Let F be a field and V, а non-empty set with a binary 


composition Ф. If for each «€F,v€V a unique element «ху of V is 
defined satisfying the following axioms. Then show that <V, ө, X> 
is a vector space over Е. 


(1) (aeb)ec—ae (bec) v a, b, cEV. 

(2) Ax (ao b) -AxaeAxb VAEF, a, b€v. 
(3) (+4)xa=Axa@pxa WA, 4€ F, a€ vy, 
(4) Qu) xa=Ax (и xa) A, HEF, аєу, 

(5) Oxa=Oxb va, bcv. 

(6) 1ха=а уаєу. 
Solution, Put Ox a—z, Th 


en because of (5), z is independent of 2: 
For any 


VEF, v=] xv by (6) 
=(14+0)xv 
—lxv6Oxv  by(3) 
=v 

Thus = is tight identity 


2 
of V for the composition Фф. Further for 
every vc V, 


2=0 Xv--[1--(—1)]x y»—1xXv6(—1)xy 
f =Уф(—1)ху ; 
This shows that (—1)xv is right inverse of y. This in turn implies 
that <Р,ф > is group under Ф. 
(LFDX(65)—1x(255)91x(a95) by (3) 
=U xa@1xb]@[(1 xa) @(1 xbj by O 
j —aObeagb. by (6) 
Again O14) x @@d=(141) x06 (141) 5 by (2) 
—-lxa81xaelxbelxb by (3) 
—a$a&ba&Gb b 
THUS 4656595. eee pep > NS 
By right anq left cancellation laws in grou 
bea=agb. 
Hence <y, ®> isan Abelian group. 
Consequently SP, Ө, X2- isa vector Space over F. 
Exercise 2. Let R be the field of all real numbers and let V be й 
set of all infinite sequences <an>, a ER, where equality, addition ат 
scalar multiplication are defined term Wise. Prove that V is a vector 
space over R and U={<x,> | зу, is Convergent} is a subspace of V: 
Solution. It can be easily verified that Vis а Vector space over 
We show that U is a subspace of y. : 
Clearly the sequence —x,— with 0 vneN, is in О, so U Ë 
non-empty. 
Let <x,>, «y,» EU, then Xx 


P <V, @>, we get 


an 
and Xy? are convergent serie 
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n n 
Thus lim Z x2=Z and lim > y*=M for 
ратар n>» і=1 Some real numbers 


Land M. 
Now (x,—- y)! e xe yé 2X y:=2x +292 — ib yt 
<2x2+2y? as Go y)* 20. 


n n n 
This gives that € Qux e х?+2 X yj 
і=1 і= i=l 


n n 
Consequently lim Х (x;—y)2<2 lim E x?+2 lim x re 
n> n>% i-1 ASO 


=2L+2M 


> X(x—yyisa convergent series. 
As a result of this we get that < X, > — «47 = «x, =J, > EU. 


o i= 


n 
Finally for any «CR, lim X (ax) =L 
n> 


a is 
=>  X(axjyis convergent > «X, > = «ux,» EU. 
Hence U is a subspace of V.’ 

Exercise 3. Jf V is a vector Spa 
V cannot be written as set-theoretic un 


Subspaces. 


ce over an infinite field prove that 
ion of a finite number of proper 


n 
Solution. Let if possible, V= M V,. We can assume without 
i= 
loss of generality that this union is irredundant, i.e. 


V: Ü V; for all i. 


j=l 
jszi 
n=l , nal 
This implies U Vd: V, and VE ©, Vi. 
i=1 = 
n—l 


n—1 
There exist vE Vn, YÉ Y V; and w€ Y Vi, У, 
к > 
(w+ | AE F}- No element of X isin Va, 
п—1 
л V; = all elements of Yarein U V;. 
i=l i=l 


Consider the set X= 


Otherwise wE V,. But V= 
field, we can find 1<ij<n—1 and two distinct 


Since F is an infinite < 
F such that av+we Fio BY-++WwEVig for some 


elements « and 8 of 
Ixijsn—1. 


n—1 
This in turn implies that (xv 4-w)— (y -w) EV in С g Vi 
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n—1 
> («—8»e& X V; 
i= 
п—1 
> (06-0 U V, азар, 
і= 
n—-1 
= Же Ду TE. 


This is against the choice of v, 
n 
Hence V= U V, is impossible, 
i=1 


Exercise 4. An Abelian gro 
any non-zero integer n, nV= 
Zero integer n, there exists 


up <V, +> is called divisible if for 
V, ie. if for every иЄ, and for any non- 
YEV such that u—ny, Show that «E, 322 
is a vector space over Q, if and Only if V is a divisible group, all of 
whose non-zero elements are of infinite order. 

Solution, Let y be a divisible group all of whose non-zero ele- 
ments are of infinite Order. 

For any integer 4750, and и 
u=qy. Further if u-qy— 


Since V has no non- 


EV, there exists vc V such that 
qv’ then q(v—v) —0. But this forces v=” 


Zero element of finite order. For any n € Q, and 
UY, define E и=ру where u —qy, 


ү This is well-defined, 


I Since for each uc V, and qZZ0C€ Z there exists 
Unique y such that u 


=q. 
и PU 


It is routine Matter to check that (2 =) L-— 
q 


q 5 
Ро ри ру 
q (uty) = Шр and lu=y ми, vey; m $ Teg. 


Further for P , 7 
or q’ EO, 


ТИ 
— 
+» 


u€U. Consider 2. (+ u )= P ry) 
q 5 q 


where u=sv 


d =pw where ry- qw 
a. Lo pr 
Again (7) == (5) u-prt Where u=qst. 

Now u-qst > Sy—sgt => s(v—qt)—0 
V has no non-zero element of finite ord 
reason qw—rv > qw=qrt > w=rt, 


Bae , 
So we get (£ res )u=pre=pw, 


Г "КДБ VE 
тыз (2 = )ux (+ uv) 


=> Y—qt=0 as 5520 and 
er. Also because of similar 
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Hence V is a vector space over Q. 

Conversely let V be a vector space over Q. 

Observe that if V is a vector space over a field F, then fo 
nEZ. AEF, vEV, п(Ау)=(п)у= Ап»). (Justify!) T any 


А. 1 
Let now иЄ such that пи=0. If n0 then -y EQandas y р 


1 É 1 
a vector space over Q we get that — (nu)=0= ( пл-)н=бэш=о, 
Hence V has no element of finite order except 0. Further given 


1 
any иЄ У and n40EZ, Led иЄу. Put um. 


Then nv=n( u n Ty 
n n 


Hence V is divisible. 


PROBLEMS 


1. Show that the following are vector spaces over a field K. 

(i) The set of all тхл matrices with elements in K, under the 
Matrix addition and usual multiplication of a matrix by an element 
of K, 

(ii) The set K of all infinite sequences а нр) 
Where x, Кұі=1, 2,.. + 

Addition and multiplica! 
defined as under. 


tion by scalars of these sequences are 


For all x=(X,, Xs X» «5 2), у= (у в» 9.) xt4y- 
(-Ly, X:AVe, Xs: ) and for all 
AE К, Ах (Ах, Ах», Mas es J. 


f all polynomials in K[x] of degree at most 


2. Show that the set о я 
ег) is a subspace of the vector 


п (Where n is a fixed positive integ 
Space of Example 2. ` i 

3. Show that the set of all infinite sequences indas masant e), Such 
that X x, converges is a subspace of R”. 

4. Show that union of two subspaces W, and W, of a vector space 

isa subspace of V if and only if either W, CW, or ИСИ. 

5. Prove that if F is a field having more than k elements then Vr 
Cannot be expressed as the set theoretic union of k proper subspaces. 

6. If L, M, М are three subspaces ofa vector space V such that 
MCL. Then’ 

- Then show that 

LN(M+N)=M+(LON). 
w that if L, M, Nare subspaces of V then 


Give an example to sho н 
arily true. 


LO(4. Ny) p M4 LON is not necessi 
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7. Prove that if L, M, N are subspaces of a vector space V then 
L+[MQ(L+N)]=(L+M)A(L+N). s 
8. Do the subspaces of a vector space V form an additive E. 
group under the operation ‘+°? [Ans. No 
9. Show that if in a vector space V 
LO(M--N)-LOM--LON 
holds for all subspaces, L, M, N of V then 
L+(MAN)=(L+M)N(L+N) also holds, 
10. Consider the subsets V of С! consisting of those vectors 
(21, Z», 23) for which 
(a) z, is real. 


(b) z,—0. 
(с) zı +z:==0. 
(d) т,-Е2,=1. 


In which of these cases, is V a subspacz of C? 
11. Let P=R[x]. Consider th: 
polynomials f(x) for which 

(i) deg f(x) 23. 

Gi) 2f(0)--f(1). 
(iii) f(t)0 for all tE[0, 1] 
(iv) f(t) -f(1— г) for all t€ R. 
In which of these Cases, is V a subspace of Pa? 


[Aus. (b) and (c)] 
subsets V of P consisting of those 


[Ans. (ii) and (iv)] 


12. If V is a vector space over à field F, prove that for any integer 


n, AGF, vey; n(Av)=A(nv) = (пд). 

13. Prove that а non-empty subset W of а vector space Vr is 2 
subspace if and only if for all AE F, u, VEW, Au--vc w. 

14. Which of the following sets are Subspaces of M,(F), the vector 
space of nx n matrices over a field F? 

(a) All upper triangular matrices of order n. 

(6) All non-singular matrices of order п. 

(c) All symmetric matrices of order n. 

(d) All matrices of order n,the sum of whose diagonal entries 15 
zero. 


[Ams. (a), (c) and (d)] 
15. A non-empty subset V of the vector space Wr is said to be 
convex if for all u, v&V, сифр V where e>0, 50 and се! 


Show that the intersection of arbitrary collection of convex subsets iS 
a convex subset. 


16. Show that in the definition of a vector s 
the condition l.x=x¥ x€V can be replaced 
holds only if A=0 or х=0, AEF, xev". 


Расе V over a field F, 
by the Condition ‘Ax=0 


VECTOR SPACES 287 


17. Show that the set of all solutions of the differentia} equatio 
dy n 
а? 

Where p and д are fixed functions of t, is a vector space. 

18. Let V be the vector space of all functions from R to R (сг 
Example 3); let V, be the subset of even function, /(—x)=/cx) ang let 
V, be the subset of odd functions, f(—x)=—/(x). 

Prove: (a) V, and У, are subspaces of V. 

(6) V.AK,=V. 

(c) V.NV.=(0). 


4 
+p T-4y-0 


3. Linear Dependence : 
For any subset X of a vector space Vr, we defined in the last 


Section the concept of the subspace <> spanned by X. When X is 
DOn-void and finite, we proved that <X> consists of all linear 
Combination of members of X. In fact for any subset. X(7*4) of Vr, 
We can show that <X> consists of all linear combinations of mem- 
bers of X (taken finitely many at a time). Thus хЄ <X> if and only 
if x is a linear combination of finite number of members of X. In this 
Case we say that x is linearly dependent upon X. Also we have the 


followin 
Deacon 11.13. Let xy, Xo «+ о X, bea finite number of members 
(not necessarily all distinct) of a vector space Vr. rs vectors are 
Said to be linearly dependent (L.D.) if for some 2, : By sey ei нЕ; 
With at least опе of them non-zero, eT nd if fo il «E F 
hese vectors are said to be linearly ТЕШ | т aer 
(SN Pe DE LAC a КГ 
gu upra : ps п distinct members is said to 
T «tls Lm E сеу n members аге L.D. of L.I. In general 
жс ete ассы if every finite non-void subset 


апу subs is said to be L.I. | 
Огу is d ж it is called L.D. Thus if x(40)EV then as for 


is li i dent or 
У say that x is linearly indepen 
“OY GE F, ax=0 > a=0, we can say OE Actas чалы! 


m ingleton {x} i ME 
. е bese oe subset and consequently it satisfies 
€ conditi E fining linearly independent set vacuously. Since for 

Every (Є f 3 «0-0 we sec that O is L.D. Thus any set of 

Vectors to which 0 belongs, is ale | «, BEF} where Fis a field. 

AMPLE 11. Consider = d 


in V are L.I., since for any «y, «Є F, 
© vectors e, —(1, 0), e —(0; 1) ew 0) = (cz, 9) —(0, 0) > 2,—0, 


«уе + б 
LR «|, 0) +(0, =, 
ia iun pue dia any vector (æ, per can be expressed as 
& А er ni y ve 
is €; i.e. as a linear combination of e, and e; 
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Theorem 11.14. If v,, Va, . . . ., v, are L.I. in a vector space Vr, then 
each element of the subspace W spanned by them is expressible uniquely 
as a linear combination of vy, Уз, . . , v. 

Proof: Now each member ЄЙ” is expressible as a linear combi- 
nation of the given vectors (Theorem 11.9). Suppose some we W has 
two expressions, say 

wav FAV e esene Han V, 
and VAE A 

This yields 0—(2,—8)v,--(x4—8.)v,4-. . . -F(x,—8,)v,, Since the 
vs are L.I., the last equation gives 2;—8,—0x i-1,2,.. sn. Le. 
«;—,; v. 1<i<n. This proves that =, оу... +o,v, is the 
unique expression of w as a linear combination of "sm 

Theorem 11.15, Let uy,u,...., и, be any n L.I. vectors in a vector 
space Vr. Any п--1 vectors v, vy... ,. » Ул» each of which is a linear 
combination of uy, Uz, . . . u,, are L.D. 


Proof. We prove the result by induction on n. 
is zero, then trivially given n+1 vectors are L.D. 


that none of the v/s is zero, Now as v, and Y, are both linear 
combinations of u,, u,. ..... un With 1—1 we get v =u ц an 
with 91220543. This gives Y1—7,4,v,—0. Hence v, and zi s L.D. 

To apply induction suppose that the result holds for any k(<n) 
L.I. vectors. We can now write 


=н... cuu, 
Ya x, uy... таги 


If any of the v,’s 
So we suppose 


аиры Ui Raus uade LL. +4, 
for some scalars азі Р. Іо =0м Pl, 2. . 
v; is a linear combination 
the induction hypothesis will 
consequently v, v,, , , ua 
least one of 550, To 


E a m E 1 = 
i +( AT АЛА» 0112110,1) + (о = 2;,,:2,,7)us 
+... his Nal Ainin ia). К 


So by the induction hypothesis the ve : 

ctors w,— -@ зу. OLIS 

n+l) аге L.D. Consequently there exist 8,,8,,.. a opes 
all zero, such that 8,w,-+ Bw... AIEA > Busi > 

ie. Ba(¥2— алала 1) 8495 — aana v) І 1 


dcm TB sin аала uy) =0 
ИЕ Васа 1), 
8534-2. 7 =0 
This gives that v,, v. 2 Bag Wadi. 


l * ээ Yat, ate L.D. Hence b th ENSIS 
of Mathematical Induction, result holds for al ythe princip 


nba d, 


-n+l then each of 
of n — li vectors U,» Us, |., up and then 


yield that v,, Уһ. Y, are L.D. and 


. =] = 
i.e. (— 8.225215 ! — 337310171 


inm 
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Corollary 11.16. If {Wi Yes s is» Уз} іза L.I. subset of a vector 
TE Vr, then any subset W of V having more than n vectors each of 
Which can be ex, linear combinati 
RS e expressed as a linear combination Of Vy, Уз... . +s V, must 


Proof: Since W has more than n members we can choose n--1 
Uns, of W. Above theorem gives that 


members say и, Has- «5 + + = 
these vectors аге L.D. Thus W has а L.D. subset. Consequently Iv 
is L.D.m 

E id 11.17. A subset B of a vector spice Vris called a basis 
of V if 


ndent; and (2) B spans V. 

or space Vr is said to be finitely generated 
h spans V itself. 

onsider F(?, the vector space 
(n1 6:5... , &,), over F Let 


(1) 2 is linearly indepe 
. Definition 11.18. A vect 
if it has a finite subset whic 
EXAMPLE 12. For any field F, c 


consisting of all n-tuples of the type 
ex (1505105 — EE ‚ 0), &-(. 1, 0, ~- -> 0), - - -, in general 
ith place 


E A D ( ЕД 2 л); 

Then as seen in Example 9, е, €z» - · €» are L.I. and they span 
Е), Thus (ез, es) =< one 6) 18 а basis of F™ and ЕХ") is finitely 
generated. 

Lemma 11.19. If Xy, Xo + + +» Xn а L.D. in a vector space Vr then 
for some i, 1<i<n, х, is a linear combination of Xy» Xe» +. +... PX 
In that case the subspace spanned by (xi x,] is same as the 
subspace spanned by (xi, Xs» ++ > эз Nim Xii э Xn} 

Proof: Since Ху, Xa + +» x, are L.D., there exist ©, 02, ..., æn- in 
F, not all zero such that 

axi Hett ++ +anXa=0. exp) 

Let i be the largest suffix such that «750. Then хм, @ы,.. а, 


аге all zero. 
Consequenily (1) 
axy 9: B 


This implies that ху ar aX ti 
=B.x,+8%2t- «+ Ваха 


where в=—%'% for 1<j<i-1. ve (3) 


This shows that x; is 2 linear combination of Xi, Xs. ++  Xi-3. 
Let W be the subspace of V spanned by ху, X» - . +» Xn. For any 


xew, xev Ce Petia bt tit ++ * БҮХ 


for some 1€ F; 1<i<"- 
By using (3) we get 


Des ede den 


gives 
MEZ LU ОУ 


ї1@,Хз—...—%7'@р-уХ-ү 
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X= A+... EY cav on + Bax, e c8 xa) 


dn) (4-8) 


Vr has a finite basis and any two base. 
vectors. 

Proof. Since Vr is finitely Pte edit has! dU cubus 
BEAN Ka 5 <5 х3 Which spans y. If B is 
finite basis of V, otherwise fo 


B, Ux Xi. e ый» 
Ха + ++) Xm} also spans V(Lemma 11.19) = 3 


B, hasa Subset B. Containing m—2 


B' have more than л members, Sj; 


sa Contradicition, Hence 
the number, say л’, of members of д, cannot exceed n 
changing the roles of B and В, we also Bet ng H 
proves that every basis of V has „ members, H 
follows.m 
The above theorem leads us to define the following: 
Definition 11.21. If a vector Space Vr has a finite basis 
members, then л is called the dimension of V. ify does n 
finite basis then V is said EET cA ийе dimensional vector space, 
As seen in Theorem 11.20 if V» is finitely generated, then ај bases 
f Vr have same number, say n, of vectors, sq the dimension of Vr 
^ йїп defined. If Vr=(0), then the null Set $ spans Vr, so that 
is ; 
Ф imension zero. 1 И 
Vr has We are only interested in studying finite. 
-— ме Hence in this chapter every Vector Space c, 
vector spa atonal unless otherwise mentioned. 
be finite-dime dim V will denote the dimension of a Vecto 
NOTATION. 35 Let Vr be a vector space of dimension n 
orem 11. pic of Vr are L.D. and " 
z, span V then they are L.L. 
+з n 


dimensional 
NSidereg will 


T Space y, 
> then 
The 


(1) any n+l 
(2) if zoom 
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Proof: Since dim V=n, V has a basis (xy, Xə, ...... х det 
Jays Уу be n+1 members of V. By the definition of а Es 
each of these y/'s is a linear combination of ху, x,,...... ; X,. Hence 


by Theorem 11.15, у, J.«5 Ya+ı are L.D. This proves (1). 
We saw in the proof of Theorem 11.20 that if a finite subset. B of 
V spans V then B hasa subset B’ which is a basis of V. Since B= 
{Z,, Za, ..., Zn} spans V, it has a subset В’ which is a basis of V. As 
dim V=n, В’ must have n members. So that 8 —5' and B itself is a 
basis of V. Hence 21, Z» ..., Zn аге L.I. This proves (2) m 
Theorem 11.23. If (uy, us, ...› Us} is а L.I. subset of a finite-dimen- 


sional vector space Vr, then it can be extended to a basis of V; i.e. it is 


possible to find vectors Visas Vire: +: Ya in V such that (uy, ws... us, 
Укы) Vitae 5-59 Yat IS а basis of V. i 
Proof: Let dim V=n. Then any n+! ‘vectors in И аге L.D. 


(Theorem 11.22). So k&n. 
Let (wj, Wz» © + + Wn} be a basis of V. We prove the result by induc- 


tion on k. For kK=1, since u, € V, we have u, = х1, Wa. «be, Wy 
for some «,€ F. As 550; for some i, «;40. If is the largest suffix 
such that «;0 then 
14 =A Wy аә. 69300) 
S у= luu; aW. . 0 Wa 
> WIE <и, Wy, Way oo oy 05-12 
C «cu, Wi Wa e. e Wizi Wins + 


Since for every i<j, we also have 

WE «uj, Wis Way + + Wn Wto * 
И= «и, W, -o Wn С и Was Was +- o Wiz Won 
Hence И <, зу, War +. „їй өү 


This shows that m vectors uj Wy, Wa, ++ 
generate V. As dim V=n, these n vectors form a basis of V. So the 


result holds for k—1. To apply induction let 21 and let the result 
holds for k —1 L.I. vectors. Then we can find vectors fj, 15.4... op f, 
Such that (u,, y, «+ «s koa» fio Ties + D) ÀS A basis of V. As uc V 
we have и, =; i.t. - Вали ата. - БТ for some 
Ba VEF. 
If y yu .=Y„=0 then we get 
Up pius. - „ЕЁ m Hen + 
15 a contradiction. 


So for some i>k, y,zz0. Then 
tp Yes Pitti s yu i ete эе Trias 
UD Yt =e Y des 


„ ty Was 


„э Wa>, We get 
P 1 GE 


3; Wj-r Wy Bis Io 
М ду Wis see Wa 


‚э ик-у› Ue are L.D. This 
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henceifi eius, «алб уйды Тт; aces tizi» fia e. о n>. As before, 
this gives that <и, 1... иь, fe tests «+ os tics tip sss fy iS 
basis of V. Hence by induction the result holds for all k<n.a 

Corollary 11.24. If a vector space Vr is of dimension n, then any n 
L.I. vectors in Vr form a basis of Vr. 

Proof: Let x,, X5... Xa be any n L.I. vectors in V. The above 
theorem gives that these n vectors can be adjoined with some vectors 
to form a basis of V. However any basis of V contains only n mem- 
bers. Consequently these n vectors form a basis of V.m ; 

Corollary 11.25. For any subspace W of a finite-dimensional vector 
space Vr, dim W<dim V. Further W=V if and only if dim W=dim V. 

Proof: Let dim V—n. Since V cannot contain more than m L.I. 


vectors, W cannot have апу L.I. subset containing more than” 
members. 


So we can find a L.I. subset B-(y,, y, .. ., Ym} of W containing 


maximum number, say m, of members. Then m<n and any m+ 1 

vectors іп W аге L.D. Thus if 3(2:0)C W, then Xn Жыз «+ Vins У аге 

L.D. and so there exist @,, 85 ..., Bms Bin Fnot all zero such that 

80:18: . „В, --Ву=0. Here 8750 since otherwise the linear 

independence of у, va уз, ..., Ym will force Bi, Bas... Bm all 
to be zero. So we have ‹ 
y=—B8"Biy, 878.y,—.. клр Ө уы: 

This gives that every member of W is expressible as a linear 


combination OF y, у, ++ ээ Ym. Consequently (yj, у... Ym} isa 
basis of W. This proves the first part 


Now if W has a basis {z 


D Z»...,Z,) of n members, these п mem- 
bers are also L.I. in V. Since any п L.I. members of V form a basis 
ofV:weget(z, z,..., д} spans V. So we have W=V. Further 
W—V clearly implies that dim W—dim V.m 

Theorem 11.26. If U and W are subspaces. of a finite-dimensional 
vector space Vr, then dim (U--W)—dim U--dim W —dim (Ur). 

Proof: Let dim U=r, dim W=s and dim (UNW)=1. 

Let (е, e2» - + +» е} be a basis of И. Since UAW is a subspace 
of U we can extend the above basis to a basis (есето €i fis fas 

ated of U. This basis has r members, since dim U=r, Similarly 

we сап find a basis (e, e,..., &, 21; Bo)» +» £i of W. Now we 

е the set 
claim a n £s) «Cb Fis fas «e oa frt B3. Bose « ә gia) 

H H ^ 

containing r-+-s—t vectors Is a basis of U--IV and consequently 


s W)=r+s—t. 
г this consider any xE U+W. Then x=u-+v for some yey, 


[а 
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Further пае -256;-. - ec Bit Behet- . 8-е 
and yay etas ex. - оге: -- bY set 
for some а, а, Bre Y;€ F- 
This gives x—u--v—(a4-«) €i (s «est. - - 
(а )е 8 fiif - В.а: ee. 
Thus every vector x in V+W is a linear combination of Bertie 
B. So B spans U+-W. To show that Bis also L.I., let 


аце Haet. - ае +B, fit Bi fete - Bf 
Mgr ss Ego 0 ++ 1) 
for some «;, 6, Y; in F. 

This gives — (2e, Htet. - bayer tB fit Do fo. - 

-- АВ...) Yigg +. eH Ysg- € UnW. 
But U(W — «e, €» - - 5 €7- 
> vg gs - EY agam Sa Se 1811 for some 8,Є F. 
=> 3,6,4-9.:6-- - .-8,e,— Yam —Ys82: • * * °° —Ys-ig.—— 0. 
> y,—Y.—Ys—-- .—Y,4-0 since 6: 6 + + C15 B19 B3» «01s Eat 


are L.I. Then (1) yields, ае, ttt. > ое tbi ЛЪВ Sit.. 
a +B LU 


> a,=a,=a3=- - =u =p FR. .=B,-1=0, since е), ез, .. +» er 


fofa arafa ае: 
Consequently all the coefficients of L.H.S. of (1) are zero. This 


proves that B is also L.I. Hence В is a basis of U+W and we get 
dim (U+W)=dim U--dim W—dim (UNW).8 ' 
Corollary 11.27. If U and W are two subspaces of a finite-dimen- 


sional vector space Vr such that U n W={0} then dim (UW)— 


dim U-+-dim W. 
Proof: Since UNW=(0), dim (UN W)=0. | 
Thus dim (U+W)=dim U--dim W- dim (UNW) gives that 


dim (U+-W)=dim U+dim W. 
WORKED-OUT EXERCISES 


Exercise 1. Show that the vectors (&, E) and (ть тъ) in C' are 
linearly dependent if and only if &n.—Em- 

Solution. Let (Ё,. Ёё) and Gav т) be L.D- 

There exist «,, «EG such that a, (Ey, Ex) c 0s 12) = (0, 0) with 
at least one of «у, х. being non-zero. Without loss of generality, let 
us assume that «,=£0. 

This implies (€,, Е.) =а;-19:(01, 1) 


= A 
> &з==—® toni and §=—% 2:7 
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> Bii о Tao ns (91а). 
Conversely let Ёл, =ë. 40) 


If &—5,—0, then (E,, £,)=(0, 0) and so (Е, £) and (т, т) are 
L.D. 


Let us suppose that £,40. Then E EC. 
1 


Also — Я Čr &)-- (n; »9-( ai em Jr. т) 
=(—%, п) (т, 7) =(0, 0) by (1). 

Hence (E, č) and (m, »;) are L.D. 

Exercise 2. Let P=R[x] and let f(x), g(x), A(x), k(x)& Р be such 
that f(t)=1, g(t)=t, h(t)=t2 and k(t)—1--t--1? for all t€ R. Show 
that. f(x), g(x), h(x), k(x) are linearly dependent but any three of them 
are linearly independent. 

Solution. Consider the element Јо) а(х) -h(x) — k(x). For all 
tC R, f(t) a(t) (0) —K()= 14148-1444 22)=0, 

So fC)--sG)--h(x)— (х) is zero polynomial (Recall that any 
polynomial of degree n with real coefficients have at most п roots- 
We shall prove this result in a more general setting in chapter ОЛ 
Fields). 

Hence f(x), g(x), A(x) and k(x) are L.D. 

We now prove any three of them are L.I. 

We shall consider f(x), g(x), h(x) and f(x), h(x), k(x). 

Remaining two triads can be discussed in a similar fashion. 

Let afa, g(x)+o, A(x)=0 for some « а «ER. This 
givesthat — а/е), (г) ра MOLO мев — ч 

E ®1-Е@1--а1?%=0 VIER 
=> «== t =a,=0, 
So f(x), g(x), A(x) are L.I. 
Finally Bi S(*)+8, A(x)4-, К(ху=0 
> Bit Bot? 201-62-02) =0 у гєн. 

‘hus we get 8-80, 6—0, 8. -8,—0. 

Therefore, 8, -- 82 8,—0. 

Hence f(x), (х) апа k(x) are L.T. 

Exercise 3. Under what Condition, on the scalar & do the vectors 
(1, 1, Ту and (1, 2, 2°) form a basis of C3? 

Solution. Since any a of C? must consist of eae а 

ust take two values Such that 2° is same, In another W re 
A find condition on scalan x such that (1, 1, eae apm 
(1, —x, x?) form a basis of C^. As dim Сз over C is 3, i en 


to find the condition such that (1, 1, 1), (1, x, x°) and (1, —x, x?) 


are L.I. over С. 
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These vectors аге L.I. over C if and only 
№1, 1, 1)-+A,+(1, х ХЗ) АІ, —x, x2) =(0 
sX, 5 s =(0, 0, 
=> A,=A,=),=0¥A,, А, A, EC. Ж. 2 
Now А\(1, 1, 1)+A,(1, x, X2)+A,(1, —x, x*)=(0, 0, 0) 
> A, +A, +A,=0 
AA —A3x=0 є. (1), 
А,-+А„х?-„А,х®=0 
So the given vectors аге L.I. over C if and only if the system (1) 
of linear equations has trivial solution, 


ium 1 
Now (1) has trivial solution if and only if | 1 x — x 0 
1. э® alee 


2x(x?—1)0. 

So the vectors (1, 1, 1), (1, x, x°), (1, —x, x°), form a basis of Сз 
if and only if x&{0, 1, —1}. 

Hence (1, 1, 1), (1, & £) form a basis of С? if and only if E=4x 
where x&(0, 1, —1). 

Exercise 4. Suppose that x and y are vectors and U is a subspace 
of a vector space Vr. Let W be the subspace spanned by U and x and 
let Y be the subspace spanned by U and y. Prove that if y W —ty 
then xc Y. 

Solution. Since yc W— —U, x> 

y=ayu,+.. . ош, 6х for some 
pU» He" and ws «ins Or, Pee. 

As y@U; 640. Hencep^! € F 


x-—-!y—^au,—...—B eu, 
—-y--(—8-!2)ui4-. . (7-87! 2)u, 
€ «U, y» =Ү. 


Exercise 5. Jf x, y and z are vectors in Ve such that x+y+z= 0, 
then x and y span the same subspace as y and z. 

Solution, Let W=<x, у> and U= <y. z>. 

Let wEW, then w=ax+6y for some о, BEF 
=oa(—y—z)+By as x+y+:=0 
=(B—-a)y+(—2#)2 
E<y,z>=U 

This gives WCU. 

For reverse inclusion, we proceed as under. 

Let vEU, then u=yy+5z for some y, 9E F 
=үр+8(—х—}) since x--y--z— 
=(—89х+(1— dY 
Є<х,у>=И. 
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This implies that WCU. 
Hence U=W. 


PROBLEMS 


—1, 0) and (0. 0, 0, 3 


> if F is a field of characteristic 


2. Prove that the four vectors (1, 0, 0), 
(1, 1, 1) in C? form a linearly dependent set ov. 
them are linearly independent over C. 

3. Prove that Cp is a two-dimensional vector space. 

4. Show that the vector space of all polynomials in R[x] over R 
is an infinite-dimensional vector space. 

5. Let S be the set of all polynomials in R[x] of degree at most n- 
(nis a fixed positive integer), Show that dimension of Sr is n. 

6. Show that in a vector space every subset of a linearly indepen- 


dent set is linearly independent and every superset of a linearly 
dependent set is linearly dependent, 


7. Let V be a vector space over R and let T={(x, y) | x, yEV}- 
Define addition in T componentwise and Scalar multiplication by а 
complex number «+i by (+ Bix, y) («x — gy, Bx--«y). Show that 
T is a vector space over C, Show that dim T over C—dim V over R. 

8. Let (U,, Us, . .., О} be any collection. of subspaces of an n- 


dimensional vector space V such that the intersection of any n of 
these subspaces has dimension at least one. Prove that 
dim (0,0. . :U)21. 
9. Prove that F[x], is an infinite 
where F is a field. (This is gene 
10. If R is considered as a у 
necessary and sufficient conditi 
linearly independent is that the real number £ be irrational. 
11. Show that if x, y, z are linearly independent vectors then so 
re x+y, Y+z and z+ x also, provided char F442, 
5 12. Under what conditions on the:scalar č do the 
ie 1) and (2, 1, 1--5) form a basis of ©? 
Č., 0, [Ans. Under no condition] 
ES and T are non-empty subsets of the vector space V, 
13. ў 


“oh that 
gn «SI =I; 
(а) 2= 


(b) CSL ee ee 


(0, 1, 0), (0, 0, 1) and 
er C but any three of 


dimensional vector space over F, 
ralization of problem 4 above) 

ector space over Q, then show that a 
on that the vectors 1 and E in R be 


vectors (0, 1, E), 
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(c) S2 «S» if and only if S is subspace of V. 

(d) < «S» >=<S>. 

14. Show that {(I, а, а"), (1, 8, B°), (1, v, Y°} is a linearly ; d 
pendent subset of R? forall real numbers а, В and ү. When it i a 
basis? [Ans. The given set isa basis when it has thr д 

distinct elements, i.e. «58, 875v, and ms 

15. If for each natural number z the function f, is defined x 
falx) =e" YxER, then show that f,, f., fa are linearly ТЕН аА 
vectors in R^ (The vector space over R of all real valued-functions.) 


4. Quotient Spaces 
Let W be a subspace of a vector space Vr. Since W is a subgroup 
of the additive group <V, +>, we can define the quotient group 
V/W={x+W | x€V) such that for any x--W, y--W in V/W 
QW) GT W)-GcÓy)H-W 
This group, we know, is Abelian. If for any «€ F, x--W in V/W, we 
define 
a(x +W )=4x +W and) 
Then we see that x 4-W —y--W 
> x—y€W > a(x—y)EW > «x—ayceW 
= ax+W=ay4W. 
This shows that the multiplication of x--W by «€ Fis well-defined. 
Now for any а, BE F; x--W, y+WEV/W, we see that 
(a+8)(x-+W)= (a+ B)x -W—ax-- gx -W 
=(ux+W)+ (Bx--W)-—a(x A-W)4-8Gc--W). 
a(x +W) +y +W =al) +W 
=a(x+y)+W 
=(ax+ay)+W 
=(ax+W)+(ay+W) 
=a(x+W)+a(yt+W). 
(а) И) =b) +W 
=a(Bx)+W=a(8x+W) 
=o[B(x+W)]. 
1(a+W)=1x+W=x+W 
This shows that V/W is a vector space over F. 


So we define the following: 
Definition 11.28. Let W be a subspace of a vector space Vr, 


Then set VW={x4-W | xE V} is a vector space over F, addition and 
multiplication of vectors by scalars are defined as 
(ХАНИ) ОНИ) (х) 
a(x4-W)=ax+W. 
for any x+W, y+W, in V/W and а in F. 
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This vector space is called a Quotient Space. 

Theorem 11.29. Let W be a subspace of a finite-dimensional vector 
space Vr. Then dim V[W=dim V—dim W. 

Proof: Let dim V=n, dim W=m. Let (x, x4, ..., Xm} be a basis 
of W. These m vectors ху, х... Xm are L.I, in V, so they can be 
extended to a basis of V, say (xy, Xo, . . +s хь, Xmap +++) Xn}. Now 
consider n —m vectors xmi HW, Xm} БИ, .. ., х, БИ. We show that 
these n—m vectors form a basis of V/W and hence dim (V/W) —n — m. 

Now for any xEV, x-—auXdmXQ...... +a,X, gives 

ХИ (ахаа...) (хах. . Xs). 

=OntiXmeit- ..-Е@„х„-ЕЙ/, since x;€W for every i=1, 2, 
+ э, т gives ax; -asxo--. . . Бахь ИИ. 

So x-- Wa, cni БИ). . nus HW). І 

This shows that the vectors xm}, +W, Xy - W, ... х, HW span 
V/W. So it only remains to be shown that these vectors are L.I- 
Suppose that for some бл, Вы, ..., Ba in Е, Gua (x4 +W) 
+60 И). + +Ba(x, +W)=0 


Le. (Вань F BmtoXmra te e eie +8,x,)+W=Ww 

> В+ Ваха эга, ә эе T&x.€W 

=> ВХ Вафа Хаа... .. +Ваха =... -- Y mXm 
for some y;€ Е, 1«i«m. 

> ҮҮХ... "FYnXn-k C7 Bmt) Xm t (—0m42)Xm42-- - - 

+(—Bn)xn=0 
> Үү==ү„=...... =Ym=— Bmii=—PBmig=-.---- =—6,=0 
SIDCE X, Xy e cov > X, are L.T. 
ВВЕ A as Ж + » B, are all zero. 
This proves that x,, 4 HW, Xm: HW, ...... > Xa +W are L.I. 


Hence dim (V/W)=n—m=dim V—dim W.m 
PROBLEMS 


1. If W is a subspace of a vector space V, prove there is 1—1 
correspondence between subspaces of V which contain W and sub- 
spaces of ҮЙ. 

2. Let W be a subspace of a vector space Vr. For a, bEW we 
define a=b (mod W) called congruence modulo W] if and only if 
—bEW and for all «EF, «(a—b) EW. Show that congruence 
= dulo W is an equivalence relation on V. Further show that for 

ach aE W, Cl (a)—a--W. еМ)! 5 2 
E Give an example of an infinite-dimensional vector space Vp 
3. bspace W such that V/W is a finite-dimensional vector space, 
with a su 
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5. Direct Sums and Complements 

Definition 11.30. If U and W are two subspaces of a vec 
V such that UNW=(0), then the sum USW is called a dir 
U and W and is denoted by СФ. 

EXAMPLE 13. Let V=F[x] be the vector space of al 
nomials over a field F. Then 

U={uo Hax | «о, HEF} and W—(ax?-- 53? | V5, X3€ Е) are two 
subspaces of V such that UCW —(0). 

So that U+W=U W. 

EXAMPLE 14. Consider V—F(. Let U—((«, B, 0, 0) | a, BEF} 
and W={0, 0, ү, 8) | Y, 9€ F). It is a simple matter to verify that 
both these subsets are subspaces of V. The zero vector of V is 
(0, 0, 0, 0). Then z=(«, f, 0, 0)—(0, 0, ү, 8) for some «, 9, y, 5C F 
=>a=8=y=$=0>7=0, so that UNW=(0). 

Hence U+-W=UGW. Now every (a, 4» «s, о) EV can be 
expressed as («n a, 0,0)-+(0, 0, a, «,) with (a, «» 0, 0) EU, 
(0, 0, a, a) EW. 

This gives V—U&W. 

Now Corollary 11.27 can be rephrased and put as 

COROLLARY 11.27a. If U and W are subspaces of a finite-dimen- 
sional vector space Vr such that their sum is direct, then dim (USW) 
—dimU-- dim W. 

Definition 11.31. Let U be a subspace of a vector space Vr. Then a 
subspace U' of V such that V—U @ U', is called a complement of U. 

Thus in Example 14, W is a complement of U. 

Theorem 11.32. Every subspace of a finite-dimensional vector space 
has a complement. 

Proof: Let U be a subspace of a finite-dimensional vector space 
Ёк. Further let dim V=n, dim U=m. Since every L.I. subset of V 
can be extended to a basis of V, we can find a basis (xi, x», .. ., x,,} of 
V such that (Xy Ху... Xm} is a basis of U. Let U' be the subspace 
Of V spanned by {хы+» Xe». + 5 X4). Consider any x€V, then 
XS ax bayxy be . онан for some aE F Le. х= (ахах... 
X) H- (ахын: Хә) EUU". This implies V— 0-4-0"... (1) 

Suppose that zE UNU” then z—aX,- Xat. . Xn = Хь 
+Е...-Е@„х„ for some a; & 8,€ F, since (X, Xo, . . ., Xm} is a basis of U 
and (x,,,, + + ., Xn} is basis of О". 

Consequently «,x,-+-#a*2+- - онх (Bn) % ai (— Binge) X maa 
+... E (—B,)x, = 0 1H 44 — n= — Bm Вано... — By 
=0> z—0. Thus UNU’=(0) 

Hence (1) yields that V=U U". 

This proves that U' is a complement of U.m 


tor Space 
ect sum of 


І poly- 
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Corollary 11.33. If О іѕ а subspace of a finite-dimensional vector 
space V, then every complement of U has dimension equal to dim V 
— dim U. z 

Proof: If U' is a complement of U, then W-—-UoU. 
V=dim U+dim U’ (Corollary 11.27a). 

This yields that dim U'—dim V—dim U. Hence the corollary 
follows.m 


Thus the above corollary shows that all complements of a sub- 
space are of same dimension. However the following example shows 
that a complement is not unique. 

EXAMPLE 15. Consider V— Ез). Let U={(a, 0) | «€F) 

U'—((0, B) | BEF} and W={(a, a) | аЄЕ} 
О, U', И are all Subspaces of V. They are spanned by the vectors 


(1,0), (0, 1) and (1, 1) Tespectively. Thus each of them is of 
dimension one. 


Consider zEUQU’ =>z=(a, 


So that dim 


0)—(0, В) for some а, BE F>a—B=0 
=2=0. Thus UNU'=(0). This yields U+U'=U@U’. Then 
dim (U+-U’)=dim U+dim U'—1 +1=2=V=UQU'=U' is comple- 
ment of О. Again z€ UNW=>z=(a, 0)— (P, B) for some a, ВЄЕ-а=6 
=0>2=0>UNW=(0). Again we get V=U GW. So that W is also 
a complement of U. Hence Y’ and W are two distinct complements 
of U. This shows that complement of a subspace is not unique. 


WORKED.OUT EXERCISES 


Exercise 1. Definition: A vector space Vr is said to be direct sum 
(internal) of its subspaces Wi Wares... ОЙ; if each v€ V can be 


n 
written in one and only one ways as Zi w;, with w,CW;. 
i=1 


We write V=W,@W.@. . OW. 
Show that if V—-W, Wr... MW, 


» then following are equivalent 
G) V=W,OW.@. ..GW,. 


n 

(ii) For each 1«i«n, W:N x W,=(0). 
"E 
"n 


n 
(iii) For each нЕ w,—0. 
i- 


(iv) If for each 1<i<n, Bj—(b,', ..., Ыш} із а basis of W, then 


n 
Y B, is a basis of V. [Here by U B we mean the vectors 6,1, 5,1, 
; = 
i=! 


bi z Ба’, by, КАМТА. › Б, В. by] 
gat 
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Solution (i)= (ii) Let xEW; N E W,. 
ј=1 
jæi 
x=w, and also x=w; +W +. . + Wirt Wint.. bi wit 
for all i=1, 2, . . ., n. j кыши 
Thus we реї0+...-+0-Бъ;-1-0+...-Е0=ю,-„ю„-Ь...ь, +0 
жа - -+Wn. Since x can be written uniquely as sum of elei Е] 
x; with x,;EW;, юу... ид. nts 


--=",=0 


This implies that x=0. Hence W; N x W;=(0). 
Ж 
jzi 
(ii) > (aii). Let w, ++. . .--w,—0 with WI€IV,. 
This implies that w;— —(w,4-w,-F. . cEWLaGa Wa d... tw, ) 
n Ld 
L.H.S. EW; and R.H.S. Є ZW, 
1 
m 
By (ii), we get w;—0. Hence (iii) holds. 


n 
(iii)2 Cv). Let vEV, since V= x W, у= 


n 
= ЄЙ; i R А 
s jum with ЄЙ, 


ki 
Now В; is a basis of W;2»w;— X Abi, ЛЄР 
j=1 


j= 
n k; 

> v=} DA; bs, 
i=1 j=1 


n 
This shows that U2 spans V. 
i- 


n ki 
Now X X Aj‘ 5#=0 with à EF 
i-ljzl 
n ki 
= Y w,—0 where w;— t Aj bf EW, 
isl me 
=> w,=0 v I«i«n by (i) 
2. Aj—0 y j2l, 2s suey k; and vi=1,2,.. «П. 


Непсе Ü В; is a L.I. subset of V. 
i=1 


n 
Consequently U B; isa basis of V. 
i=l 


Gv) > u). Let »€V can be expressed in two ways as sum of 
eleinents c.ch'one of them chosen from W; 
n n 
у= 2 w= i we with wi, ж EW; 
=! i= 
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n 
> 5 (wi—w;)-0. 
i-i 


Ero den ks 
Now w= E X, bj м = E. Bb with Aj, шу €F; where 


for all i=1, 2 . . ., n, Bi-(bi, bẹ, . . ., by} is a basis о, 
n n 


n ki 
Then v= X w= X w> Е 
gE i=1 A! P Qj —1)bj]—0. 


n 
Since U ДВ, isa basis of V 
i= 
Q/—55/)-0 v j—1, ..., k and i=l, . „у: 
Ару Nj-l... k;andi-l,.. an 
mw, viel, suum, 
Hence И= ФУ ... @V,. 


Exercise 2. Let R, be the vector space of all пхп matrices over 
the field of real numbers, show that if U is the set of all symmetric 
matrices in R, and V is the set of all skew-symmetric pidum is К 
then U and V are subspaces of R, such that R,=U ФУ. i 

Solution. Clrarly O,, the nxn zero-matrix is symmetric, so U 
is non-empty. Let «, BER, Y, YEU then («X-- BY) =a Y 4- pY* 
—a«X--pY as X and Y are symmetric matrices. (Note that А* stands 
for transpose of matrix A.) 

This means that U is a subspace of R,,. 

By using the fact that a square matrix X is skew-symmetric if and 
only if Х*= —X, we get that V is also a subspace of R,. 

Now let AE Rn, than A=}(A+A*)+4(A—A*) where [(A- E A8)]* 
=}(A*+A) and [(4 —49]* = 1(4*—4)— —4—4*) 24—X4Y 
where X=4(A+A*)EU, Y=}(A—A*)EV, and this implies that 
R,=UtV. 

Now let YXEUQV > X*—X and ¥*=— Y 


=> X=—X 

=> 2X=0, 

=> X=0, 
Hence UNV={O,} 
Thus R,=UeV. 


consequence we can say that every square matrix with real 
pressible in one and only опе way as the sum of a 
trix and a skew symmetric matrix.) 

з, Subspaces Vi, Vs and V, of a vector space Vr are 


(As ас 
entries is €X 
symmetric ma 

Exercise 
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3 
said to be independent if V; A X F;=(0) for alli], 2, 3, Show 
jsi 
that if V,, V2, V, are independent Subspaces then 
UE j, i, j—1, 2, 3. Give an example to show that conve, 
not be true. 


ИИ (0) for 
rse of this need 


3 
Solution. Since for i4j,V;C 5 V; 
Jai 
3 
- ИИСИ EX (0) => МИ; = (0) 
fai 
Hence if three subspaces are independent subspaces, 
distinct subspaces have, trivial intersection. 
Let V=R®, and let e,=(1, 0,0), e,=(0; 1, 0) and e,—(0, 0, 1). 
Take V, — —e,7, V,=<e,>, V,— <еу--ез>. 

Clearly V; (YV,—(0) 
Now x€ V, Y; > x=A,e,=A.(e,+e,) for some Ay AER 

> (А А)е –А,еь=0 

= À =À, A,=0-as e, е} is a L.I. subset of Вз 

=> x=0. 
This gives that И, И; (0). 
Similarly it can be proved that V,'YV, —(0). 
Again V4C V, -4-V., since x€V, > x=a,(e, +e), ER 

=a tae, > x€ V +05. 

Consequently V,0(V,+V2)=Vs4(0). 
Thus the subspaces V,, V, and V; are not independent. 


any pair of 


PROBLEMS 


l. Consider the vector space V—R?. Determine complements of 
the subspaces of V generated by the following subsets of V 

(a) {(1, 0, 0), (0, 1, 0)) 

(b) (oc, 3), (—4, 2, 0), (—3, —1, —15)} 

(с) {(1, 1, 0), (0, 1, 0)} 

(d) For fixed and distinct real numbers « and 6, 

(1, а, a°), (1, B, B3. 

[Ans. Note that complement of a given space is not unique, Та 
the following we give one complement of each of the subspaces 
Benerated by the subset (a), (Б), (c) and (d). (а), <(0, 0, 1)> (b), (0): 
(с), <@, 0, 1); (d), <@ 0, D>]. 

2. Let Vr be a vector space witha basis B. If B, is any subset 
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of B, and W is the subspace generated by B,, show that the subspace 
of V generated by B— B,, is a complement of I. 

3. Show that the vectors (1, 0, 1), (2, 1, 4) are L.I. in R3, Find 
a basis of R? containing these vectors. 

Use the same basis to find a complement 
«(1, 0, 1), (2, 1, 4)> in R3. 

[Ans. {(1, 0, 1), (2, 1, 4), (0, 0, 1}, f 

4. Let F be a field having q elements a p d -X 
space of demension л. Let W be a Subspace of Vr of dimension 
m«n. Find how many complements w has in V ? 


of the subspace 


[Ans, q"(»-7] 
If V, and V, are 
han n/2 then prove that 


5. Let Vr be a vector space of dimension п 
subspaces each of dimension strictly ereatar PE 
ViNV.A(0). 

6. Let x, y. z be elements of a vector s 
be the subspaces spanned by х,у 
and г are L.I. over F if and only if L, М and N are j 


If Vi={ SEV 1f(73)—f(9) and V, = {SEVIN y 
that V, and V, are «t of V and =V,6V, 

8. V, and V; are subspaces of a үе Я 
V=V,4V2. If W is a complement of OR Dee V such не 
W), prove that V=V,@W. 2 0 V, [ie y, —(V, Ye 

9. Visa finite-dimensional vector space 
=V,@V, and let L be any subspace of y. Prove 
«dim [V; Y D) e (VN D)]« dim L. 

10. Show- by means of an example that E gid 1 
stances, it is possible to find three Шрам ype pun 
dimensional vector space Vr such that V=y, OV ny. 30fa oye 
What does this imply about the dimension of y} ^ 29 V,—V,9oV 


(Ans. Dimension of V is an even integer] 


er a field F. Let V 
that 2 dim [іт V 


6. Matrices and Change of Basis 
Definition 11.34. (Ordered Basis). Let Ук be an 
finite dimension л. 
Then any ordre a-tuple (хь Xas- -e Xn) of n members of Vr is 
called an ordered Dosis of Vr if the set (xi, х.,..., pel la 
Thus in an ordered basis, the order of arrangeme Act Su 
of the basis is also taken into account. For example is e 
know that {ep e» ез} where = (1, 0, 0), (0, 1, 0), e,—(0, 0, lis 
a basis of V. Then each of ordered triples (е, е, ез), (e,, eie) ia 
[ONT ел) is an ordered basis of Vr. Note that as these three ordered 


Y vector space of 
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wipies are distinct as ordered bases, so these аге | 
ordered bases of Vr. three different 
This concept of ordered basis is very useful in the discussion of 
Matrices. This we intend to do in this section. 
Let (xy, хь. ..,x,) be a fixed ordered basis of a vector space |n 
Let (y, уь... Yr) be any r-tuple of vectors in Vr. As each 
element of V is expressible uniquely as a linear combination of 


Xy XQ ...X, we have 
n 
y= З, опхо), 2... 
ie 


with «;; (uniquely determined) elements of F. Thus we get an nxr 
matrix over F. 


[No 16 1 
САКААТ Qar 
(x)= 
L ар дао сеа Onr J 
We call this matrix, the matrix of (Yı, Yz» - - . ., J’) relative to or 
with respect to (xy, х,,..., Xn). 


Recall that an пхп matrix («;;) over a field Е is said to be non- 
singular if there exists an пхп matrix (В;;) over F such that 
(ais) (Bi) = I= (B:;) («;;), where J is the identity matrix over F. 

Now we prove the following: 

Theorem 11.35. Let (х, xs, . . ., Xn) be an ordered basis of Vr and 
(is Yos «+ +» Yn) be any ordered n-tuple of elements of Vr. Then (уу, уз, 
. ss Yn) is ordered basis of Vr if and only if the matrix of (yy ys... 
v4) relative to (Xy, Xe - - +» Xn) is non-singular. 

Proof. Let (ж) be the matrix of (y, ys . . ., Yn) relative to (ху, ху, 
+ s Xp). By definition 


n 
y= EA dX; J—1, ләп PEN 
i= 
Let(y, Yas - - -s Yn) bean ordered basis of Vr and let (8;;) be the 
matrix of (ху, Xe - -> Xa) relative to (у, ys, <- , Јһ). Then 
n 
х= nF Buys; i=l, 2, ..., n. га) 


From (1) and (2) we get 
n п 
x= X BuCX 9х) 
k=1  1=1 
п 


п 
zx Cx. zi) Xi. (3) 
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n 
However х= tel 8и where 3,,—0 for lÆi and 3,;=1 for Ii. 


n n n 
Thus 2 бХр == EAR 


n 
This gives that jj— 2 «uu 
k=1 i 


So that (Sr) = (ei) (94) 

i.e. 1=(о:;) (Bis). 

Similarly (Q;))(«;) — 7. 

Hence («;;) is a non-singular matrix. 

Conversely let («:;) be non-singular a - ; 
follows that for any i—1, 2...., n ad(8,) bs (sg), треп й 


z n n 
аб В (3 жы) 


=1 
п п 
» ACE m) 


ч п 
mn Pince m es if ki 


zlifk-i. 

Hence Te ЖЄ Yi Vay уь... -s у>. 

So that Vi Y2» ++ › Yn>. This implies y,, ; A 
of V, since dim V=n. 1» Js... Yn is a basis 

Hence (Yr Yz- = Yn) is an ordered basis of V. 

This completes the theorem.m 

Definition 11.36. The ordered basis (е, és, ..., е.) of F™ wh 

S » €n, wW 

e=(l, 0, 0, ..., 0), е (0, 1,0, ту) е е„=(0, О 1) * "Ea 
the standard basis of Ё"). , calle 

EXAMPLE 15. Consider Е“), Consider f, =(1,0 

—(1, 0, 0), A= 

fa—0 % p) where а, B are non-zero members Sr ), f2=(1, «, 0) 

It can be easily seen that these vectors are L, 
ered basis of V. L So that (Л, fo Л) 


is an ord 
Let (£z ёз» 6з) be the standard basis of V. 
Since e,— (1, 0, 0), е= (0, 1, 0), e,=(0, 0, 1) we get 


fra era 16:10:10. 


fom Vener 0:63 
foe а.е, B-€s- 


and Я 
x of (fir fo fy) relative to (е,, e», ез) is 


Thus the matri 
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OPO) XB 
Since е,=/,=1. f; 4-0. +0. f, 
e, — —« 1. hta f, 4-0. f, 
€5—0. fi — B^. fa +B. fa 
we get that the matrix of (е, ез, ез) relative to ( fi, fa, f.) is 
1 —«1 05 « 


В=|( 0 at — 6-1 


0 0 B71 j 
Then BzA4-. ' 
Theorem 11.37. Let Vr be a vector space Of dimension n. If 
A=(x;;) is a matrix of the basis (fi, fo... . , fn) with respect to basis 


(e ез, . - + - €n) and B—(B;;) is the matrix of the basis (g,, g,, . . . , gn) 
with respect 10 (fıs fa... fa) then the matrix of (g,, 8a... 8n) 
with respect 10 (е, €:,... , €n) is AB 


n 
Proof: Now f= ‚5 але; кЁ=1,2,-.„„й 
j= 


n 
Si— X бы); 1=1,2,...,п. 
n n 
Thus gi X Bel X age). 
k=1 j=1 
n n 
= X ( X zie; 
j=l j=1 


n 
= У Ygerpd-—l:2; 525" 
ј=1 


п 
where Yu v: а. So that (¥is)=(i3)(Bi5)e 


Hence the matrix of (go 85...,85;) relative to (e, en 


+» €) is 
ra) =(is) (Bis = AB. 
This proves the theorem.8 


PROBLEMS 


1. Let Vr be a vector space of dimension п and let (e,, Ebo dene) 
be an ordered basis of Vr. Prove that 
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Ch» fa tt fa) e (х) А 
where (Л, f:,...,f,) isan ordered basis of Vr and (a; is the 
matrix of (fi, fa ...,f,) relative to (е, 65 ...,e), is а 1—1 
correspondence between the set of all ordered bases of Vr and the 
set of all п хл non-singular matrices over F, 

2. LetV—R?*. Find the matrices of the ordered basis (Л, fas fa) 
relative to the standard basis (e, е, ез) of Vr when Л fa fa are 
as given below: і 

©) f, (1, cos x, sin л), f;—(1, 0, 0) ,— (1, —sin x, cos 5) 

i) fi—Q, 1, 0), A=@ 2, 1), f —(0, 1, 2). 

In each case find the matrix of (e,, е,, ез) relative to (у, fe f). 
[Ans. Matrices of ( f, f, 


2» fa) relative (е, €», ез) аге 
1 1 2 0 0 
(i) | cos x 0 —sinx (й) | 1 2 1 
sinx 0 cosx 0 1 2 
Matrices of (e,, е, e.) relative to (Л, fa f.) are 
0 cos x sin x x 


()| 1 sinx-—cosx sin X— cos x 


0 —sin x cos x 
i 0 0 Л 
(ii) —} $ —t }. | 
ч Jam 


3. Find the total number of ordered bases of и Fim) where F is 
a field containing q elements. [Ans, (9"—1) (9%—9) (q^ —473] 


7. Inner Product Spaces 


The properties of vector spaces discussed in earlier sections mainly 
depended on addition of vectors and multiplication of vectors by 
scalars. In this section we introduce another structure in a vector 
space by postulating the existence of functions like inner product and 

m. These functions generalize the concepts of length of a vector, 
E dicularity between two vectors and angle between two vectors. 
реш utset this adventure looks a misfit and of no immediate use, 
At pe it provides a link between analysis and algebra. A vector 
Bunun ed with a ‘norm’ becomes a metric space and so one can 
P pts of limits, sequences ani continuity. However, 
ble to explore all these possibilities, instead we shall 


space equip 
utilize the conce 
we shall not be 2 
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concentrate on the algebraic aspects of these functions. 
the theory in a reasonable manner (as to make it loo 
extension of geometrical notions of length, perpendi 
angle) we have to sacrifice some generality. So in this section, 
no longer consider vector spaces V over an arbitrary field F- etal: 
we restrict F to de the field of read ог complex numbers. a үа ^d 
former case Vr is called а real vector space and in the latter case, 5 
complex vector space. » 

REMARK. If «c R then | «| stands for absolute value of « ie 
[а | =a for «20 and |«| ——« for «<0. Further if «=x jy, 
x, YER then | « | stands for modulus of « ie. | «| =V Ap 

Definition 11.38. A vector space Vr is called an inner product 
space if there is a function f: VxV-F satisfying the follow- 
ing axioms. 

For u, v, WE V; «, BEF. 

IP—1. f(u, v) Ду, и) i.e. the complex conjugate of f(v, и). 

IP—2. f(u,u)20 and f(u, иу=0 & и=0. 

IP—3. f(«u+ẹv, w) af(u, w)+8 f(v, w). 

Function f satisfying /P— 1, IP—2, IP—3 is called an inner pro- 
duct on V. 

REMARK, 1. Because of /P—I, f(u, u)= Йи, и). So f(u, u) is real 
and hence /P —2 makes sense. 

2. If F=R then JP—1 merely states that f(u, v)— f(v, и). 

Noration. /(и, у) is generally denoted by any one of the following 

symbols 


To develop 
k a natural 
cularity and 


(и, v) iu. v; <и | у>. 
In the sequel we shall use the third symbol. 
EXAMPLE 16. Let u—(a, Б), v=(c, d) ЄС! 
Define <u | v> as ac4-bd. We claim that it is an inner-product 
on С. We verify all the three axioms. 
IP—1 <y|u>=cd+db=ca+db=ct + bd=<u | v>. 
IP—2 <u|u>=ad+bb=|a| *-|5|*20 and <u | us =9 
е jal?+|o|*=0e [a| = || =0~ a=b=0 
e» и=0. 
IP —3. Let а, BEC and w=(x, y) € C. 
Then <au+ pv | > —(zad- o) s-- (354- Bd)p 
—a(ax 4-by)d- B(cx - dy) —« «u | w2 Bv | w>. 
Hence C? is an inner product space. 
Note. The inner product defined in example 16 is usually referred 
to as the standard inner product. 
EXAMPLE 17. Let uv=(@ b)  v-(e, дєв°, deine 
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<u | v>= ac—be—ad 4-4hd. 
Clearly <v | и> —ca— cb — dad-4db— <и | у>. 
Also <u | uz —«4—ab—ab--4b?—a? —2ab-p 4p? —(a—by--3b* 
20 and <u | uz —0 e (а— by --5b—0 & a=b=0 © u=0. 
Finally if w=(e, f) € В? and о, BER, then 
акб | we =(аа--8с)е— (ub+Bd)e — (xa-F8c) f-4-4(sb-- 04) f 
=“ (ae—be--af+ 4b f)+-B(ce—de~cf + 4d f) 
=a<u|wo+8<y| w>, 
Hence R° is an inner product space. 
EXAMPLE 18. [et V be the vector 


à space over С of all 
continuous complex-valued functions on the 


internal [0, 1]. For 
Ло, 80 zV, deine Де) | e> by P^ sey BG at 


V Em 
Evidently |, sea = |1 уду 


1 — 
=f S(t)g() dt. Thus we get < KD 1 8@)>=<gH T>. 
А 1 = 
Again < ft | fi)» — |. ди) Д а | IO гах о and the 
equality holds if and only if f(t)=0, 
Finally for (t) € V and a, REC, 


<MO+P в@) |i — V +B ec AD à 


1 a) 
= E rom dte [i ace) о at 


=&< fit) | AOS +B<g(t) | ht)». Hence V is an inner 
product space. 
EXAMPLE 29, Consider the vector space R”, 
For  w—Gx,... x) vo(y Yayin JER, put 
n 
<и | у> = 3 х;у;. 
і= 1 


It can be verified that all the axioms JP—1, [P—2 and IP--3 are 
satisfied and so R” is an inner product space. 

Note: Henceforth, throughout the remainder of this section V will 
denote an inner product space. 

Definition 11.39. A finite-dimensional real inner product space is 
called a Euclidean Space while a finite-dimensional complex inner 
product space is called a Unitary Space. Before ia Proceed to the 
next definition, We shall like to impress upon the readers that hence 


forth whenever WE talk of square root of a real non-negative number, 
or 
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we shall always mean the positive value of the square root, Thus 
according to this convention y4=2 not —2. И 


Remark : Thus norm of v&V is always a non-negative real 
number. 

NOTATION : Norm of v will be denoted by || у 1. 

Definition 11.41. For u, vC V, || u—v|| is called the distance bet- 


ween u and v. ‚ 

NorATION : Distance between и and v will be denoted by 
d(u, v). 

We pause here to prove certain properties of inner product spaces, 
which are dircct consequences /P —1, of /P—2, JP—3 and definition 
11.40. 

Theorem 11.42. In ап inner-product space V; for all и, у, w, XEV, 
æ, B, Y, SEF 

(i) <u | ar+8Bw> =a <u | у> в <u | w>. 

(ii) <au+ By | yw+dx> =a7<u | w> +a <u | x> 

+By<v | W> +95 «v | x>. 
(iii) <0 | v>=<u | 02 —0. 
(i) <u | v2 —0vv€V2u-0 and 
<u |v2-0xvu€V-v--0 

б) paul = || wed. 

Proof : (i) <u | av+-fw>=<ar-t-Bw | и> by TP. 
=a<v|u>+8<w|u> by IP—3 
=a<v|[u>+5 <w|u>, property of 

complex conjugation. 
=р<и|у›>+@ <и | w> byIP—l 

(i) «uer | үн-Еёх:>==&<и | yw4-3x2 Bv | yw+de> 

by /P—3 
=afy<u | W> +5 <и | x2 F8 ev | w>+8 cv | x>} 
by (i) 
аү<и | и> +a <u | x» F8 т< | w> +5 «v | x>. 
(ii) <0 | yes <0u+ Ow | ›>=0<и | у> -+0<w | v>=0. 
Similarly <u | 0>= <и | Ov+0w>=0 <u | v> 40 <u | w> =0. 
(iv) <u | v» —0vr€V— <и | u>=0>u=0 by IP—2. 
Similarly <u | v>=04uEV> <v | yes v0 by 1P—2, 
(v) lau] «xu | «н> en <u | u> by (i) 
= |a|? juls 


Hence | «utl = | a | ПК 
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Theorem 11.43. (Schwaz Inequality). 

For allu, vEV, | <u |y. [<и iva. 

Proof: If u—0 then left hand side=<0 | y>=0 and right hand 
side= IO | v | =0, so <u [у>= [и tv. я 

Assume now that uz then Ї и || 40, else we shall get [ц`=0 
5 <и | u>=0>u=0, а contradiction to the assumption. 


Put w—y— yu. 


[ТЫ 
v| u> 

Since |w|*70, we get cT оа a u>20 
> «v Se <» [и> Tue <u | v> 

xeu. 

+51 "E | u <u | u>>0 

um 

> Пура 11и e <u | v» <и | v> 
ЩЫ lul 


E => pos 0 


<и |у 


> Ivl? — felj >0 
E | <u | у> | <и 
> | <u|»>| «Iul ll v.m 


REMARK. This inequality is also calle 
Theorem 11.44. Every inner Product space is а metric space. 
Proof : Let V be an inner. Product-space, 

For any и, vEV, put и, v) —llu—y lhe 
Since norm is always non-negative we get d(u, v)>0. 

Further d(u, v)=0 | u—y | —0e <(и—у›) | (u—v)>=O0eu=v. 
Also d(u, »)-lu- l8 у Га у) 


d Cauchy-Schwarz in equality. 


M DEE -и)>) 
=V 0-и) | (у—пу> —|v—ul—d(, и). 
We claim that | u+v || < quy +l il for all u, v&v. 
Now || u+vlP=<u-+y | uv 
=<и | и>--<у| u>+<u | у> < |у 
=u PE Т <u | y +p 
= 1418-24 <и | v> 101°, where R(«) stands for 
ber а, 
rt of complex num > 
real pa К(о)< | « | , we get А 
= uty ?< [| щ?-Е2| m Ev» | uva? 
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<ul’ 20р tv + py ge by Schwarz 


inequalit 
=> uHe all + vy? пу 


=> llut+v ll Shul + lvi and our claim is established. 
Finally for u, v, wEV 
аи, v)--d(v, w)= llu—v ll - I v—w || 
> || u—v+v—w || by our claim 

=> d(u, v)+d(v, w)> || u—w || , ie. d(u, w). 

Hence V is a metric space.m 

In geometry the concept of perpendicularity is of much import- 
ance. In the following we introduce a similar concept in inner 
product spaces. 

Definition 11.46 uCV is said to be orthogonal to v€ V if <u | у> 
=0. 

REMARK. By definition it follows that u is orthogonal to v implies 
that v is orthogonal to u. Since 

<u | v2 —02 <v | u>=0><p | uz —ó —0. 

Definition 11.45, If W is a subspace of V, then an orthogonal 

complement of W (denoted by W>) is defined by 
{QEV | <u | w>=0¥ we}. 

EXAMPLE 20. As seen in Example 16, if u=(a, 5), v—(c, d) 
€C?, then <u | v>=ac + bd is an inner product. The vectors 
x—(3, 5) and y=(5i, —3i) are orthogonal. Since <x | у> —3(— 5i) 
T50i)20 

EXAMPLE 21. In Example 18, the vectors sin xt and cos тї are 


MP. 
orthogonal, since <sin xf | cos xt = f sin x! cos mt dt 


1 1 
=} |, sin 2x: dt = — ral cos м), =0. 

EXAMPLE 22. Let V=R? and W—((a, а) | aER}. Then W is 
a subspace of V. We equip V by an inner-product as defined in 
Example 17. That is for all u—(x, у), v—-(x'. y) E R?, <u | v> 
exa! — yx! —xy' 4 Ax'y'. 

Then we claim that W^ —((x, 0) | x ER}. 

Since (р, Q)€ W^ «(a, а) | (р, 2) —0 for all aC К. 

Let a40 then (р, 9)€W* ap —ap —aq+- 4aq=0= 3aq=0-> 4—0). 

Also for any r€ R,«(a, а) | (r, 0) —ar—ar—0--40—0x(a, a) 
EW. ] 

Hence our claim is established. | 

Lemma 11.47. For any subspace W of V, W> is а subspace of V such 
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that WOW:=(0), 
Proof : Obviously 0€ W^ so W+ 
Let u, vVEW- and a, 
ЄЙ“, Now for all w 
=0>au+prewr, 
Hence W+ is а subspace of V. 


Finally xEWOW+>xeW and xEW* > <x |х > =0>x=0 
=WOW* =(0).0 

Definition 11.48. Let v 
Set. {уал is called an 
<y; | v0. 

Definition 11.49. Let v,€Vforalli&A д being any index set. 
Then {v,};sa is called an orthonormal set if 

(i) for each ТЄ A. lv; ll —1, 

(ii) for all Ъ/Є A, i<j, <v; | у> —0. 
Та this way an orthonormal Set is an orthogonal set in which every 
vector is of norm 1. 

EXAMPLE 23, Let V be 
valued continuous functions 


is non-empty. т 
BEF. Then <и | w>=<v|w>=0 fora 
EW, <au+By | w>=a<u | w>+p<v | W> 


{ЄЎ for all ТЄ A, A being апу index 
orthogonal set if for all i, jE A, 7. 


the the vector space over R of all real 
defined on [0, 1] with the inner product 


1 
«fg =f fG)&() dx for all f, ge v. 
For all nEN, define f(x) = 2 cos 2nnx 


and 8.(х)= /2 sin 2unx. 
Consider X—(1, f, 81» fos Bo, e ...}. 


1 
Clearly ¥nEN, < у, is >= [, 2 cos? 2znx dx 


А (1--cos 4хпх) dx 


1 M 
= er i = =1, 
1+ ЖЕ ( Sin 4тпх Jo I2 | fi 
Similarly vn€ N, <g, | $52 —1l2 || g, jj =1. 


Further for nm, G) >f, | yo = М 2 cos 2xnx sin 2xmx dx 


=, [sin 2z(n--m)x — sin 2n(n—m)x]dx —0 
1 
(й) «falfum = lo 2 cos 2nnx cos 2nmx dx 


5. |, [cos 2n(n-+-m)x-+-cos 2n(n—m)x]dx 
lo 
= 0. 


VECTOR SPACES 3] 
m 1 H + 
(iii) <8n | &n> =|, 2 sin 2znx sin 2zmx dx 


1 
=|, [cos 2x(m—n)x—cos 2z(n --m)x]dx 
=0 
1 
Also for allngN <I | / > = i V2 cos 2znx dx=0 


1 
and ESEE 2 2T v2 sin 2xnx dx=0. 


Hence X is an orthonormal subset of J” 

EXAMPLE 24. Consider C? with the standard inner product. 
Then {e,, e.) is an orthonormal subset of C? where €, —(l, 0) and 
e,=(0, 1), since <e, | ер> --1.]1--0.0—1 and <e, | e, =00+11 
=0> || е, | = || e;—1 and «e, | e —10-F0.I-0. 

Lemma 11.50 Any orthogonal set of non-zero vectors is linearly 
independent. 


[1 


Proof : Let X be an orthogonal subset of an inner product space р: 


with the propety that O& Y. Let v,, Yə... Y; € Y be such that 
k k 
E a0, EF. For any ЈЄ{1, 2, 3,..., К}, < = ат; | ур =0, 


і=1 j=l 
=> æ<; | vj>=0. Since «v; | v; ==0 for 15]. 
> «j—0 as <v; | v; 40 (recall that 1,540). 
Hence уу, Y» . · ., Ук are L.I. over F. 
As a consequence X is a L. І. subset of V.m 
Corollory 11.51. If (vj) is an orthonormal subset af V, then the 
vectors vs are L.I. over F. Further if w= 3 av; then for each 


1 
їє{1,2,3,..› k) = <w | vi. 
Proof : First part follows from the above Lemma. 


k 
For second part, observe that <w | у> = < 2 av; | vi» 
ja 


k е " М 
= У оуу; | у> =, since for i<j, <v; | vi» —0 
j=l 
and <p, | vj>= || vl — 1.8 Р 
Lemma 11.52. If {ур Vor + + = Ук} is an orthonormal subset of V then 
k 


for any v€V, the vector i4 <v I viv; is orthogonal to each of 


k 
Yi, moreover if уб <Vy Və» +++» x> then for z =y— E Xy b viv 
i= 
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12150 and for Укы = 


normal subset of ү. 
Proof : Let j€ (1, 2, . . ., k}, then 
A 4 


«(v— zx 
i= 


z " 03 
Тг sis Yss os Vi, уз) ds ап orth 
i 


i ‘or 
<> [r> | jy i%>—<v|v;>=0 since f 
1 
ij, <v; | vj2- —0 and xy | v;2-—1. 

Thus the first part of the lemma is proved. 

Now suppose PES ИШК, СЗ апа ||z| —0 where 

k + 

257 V2 <» p wl Y^ This in turn implies that z—0 or 


i-l 
k 


y= SM "|| Wey. So » is a linear combination of v/5 
i=] 


G-1,2,..., К). In other words УЄ <, Vas... р> and this is 
against the hypothesis, Hence | z | 540. 0 
To complete the Proof we must show that <M | >= 

x—1,2,. 7. k and —y,, | x42 —1. 


By first part <z | 220 vi—1l,2,..., k. But <юы | #7 
<< |. So<vs | v —0 for all i=1. 2... k 


Finally —y,, | ERST i = <z | z>=1. 
Hence the lemma follows.m 
We are now all set for thi 
basis (i.e. an orthonormal 
product space, starting fro 
called as Gram-S¢ 
Theorem 11.53. 
orthonormal basis, 
Proof: Let V be an in 
to find an orthonorma] set (mE HET AERE every orthonormal 


set is L.I. and dim —n, this will do the job. Let (e, Cis 2... Cah 
be a basis of V. 


Now to start with, put m=. As e540, |Iv,|40; so taking 
fi + we see that < fi | fi —1. As e; & < Л, by Lemma 11.52 
1 vl 


€ famous construction ofan orthonormal 
spanning set) of a finite-dimensional inner 
ш а given basis. This method is usually 
hmidt Orthogonalization Process. 


Every finite dimensional inner product space has an 


5 LA 
there exists a vector v,—e,— <e, | fi> у, with |р 40 and fi di 
h that ( fi» f,} is an orthonormal subset of V. Further Tun 

is suc шс 


е„;>. We claim that езё < f, f,>. Suppose the claim were 
C < >: 
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not true then we would have found à,, 4,EF, at least о 
non-zero, such that es=A, f,+A, f2- This would imply 

Aes | Ме Q4 <е| л> 
Ill el s Eve 
Again by Lemma 11.52, there exists y, 


ne of them 


es e, which is absurd ! 


Е =ls—<es| л> д 
«e; | ff, with I v, | 40 Sup is such that (f, fef 
is an orthonormal subset of V. Also ( fy, fa, f} C <e,, DIEN 

Now suppose that we have been able to construct an orthonormal 
Set {fo fes - - -s f3E е, е... €>. As before it can be shown 
that ее < Л, fo - - - fi». By Lemma 11.52 there exists a vector 


1 
Уе: E Xe | fé» fe With | va, 150 and у= i Vita i 
3 У 
is such that{f,, f;,..., fi+1} is an orthonormal subset of V. Since "2 
orthonormal subset is L.I. and dim V=n, this process terminates till 
we get an orthonormal set {f}, fz, . .. ,/„}- This is also a basis of V, 
as dim V—n, Hence V has an orthonormal basis.m 
EXAMPLE 25, Let V be the vector space over R of polynomials 
in R[x] of degree <3. Dimension of V over R is 3. (1, x, x} is a 
basis of V. Put e,—1, e,—x and ез=х°. For f, gC R[x], define 


<flg>= |, f(x) g(x) dx. 


We apply Gram-Schmidt Orthogonalization Process to obtain an 
orthonormal basis of V over R. 


еү=1. 


ы ЕЕ е e€ 
Take v,—e,; and f, Lex i 
i AT. e,.6 dx 


1 
Put ,—e,—«e, | fi5fi-x—- <x | 1>=x-|) x dx x—4. 


= Баха = 30x). 


J [mos 


Again put v;=es— «es | Rf-«el А> № 
1 {1 
= 2 dx) —(6x—3 2x3 — x?) d: 
=x (fs к) (6х |, e» х?) dx 


==x°—x+}. 


У, 
Then fe—- iyi 


e C NEN 
Now lv, 1 = |, бех gg l» l us. 


Уз —(6x2— n 
Thus f= TT éxthy 5. 
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Hence (1, Qx—1)V/3, (5X -6x--1)/5) is an orthonormal basis 
of V. 

Tn the next theorem we show that if Wis a Subspace of a finite- 
dimensional inner product space V then W+ is a subspace comple- 
ment (о W. So we are justified in calling W+, orthogonal complement 
of W. 

Theorem 11.54. For each subspace W of a Jinite-dimensional inner 
product space V, V=W@W-. 

Proof: Since W is a subspace of V and V is an inner product space, 
W is also an inner product space. By Theorem 11.53, there exists an 
orthonormal basis (wi, Wa, . . . , w, of IV. 


т m 
Let ve V, then i ug | w;2w;--x- where x=y — X «v» | W:>Wi 
de iz1. 


By Lemma 11.52, «x | и >=0 yi=1, отит апу element 
of W can be written as a linear combination of Wi Woy... 5 Wa, WE 
get <x | w>=0 for all wEW. This gives that xe p=. Hence vc W 
--W-. Consequently V—W-F-W-. Finally invoking Lemma 11.47 we 
see that И:= ИФ И.а 

Corollary 11.55. IfW is а subspace of a finite-diiensional inner 
product space V, then (W^)*—W, 

Proof: Let x€W. For any усу“, <x | y2 209 cv | x —0 
2-x€(W-)'. This gives that WC (W-)-. 

By Theorem 11.54, V=W@W~ also V=W* @(W*)~. Soif dim V 
=n, dim W=m then dim W+=n—m and dim (W*)*=n—(n—m) 
=m. In this way we get that Wis a subspace of (W+)* and dim W= 
dim (W^). Consequently W—(W-)- m 


WORKED-OUT EXERCISES 


Exercise l. Find if possible all 4-tuples of real numbers а, Б, с, 
а such that for u=(a,, а;), »—(8, B)€ R?, <и | v>=aa,?-+-bB,2+ 
саза, + dash defines an inner product on в. 

Solution. Let <и | у> = 4012 --03,24-саџа4- 4х Bi, U=(a,, c), 
and у= (81, В) Є". Take u—(1, 0), v—(0, 0), i.e., zero vector of R?. 
Then <4 | 07 —02a—0. Hence for all u— (a, а), "—(Bj, BER, 
<u|v> =b8,?+ cao, +4 В. 

Now put a; —25— 0, B, =6.=1, so that и is zero vector of R? and 
y—(1, 1), then «0 | v>=0>b=0., Hence <u | у> —c2,9,-- du,, 
for all u=(a1» аз), »—(6» BC R*. This gives that <u | и> сау, + 
doa, 2% i.e. (c+d)a%270 ade E T 

In particular (c--2)^20 and (c d(—45)20. (Put а.а and 
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—«,, respectively). This forces (c--d)a? to b 
а consequence we get that c=—d. ns i ып SIER, As 
all u=(2%, оз), v- (b, 6) ER* TE edat 
Finally <u | v; — «v | u> > Charte 2281) =C(8,8,— Ве) 
eene) ees B) м а, cs Bis BER 
-c04,—CÓ; V a, BIER 8 
=>c=0. 
Hence a=b=c=d=(, in other words the onl Е 
for which <u | у> az +b; cns аав, wh eh Е 9 
v=(8,, 8) € R^ might be an inner product, is (0, 0, 0, 0). But a 
is wrong, since then <u | u>=0 without u being zero. Hence such 
a 4.tuple can never be found. 
Exercise 2. (Bessel's Inequality). If (w,, . . . » Wi) is an orthonormal 


subset of V then prove that X | <и; | у> | «Р for ail ve v. 
i=l “з 


k 
Solution. Let vC V. We can writev= У — «v| w;>w:+x where 
і=1 


k 
x=v— a x» | w:>w;. By Lemma 11.52, <x | w>=0 у=], 2 
i= 


k 
--.»k. Putting w= X <v | w;»*, we get that v—w+x with 
i=] 


i= 
" К k 

<w[x>=< E <| m>w | x>= x <v|wi><w;|x>=0 
i21 i=1 


Thus || у | °’=<w+x |w+x>=<w|w>+<x)x>= | w]e 
cxli? ө? vil?. 


k k 
But 10 12=<( ER <y | w:>w;) | ( Zi <v|wi>w)> 
i= LESS 


| 
Vie 


k зз „2 
X <у| и> <> | и> <и; | w> 
=1 


Ј 


ге 


| <v | wi |? ascw; | w;2 —0 for izzj 


ll 
Pun 


and <w; | иг >=] 


k yx k 
= х | Zw >S 12 2 | <ю|у> | 
2 = 


k > 2 
Hence x |«w;lv-l*&lvl*. 
i-i z 
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oe Let W be the set of real-valued functions y= fix) 
satisfying а у= 0. Prove that G)W is a subspace of the vector 
space V over R of real-valued functions, (ii) dimension of W over R is 


2. If we define <y | >=" yz dz for all y, ZEW, find on orthnor- 


mal basis of W. 
Solution. (i) Let О be the mapping from R 
O(x)=0 +xER. Then clearly OC, so W is 


4 REA Let 
A, AER and y, VEW then Сй aya 


=0 and 4 ES c4» 0 
> dO. DHIA HÀ, 4) —A, (Z2 а, +A, (424 +4) ) 
a тя EW. Hence Wisa subspace of V. 

, By theory of Differeniial Equations every solution of 
саа 0 is of the type с, sin 2х-Ес„ cos 2x for so. 


S {sin 2x, cos 2x} span W. Further let a Sin 2x+b¢ 


me cp c ER. 


os 2x=0 for 


d 
some a, bER. Then dx (4 sin 2x+b cos 2x)=0=4 cos Irbis 


sin2x соѕ 2х 

00829 »—sin2x [= 15% the linear equations 

(sin 2x)a+ (соз 2x)b=0 and (cos 2x)a+(—sin 2x)b=0 in a and b 

have a trivial solution, ѓе. a=b=0. 
Hence a sin 2x+b cos 2x=0>4— =b=0, Consequently (sin. 2x, 

cos 2x} is a basis of W over R, Thus dim W=2, 


=0. Since 


Finally we take w,—sin 2x A= "rir sin 2x 
W || = 
, 4l i; sin? 2x dx 


E sin 2x, 
т 


Put W,—COs 2x— < cos 2x | Afi 
=cos 2x-( K ae sin 2x cos 2x dx E sin 2x 
7-008 SU sin 2x cos 2x dx ) sin 2x 
=cos 2x. 

then б=т ES cos 2x. 


и» ll 
s {; cos? 2x dx 
0 


to R given by . 
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ü а ON 
ence = Sin 2x, x 605 25 fisan orthonormal basis of 


W over R. 

Exercise 4. Prove that two vectors x, y in a Euclidean Space are 
orthogonal if and only if | x+y l*— Il x [| ®-Е ly l2. Further show that 
this result is not necessarily true for unitary spaces. 

Solution. Now || x+y ||? =<x+y | x+y>=<x | x>+<x I y> 
+<у1х>+<у!у>= [х[*%+2<х | y>+ yn? as <x] y> 
«ух = <р | x>, since <y | x> is real. 

We know that x is orthogonal to y if and only if <x | y>=0 

€ 2<х1у>=0 el x+y 1° lx1?4- 3 » 12. 

Consider С: with standard inner product. Take x=(0, i) 
y=(0, 1). Then <x | y>=i40; so x is not orthogonal to y, à 

But х+ ll*= i (0, 1+5) ]/?=<(0, 1-4) | (0, 1+i)>=(1+i) 
(1-i)=2 and łxļ°=<(0, 0) | (0, )>=i(—i)=1 and yy yee 
«(0, 1) | (0, 1)>=1.1=1. Hence | x+y I| °= li x ll *+ ly i? while x 
is not orthogonal to y. 


PROBLEMS 


In the following V is always an inner product space over F. 

1. Prove that for all и, vEV, [ u-Fvu?-- I иу 1 220и 
+ dp vi?) 

2. Show that if V is a unitary space then x, y€V are orthogonal 
if and only if || «x+y I 2= I| «x I ?-+ I| By Il? хо, BEC. 

3. If x, y are vectors in a Euclidean space such that || x || = | y yj 
then show that x+y is orthogonal to x— y. 

4. In V=R3, show that the Schwarz inequality implies that cosine 
of an angle is of absolute value at most 1. 

5. If W is a subspace of V and if x€W satisfies <x | w>+ 
<w | x><<w|w>¥weW, prove that <x | w>=0 vwer, 

6. Let V be the vector space of real valued functions y=f(x) satis- 

аз dy dy А 

a ше Hag t 
(a) Prove that V is a 3-dimensional vector space over R. 


fying 


0 " 
(b) In V, define < f | g>= lone fg dx. Prove that this defines 


an inner product on V. Find an orthonormal basis of V over R, 
[Ans. (7e*, 286—269, (Зе®—12е°е-1-10е”=),/ бу] 


7. If V is finite-dimensional and if (w, w,..., w,) is an ortho- 
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k 
normal subset of V such that 3 | <w; | v> [= 1у1 уте y, then 
i= 
Prove that (w,, Wa, ..., w} IS a basis of V. 

8. Let W, and W, be two subs 
W, and W, are inner product 
inner product space. 

[Hint. Define «uy, | wy T — cu 
и, uc Wy vy WE] 

9. If W, and W, are two Subspaces of V, show that 

W +W) гу, and (I, 


OW)" SW. 
10. If и and v are vectors in y, che 3) 1H, 


Paces of a vector space V. If both 
Spaces, show that W,+W, is also ап 


[а> 4- <у | v> for all 


12 


LINEAR TRANSFORMATIONS 


To study relationships between different groups and different rings 
we introduced in early chapters, the concepts of group homomdr- 
phism and ring homomorphism. On the ате lines we now introduze 
the concept of horaomorphism among vector spaces. 


1. Definition of Linear Transformation 

Definition 12.1. Let V, and V, Ыз two vector spaces over the 
same field F. А. mapping Т' from V, to V, is called a linear trans- 
formation or a vector space hy ny noep'tis n if it satisii2s tis follo viag 
properties: 

(1) Т(х+у)=Т(х)+Т(у) 

(2) T(ax)=2T(x) 
for all x, y€ V, and «EF. 

Sometimes to emphasize that Т is a linear transformation from V, 
to V, with both V, and V, vector spaces over F, we say that T is an 
F-linear transformation. Further the definitions of F-isomorphisms, 
epimorphisms etc. are analogous to the corresponding concepts in 
groups and rings. 

EXAMPLE 1. Let F[x] be the ring of all polynomials over a 
field F. We can regard F[x] as a vector space over F. For any 
f-a,4 ax aH... +a,x"€ F[x], we define its derivative D by 
D( f) —a,4-2ayx- .....- Алах". It can be easily seen that for any 
Sf, ge Fla], «EF. 

D(f+g)=D(f)+ D(g), D@f)=«D(f). 

So that D is a linear transformation of F[x] into itself. Dis not а 
monomorphism, since D(2x-+1)=2=D(2x), but 2х--1552х. 

EXAMPLE 2. For any field F, consider the mapping Т: F9 рз) 
given by T(z, 8, Y) —-(2, 3) v.a, B, YE F. Then for any x=(q,, Bo Y), 
у= (а, Ba Y)€ F9, «ЄР. 

T(x-Ey) =T (ay 4-4» 8.48 Т. Үз) (ә, ф,--$,) 

(х1, 8,) - (x 8) Ti Bo 1) Т, Ba Ya) 
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and Т(«х)=Т(ах,, dBi аз) — (аа, 981) — e(a, 8) 
=4T (a, 8, Y)=aT(x). 
So T is linear transformation. 

EXAMPLE 3. For a field F, 
(«, B, 0). It can be easily seen that 7 is a linear transformation. 

NOTATION. ‘L.T? will stand for ‘Linear Transformation’. 

REMARK 1. We show below by examples that the conditions (1) 
and (2) in the definition of a linear transformation, given above, are 
independent of each other, in the sense that à mzpping Т from а 
vector space Ur into a vector. Space к may satisfy (1) but not (2) or 
it may satisfy (2) but not (1). 

EXAMPLE 4. Let C be the field of Compiex numbers. We can 
regard C as a vector Space over itself. If we define T : CC such 
that for any z:=x+iy : x, YER, T(z)=x, then Obviously T satisfies 
(1). Now T(2—i)=2, T(5)=5, Q-DTQ—i)— Qi. 4.1 ai Since 
55124 i)(2—i), we see that TIG--)O—DkeQ-icnro i 

Hence 7 does not satisfy the conditi 


define T: FOS Ec» py Ta, 8)= 


numbers, regarded as a vector C 

T(z) —4/ x*4- y*, the real cube Foot of x3- уз, 
x€R, yc R. 

Then for any ЄЛ, 02=0х4-ілу gives T(uz)— / a? x34 oy 

: $ R е z)— X a'x8 +o = 
ax x*+y*=aT(z). Thus T satisfies Condition (2) of и 12.1. 
Now 7(2)—2, 7(31)—3, т(2 L3) 984274 35_ Clearly Т(2--31)5 
T(2)-- T(3i). Hence T does not Satisfy condition (1). 

Definition 12.2. A vector space V, is said 
vector space V, (both over same field F) if 
transformation of V, onto V symbolically Vi&V,. 
EXAMPLE 6. Let V be an 7- dimensio, 
field F. Let (fs f... fa} be a basis of 


==x+ipeEC with 


nal vector space over а 
V. Define T: V» Fo? by 


n ' 
T (Y. fim Cas suus). tig left for the readers to check that 
is 


T is ал isomorphism. So that VY Fin), 


Theorem 12.3. Let V, and V. be two vector spaces over the same 
field Е. A mapping T: V, y. is a L.T. if and only if T(a,%,+-0,x,)= 
a, T(x) +e T(x) for all Xi EV; and «,€ F(i—l, 2). 

"Proof : Let T: ViV. be a LT. Then by definition, T(a,x,)= 

TO), T(%2%)=%2T(%). So that Тху + аха) Т (ос) Тах) = 
ay d = 


T(x) +2 T (X2)- 
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Conversely let T: И, У, satisfy the hypothesis o 
Consider x, уЄУ, «EF. By taking Pad cw pcr ehm, 
that T(x Ey) 9 T(ax, + «.x)) e, TQ) +a,T (x2) =T(x)4- TQ). = 

Again by taking «=«, «,—0, x,—v, x,—x we get T(xx) = 
T(s xy o) m TC) Fa TG) 9 T(X), since «.T(x.)=0. Hence T 
ais L.T.m 

Theorem 12.4. Let T: V, >V, be а linear transfornation If uu, 


из... Un are L.D. vectors in Vy, then T(u), T(u),....., Т(и„) are 

L.D. vectors in Уз. n. 
Proof : Since i, и,,......, на are linearly dependent in V4, there 

exist А,, Az,......A, in F, not all zero such that Аил uy]... 


+A,tn=0. This gives 0— TA HAt -H LL.) — Aut) =А,Т(ш) 3-A,T(u,) 
Fee tA, Tu). Hence Tu), 7(и,), ......, Ty) are LD 

Let us emphasize that the image of a L.I. set need not be iT 
We leave it to the readers to construct an example concerning the 
same. 

Definition 12.5. (Kernel of a L.T.). For any linear transformation 
T:V,—V; the Kernel of T (Ker T) is defined by Ker T—(v€V, | 
T(v)=0}. Ker T is also called the null space of T. 

Theorem 126. Let T : УУ. be a L.T. Then 

(i) Ker T is a subspace of У. 

(ii) For any subspace W of Уу, T(W) is a subspace of Vs. 

Proof : (i) Since T(0)=0 (Prove !), O& Ker Т, so that Ker Tg, 
Let x, y& Ker T, «8€ F. 
Then T(ax-- Зу) -«T(x) -- 8T(y) -.. (Theorem 12.3) 

—a«0--80—0 gives «x4-üy € Ker T. Hence Ker T is 
a subspace of /(Theorem 11.6). 

(ii) Again 0C W>T(0)=0ET(W)>TUV) is non-void. Also for 
any members 7(u), T(v)E T(W) with u, vVEW, а, BEF, «T(u) -8T(v) 
=T(au +8) ET(W) since au4-v€ W. Hence T(W) is a subspace 
of Vy. m 

Remark 1. We remind the readers that henceforth we shall be 
mainly dealing with finite-dimensional vector spaces,tinless mentioned 
otherwise. 

Remark 2. As a particular case of the above theorem, we get that 
T(V,) is a subspace of V. So dim T(V;) is well-defined, 

Definition 12.7. Let T : ИИ be a L.T. The rank of T is 
defined to be equal to dim T(V4), and is denoted by r(T). The nullity 
of Т, denoted by v(T) is defined to bz dim (Ker T). М 

REMARK. T(V,) is also known as the rank space of T. 

Lemma 12.8. For any linear transformation T : ViVi, 


(7) min (dim V, dim Va). 
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Proof : Let dim V;=n, dim V,=m. Since T(¥';) is a subspace of 
Va, we have dim T(V,)&m i.e. r(T)«m. 

Now consider any n-+1 vectors wy, Wa... Waa, in Т(И). For 
each j2 1, 2,...... ‚ п-Е1 ме сап find ЄЙ, such that T(v))—w;. AS 
dimension of V, isn, the vectors Visio Сез > Yn4, are L.D. Conse- 
quently their images w,=T(y,), Wo—T(v)......, маф = Т(у) are 
L.D. (Theorem 12.4). Hence T(V,) cannot contain n+l L.I. vectors. 
So that dim T(V,)<n i.e. r(T)«n. All the above arguments now yield 
that r(T)<min (m, п) а 

Theorem 12.9. (Sylvester Law of Nu 
L.T., then dim Vi—r(T)2-w(T). 

Proof: Let dim V,=n, r(T)=s, »(T) 
Since every linearly independent subset of V, can be extended to 2 
basis of V;, we can find a basis (u, и,,...... >un} ofV, such that 
{U,, из...... , Ui} is a basis of Ker T, Thus T(uj) —0xi—1, 2,....., Ё 

Consider any wEV,, then W=at H ote +... ann, eC F; this 
gives that T(w)=a,T(ty)+-aT(us)-+... +2,7(u,) 


n 


= 5 a;T(u;) since T(u)=0¥ 1<i<t, 


lity). Let T:V,>V, be а 


=t. So that dim (Ker T)=" 


і=1+1 
This shows that every member of T(V;) is a linear combination of 
(а). Ets) >. <0 <0 » T(u,). If we sho 


w that these elements are also 
—t. Suppose on the contrary 
э ЄР, not all zero such that 


Bea Ta) BasT (и)... HF 8,T(u,)— 0. 


L.I., we shali get that dim TV =n 
there exist 8,41, Bitos- 


п 
This gives that T( = 8,4)—0— 
i=t+1 i= 


n 
= 6u:;€Ker T 
+1 


п 


ILE Put Bit В m" + But, for some BEF 
> Bit Bats... + Bile Birtin — Brestttag — ...... —,u,—0 


= Br-0v 1—1, 2, ., nasus win, are LI, We arrive at? 
contradiction. So we must have dim T(Vj)2n—t ie. n=t-+r(T 
=v(T)+r(T) i.e., dim V ,=v(T)+r(T). m 

Theorem 12.10. Let Т: V,—V. be a L.T.. For any subspace Н € 
y,, dim [T(H)] 2 dim H —v(T). 

Proof: Let T, be the restriction of T to H. Then T,is a L.T. of I 
: rove!). 
uc dn H=r(T,)+»(T,)=dim [T401)] -v(7;) nre 

Now T(H)- T,(H) = dim [Т(Н)]= dim [7,(H)). Ae 

Further since Ker 7,— (Ker T)MH (Why?), we have 

*(7)«&v(1). z 
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From (1), (2) and (3) we get 
dim [7(H,]=dim [T,(H)]=dim Н—›(Т,) 
>dim H—w(T). 
This proves the theorem. m 


PROBLEMS 


(in the following problems, as in the chapter, all vector spaces U, V, 
W etc. are finite-dimensional over same field.) : diis 

1. Show that each of the following mappings is a L.T, 

(Т: c-c where С is the vector space of complex numbers 
over R with Т(г) = 2, where for any z€C, > denotes the complex 
conjugate of z. 

(ii) Let U={(a, b, с) | a, b, cE F, a field} be a vector space over F, 
Define T : UU such that T(a, b, c)=(0, b, c) for all a, b, cE F., 

(iii) Т: F[x] ^ F[x] where F is a field, such that 

TL/G9] 9 f(x4- 1) f(x) ¥/(X) E Fix]. 

2. Show that a linear transformation Т: UV is 1—1 if and only 
ifit maps every linearly independent subset of U into a linearly 
independent subset of V. 

3. For any linear transformation T : UV prove the following : 

(i) T is 1—1 if and only if »( T) 0. 

(ii) T is onto if and only if r(T) —dim V. 

(iii) If U=V then T is 1—1 if and only if T is onto. 

4. Let V,—(p(x)€ F[x] | deg p(x) n 

Let Т: V, V, be such that 7[ p(x)]=p(x+1). Show that Т is ап 
automorphism of V,,. 

5. Let U bea subspace of a vector space V. Define T:V+Vju 
by T(v)=v+U, v€ V. Show that T is a L.T. of V onto V/U with U 
as its kernel. Further if fisa L.T. of V onto any vector space W, 
show that f induces an isomorphism Ў: (Кет f) 3W such that 
f (v-- Ker f)=/0)- Deduce that V/(Ker f)=W. (This is called the 
Fundamental Theorem of Homomorphism for vector spaces). 

6. Let И, ={р0)Є ©, 1х] | deg р(х)<л} and V, ,—(p()€ Ф (х) | 


1 d 
deg р(х)<п— 1)(1> 1). Define T : V, >И, by Түр(х)] = zra). 
Show that Tis a L.T. of V, onto V; , with Q as its kernel. Hence 


prove that V,/Q, =Va-1- РЕА 
7. Show that F[x] hasa proper subspace V (infinite-dimensional) 


such that F[xJ=V- 
8. Let U and V be two subspaces of a vector space. Show 


that (U+-V)/U=V/(VNU).- 
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Hence deduce that dim(U+V)=dim U+dim V—dim (Un). 
(Above isomorphism is called Second Law of Isomorphism). 

9. Let U and V be two vector Spaces of same dimension 7, further 
let (xy, хь... x, and (y, y... Jn} be bases of U and V respec- 
tively. Prove that the mapping 

T: U>V such that T(Zzx)— Xy, v Zax EU, is 
an isomorphism, Deduce that any two vector spaces U and V are 
isomorphic if and ошу if they have same dimension. 

[Hint : Use Theorem 12.9] 

10. Give an example of a mapping T: UV which map linearly 
dependent vectors of U onto linearly dependent vectors of V, but T is 
nota L.T. 

[Hint: O is a vector Space over itself. Define T:Q>Q such 
that T(x)=x¥x(A1)EQ and T (1)=2]. 

И.Р, Va, . .., V, are vector spaces over the same field F and 
T; : VeVi i=l, 2,.: +» п— 1) are L.T.'s, such that 

(i) Ker T,=(0). 
(ii) Ker Tia TK(V,) 
(i) Toni) —V,. 


п 
Prove that X (—1)(dim Vi)=0. 
i=l 


12. Let C be the space of continuous functions f : RR and define 
mapping 4: СС by 


[2 £)) (у= P гаа 


show that ¢ is a linear transformations, such that Im ф consists of 
all continuously differentiable functions which have zero value at zero, 
whereas Ker ¢ is {0}. 

13. Let V be the vector space over R of polynomials with real 
coefficients. Define J: y. y by 


k k 

Uap xt) eso аа оа 

i-0 i= 

MS 

Show that ¥ is a linear transformation, Further show that Ker = Е 
and Im ф=Ё. ; 

14. Let T be a linear transformation from a vector space V to 

itself such that Ker T Im 7 Prove that dimension of V over F is even. 


Algebra of Linear Transformations 
т " and V be two vector spaces over the same field F. The set 
S ieat transformations of U into V is denoted by Home (U, V) 
ofa 
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or simply by Hom (U, V). 

Definition 12.11. For any Т. Т,= Hom (0, V), «€F, fidt s 
T,+T, and scalar multiple «T, are mappings of U into Р defined "i 
(T,+T,)(u)=T,(u)+ Т.(и) and («T,)(u)= «Ty (u) for all u€u. y 

Lemma 12.12. For any T, T.€ Hom (U, V), the sum T,+T.e 
Hom (U, V). ч 

Proof : Let x, yEU, а, 8€ F. Since T, and T, are L.T.’s, we have 

Т(ах+ 6y) - «T Q)-- 8710) 
T.(ax+ Gy) —aT.(x) - 8T.(y) 
Consequently (T,-- T-)(zx--8y) — T (ax-- By) + T («v 4-8) 
—«Ty(x)-- 8T,0)--«T:(X)--8T.()) 
=alT\(x)+ T.G))-- 8T 0)--7:0)] 
=al(T, T» (9)]-- 8I05 + 7:)0].8 

Lemma 12.13. For T€ Нот (U,V), «€ F, «TC Hom (U, V), 

Proof: Let x, yEU, 8, € F, Then T(Qx4-Yy)  8TQO --vT(); this 
gives («T)(Gx4-y) —«[8T(x)] + «[YT 2]. 

=(«8)T(x)+ («v)T(y) (8«)Т(х) + (үо)Т (у) 
—8[(«T)()]--v[(«T)()]. This proves «T is a L.T. and 
hence «TE Hom (U, V).m 

Lemma 12.14. Let U be a finite-dimensional vector space with 
B= {Xi xs... x) as its basis. For any vector space V, a mapping 
J: BV can be extended uniquely to a linear transformation Т of U 
into V. Further two linear transformations Тапа T' of U into V are 
equal if and only if T (x;) - T'(x;) for all i. 

Proof: Since (xy, X2,.., Xn} is a basis of U, any yEU can be 


n 
expressed uniquely as y= a 2;X;, EF. 
= 


n 
Define T: U>V such that T(y)= x wf). 
i= 
T is a L.T. (Verify !). For any fixed j—1, 2,..., n taking «;=0 for 


è n 
izj апа a;=1, we get v—x; and thus T(y)= a %/(хд= f(x). 
jz 


` Hence T extends f This proves the first part. 


For the second part we only show that if T and 7 agree on xis, 
< хь}, then they are equal. 


n 
To see this consider xc О. Tnen x= X «;x, for some «;€ Р. Since 


fs 
n n 

T(x)) - T'(x)) wi, we have T(x)— 2 eiT(x;)— A «{Т'(х)=Т'(х). 
= is 


So that Т=7'.в 
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RAMARK. If V is any vector space with {Xo x, -< a Xn} as its basis 
and W is any other vector Space, the above lemma shows that given 
апу n vectors уу, Y2, .. ., y, CW (need not be L.L), there exists 4 
linear transformation T : V — W such that T(x,)=y,. 

Theorem 12.15. Let U and V. be two vector spaces over the same 
field F. Then Hom (U, V) is a vector space over F. 

Proof: For any Ti, T, € Hom (U, V), «c. if we define 
0+-720)=Т,(и)--Т4и),  (XT)(v)—«T.(u) for all ucU, then 
T,-F T.€ Hom (U, V) and «T,€Hom (U, V) (Lemmas 1212 and 
12.13). Thus Hom (U, V) is closed under addition and scalar multi- 
plication operations. We verify that Hom (0, V) is a vector space- 
For this let 75, T», ТЄ Hom (U, V), а, 8€ F,ucU. 

(1) (Ti+ T:)(t)=T(u) + Tu) — T, (u) + T,(u) since addition is com- 
mutative in V > (Т\++Т„)(и)= (Т, 4- T Yo) sj u€U- T, T, T4 Tt 
So that addition is commutative. * 

(2) (O35 3-7:) -- T4Yu) =(T,+T,)(u)+T,(u) 

=[Тү(и)-ЕТ,(и)]-- T,(u) 

=Т\ү(и)--[Т.(и)-+Т.(и)] since T,(u), T.(u), 
T;(u)€ V and addition is associative in V, 

=[7-(Ть-ЕТ,)](и). 

Thus (T,+T,)+ T;=T,+(T,+T,). 

(3) Define 0: U — V such that for ail иЄ Q(u)—0, the zero vector 
of V. For any ш, w€U we have ў (zu, + But.) —0— au) + BO (us)- 
So that 0€ Hom (U, V). 

Now (Т,+0)(и)=Т(и) +б(и)=Т(и) +0=7(и) gives that T,40— 
T,. Consequently 0 is the additive identity in Hom (U, V). 

(4) Define T: U > V such that T/(u)— —T(u)vucU. For 
any ui, UEU, o, BEF, Ту (2, -Bu;) = — T (xu, + Bu) 

= eT) +87, (u,)J=of — T(u,)]+ 01—705) 
—aTy'(u)- BT, (u,). 

Consequently T,’ isa L.T., so Т,'ЄНош (U, V). Now (T,-- T,)(u) 
=Тү(и)+Т1,'(и)==Тү(и)— Т,(и)=0=б(и); we have Т,--Т,'=<0. This 
proves —T,—-T,;€Hom (О, V) i.e. every element of Hom (U,V) has 
its additive inverse in Hom (U, V). Hence Hom (U, V)is an Abelian 
group under addition. 

(5) (i) Now [«CTy-- T2) =a (T, +-Т,)(и) — ep, 0) - 7.(2)] 

—aT,(u)--«T-Q0)—(«T;)(u) -(.T;)(u) — («T + «T;)(u) 
a(T,4- T2) —«T,--aT,. 

wes E +8)T,(u)= aT ,(u)+8T,(u) 

(0 “> au) 4- (73) — (T, -- T;)yu). 
Therefore (a+) =e Y Bs. 
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(iii) [(«BT,00)—(«8)7;6)—e[87100)] — 

==«[(3Т,)(и)]=[«8Т,)](и). 

Thus («8)Т,=«(ВТ,). 

©) (17:6) 17,4) — T0) so that IT,=7;. 

Hence Hom (U, V) is a vector space.m 

Definition 12.16. А ring R is said to be an algebra over а field F 
if the additive group <R, + > of Ris a vector space over F and for 
any x, y€ К, «EF, we have a(xy)— (xx)y—x(uy). 

Theorem 12.17. For any vector space Vr, Home (V, V) is an algebra 
over F. 

Proof: Taking U=V in Theorem 12.15, it follows that Homz(V, V) 
is a vector space over F. For any T,, ТЄ Homr(V, V), the composite 
T,Ty: V — V is such that for any v, v, C V, «, 8€ F 

(T, T;)(av,2- 8v.) — T [Ts (v, + Bv.)] 
= ТТ) + BT2(v2)]={a«T [TV] + ВТ[Т.(ь)]} (by Theorem 12.3) 
=о[Т,Т.(у,)]-Е[Т,Т.(у„)]. This proves that 7,7, is a L.T. on V, 
so that T, T€ Homr (V, V). » 

Now for Ту, Ta, T,€ Нот (V, V), v€V, «EF 

Ur Gr T3) TIG Т,)(»)] 
=T{[T.(v)+T3@)] 
=(Т.Т.)()+(Т,Т;)(@) 
=(T,T,+1,T,)). 

Therefore ТТТ) = TLT4-- T3T;. 

Similarly — (T.3-T;)7, — TT, T4T;. Е 

Since the resultant composition is an associative operation among 
all mappings from V — V, the same holds for all members of 
Homr(V, V). Thus we get Homz(V, V) is a ring. Now [T,(2T,)](v)= 
T eTA = T [« 740] Er, (720))] = 7) Ta]. Hence we get 

= To=0(T,T»). 
ues OE SE id that Homz(V, V) is an algebra over 
‚беч Homr(V, V) will also be denoted by A(V). 

Theorem 12.18. Let U and V be two vector spaces over a field Е, of 
dimensions m and n respectively. Then Hom (U, V) is a vector space 
over F of dimension mn. 

Proof: Let (i, tis,  - Un) and (vj Vas - -» Va} be bases of U and V 
respectively. Since every mapping of the basis (ui, t», .. ., um} into V 
can be extended to a L.T. of U into V for each i=1, 2,..., m; j=1, 
2,...,n we can find a L.T. : 7;;: U>V such that Т.и) — 0 kei 
and T;,(u;)=v;. Then ТЄ Hom (U, V)vi, j. If we show that the 
set (T5, | i21, 2, 3, .., т J=!, 2, 3, ...» n) is a basis of Hom (U, y) 
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it will follow that dim [Hom(U, V 
proof, 3 $ 


Consider TE Hom(U, y), Since for eac 


етп, and that will complete the 


hu € U, ти) є V and 


4 m 
Vr Vos... vj) isa basis of y, Ти) x аз: Y; for some «;€ F. 
i=] 


n 
Now T,(u)—v; and Таби) =O къ give T(u)— E aT) 


n m 


(а %%Т)(и). This gives that T= X 


}, Я 
Thus we have shown that every T€ Hom (0, V)is a linear combi- 


nation of Тув. Now Suppose for some BEF, X X 8;,T,,—0. This 
j=1 k=1 
2 п т п т 
BNSC ECE Вата) =O vin, р, т 5 Bal X тб) 
j=l hel jal xal 
n » 
a LOVER Z ВО, 2, > B;20yi-l 
2,.. mj=1, 2, n since Vis Ys... y, are L. I. over F. 
Hence Ts are also L.I, 
Consequently {Tr [j5152x- M. 
of Hom (U, V) and hence the resul 
Corollary 12. 
an algebra of dimension n’ over Fig 
Theorem 12.20. If T, v Є Hom (U, V), then 
@) CT) т) уак). 
(й) | (Ti) —r(T,) | STAT ICHAT) + ir), 
Proof : (i) Now («T,) (U) 


=2°\(U)CT,(U), Since ТШ) isa sub- 
Space Wor 1 Бог | same reasons g-i T(U)CT(U). Therefore 
ala (Сат) ie. T (U)Ca 


CaT(U). Hence T\(0)=aT,(U). 

Peu Fat dim T(U) dim (rt 00 (T) ran). 

ennition " : 

(ii) For any vey, (т, + TMU) T (2)-4 тыи). 1 

Therefore (Ti--TJ(U)C TU) CT(U)-dim [(T,-T)U]& dim 
00) + T(U)] «dim (7,U)]+-dim 1200) 

"DAT <r(Ty)+r (0)... (0) 

Now T; — (0 T2--(— T), By what is done above (Т) 
=A ET) (PSE т. 
© By (i), taking «= —1 we get "(~T,)=r(T,). 
So that r(T;) —r(T) &r(T4- T) e 
Similarly г(Т„)—г(Ту)<г(Т,+ Т). ED 
From (1), and, (2) it follows that 
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Г) (Т) | SrO ET) &r()-4- rr). 
Hence the result follows. 8 3 
Following examples show that strict ine 
(ii) of the above theorem. 
EXAMPLE 6. Consider К°. Let (e;, е,) be a basis of R? 
linear transformations Т, and Т, оп В? as follow : 
For any ae, + ases; «у, «ЄК. 
Ту(о1е,+ азе) = (v 4-2а,)е, + (3a 4- 4a)e, 
and T (0410) + ое) = (2, — 2«„)е, — (3a, +4a,)e,. 
Thus TY(e1)  e34-3e;, T (e) =2e, +4е,. 
It can be easily seen that 7,(e,) and T, (е) are L.I. 
So that r(T,)=2. Similarly r(T:)—2. 
Thus r(T3)—r(1;) 0 “+. (1) 
Now (T,4- Tj)(« e- «.e,) = 2016; gives (T; 4- (R?) — се, the 
one dimensional subspace of R? generated by e}: 
So that (7,4+-T,)=1 20) 
Also r(T)) r(T;) =24-2=4 чм) 
From (1), (2) and (3) it is immediate that 
Lr(T) (Т) | Т) &r(T)) + r(T;). 
We leave it to the readers to prove if T, and T, are non-zero 
L.T., then | r(7)— r(T;) | =r(T,+T:=r(T,)+r(T,) сап never hold, 
Theorem 12.21. Let T,& Hom (V, О), T,€ Hom (W, V) where U, V, 
W are vector space over the some field F, then (Ti) +1(T.)—n<r(T,T,) 
« тіп [r(T,), r(T.)], where n=dim V. 
Proof : Note that 7,7, is a L. T. : WU (why ?) 
r(T,:) = dim [(7, T) 0V)] 
—dim [(T,(T (W))] Smin [dimT,(), dim U]. (Lemma 12,8) 


qualities can hold in part 


- Define 


«dim T,(W)=r(T2) 2e (0) 
A (Т,ТУ(И)СТУ). So that dim [T,T40V)] dim тИ) ie. 
rT T )sr(T;) ++. (2) 
(1) ant (2) gives r(7,T.)<min[r(T,), r(T:)]. EG] 
Since n=dim V, n 2r(T)) -Y(T;) 
ie. v(Tj) 2n - r(Ty). 
Let T', be the restriction of T, to TW). „(д 
Then Ker 7", (Ker T,)NT.(W) gives 
wT) &v(T.). TONG) 


F 4) and (5) we obtain v(Ti') &n —r(T;). +. (6) 
Now АУУ OTITA- (TTW) eves мт) туг), А 
dim [T.(W)]—r(T,)-*03) CST) UY). we. get. (Тә) r(T, T.) 
А) Т) п = (Ty) by (6). 

їе. Ту) (Т) п (ТТ). SR) 

Hence (3) and (7) give 
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РАТ) nr T.) тіп [r(T,) (T). 
Corollary 12.22. If one of T, and Т. is an isomorphism then 
r(T,T)) = min [r(T,), r(T;)]. 

Proof : To be definite let T, be an isomorphism, then T,—7i^ 
(Т,Т„) gives r(T;) «min [r2], r.). But as r(7,T,)<r(72) 
we get r(T,T))—r(T.). Similar if T, is an isomorphism then 
r(T,T:) —r(T:;). 

Hence the result follows. ш 

EXAMPLE 7. Let V be any vector Space over a field F, of dimen- 
sion 5. Let (ei, e», ез, е, e;} be a basis of Vp. 

Define T, : V>V; T, : VV as under. 

5 


For any х= = vec V, 0) еще «es зе, апа 
i= 2 5 

Тъ(х) =о.е34-озез оез. 

И ОИЕ that TU нава basis (e,, e,, ез} and T,(V) has 
a basis (e;, ey, ej). 2 

Thus r(Tj)) —r(T;)—3 0 

Now (7,7:)0) =о,е:-аез. This gives (TıT:)\(V) has a basis (£» 
ез) and so FT, 5 а 

From (1) апа (2) it is immediate that 

(1) +r(T2)—S<r(7,T,)<min (T), "(7,)). 


WORKED-OUT EXERCISES 


Exercise 1. Let V be a vector space over а field Fand let W,, Ws 
-.,W, be subspaces of V such that V=W,@W.@ .. -@W,, For each 


їЄ{1,2, .. n}, define E;: V—W, by E;(v) 


v;EW;. Show that for i, JGÍ1.2, у; n) 
(i) Ei is a linear transformation. 
(i) EX) x v x&€ w,. 
(iii) E;E,—E,E,—0 ij, E?—E,. 


n 
=v; where v= Ў Vis 


n 
(iv) ER E,—I where I is the identity transformation on V. 
i= 


Solution. (i) Firstly we show that E, is well-defined МЄ (1,2, ..., n) 


n n 
= E v= У w'with >» У Є W;. 
Letv— 2 Der à 
Since V is direct sum of W,, W,,..., Wo, we Bet that v; —v;" 


$21, 2 ‚п. Hence E(v)=v;=y,', This shows that E; is well- 
yi=l, 2,.-- 


defined. 
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Further let о, BEF, и, vEV. Then u— Ў TRES 
Е WS Ee" Хи with 
n 
ui, jE Wi(Lisn)- («u4-8v)— X (au; i С 
«ЄЙ (lig pr) ae +By:) > E:(au+ бу) = aui By, 


=gE;(u)+ßE:(v)> E; is a L.T. from V to W;. 


n 
ii W,, th Ww = ла 
(ii) Let xE en x€ W and so x AS ш, WC€W; Because y 


is direct sum of subspaces W;, we get u,—0 ji and и, x. Then 
Е(х)=и;:=х. 


(iii) Let 152]. ForallvEV, Ej(v)—v; where y= У "5 NEW: 
i=1 г y 
Now (E; Е) () = ЕДЕ,(у)]= E, (v) — 0 as iz. j 
Similarly it can be shown that (E; E;v=0 ¥vEV. Hence E;E;= 
E,E;=0. 


Further for any vEV, E?(y) - E[E;(v)] - E(v;) where y= ў У, 
= 
„Єй. Using (ii) above, we get E/(9)—w—E9). | 


Hence ЕЁ=Е;. 


п 
(iv) Let v€V. Then v= È у, „ЄЙ; 
1 


i= 
n n п п 
( 5 Eyv)- X Е()= У y=v> X E-I. 
іе] inl i= і=1 

Ехегсіѕе 2. t 

Definition 1. A linear transformation Т: V—V is called a projec- 
tion if T?—T. 3 

Definition 2. A set of projections on V is called orthogonal if the 
product of any two distinct ones is zero. 

Definition 3. A set of orthogonal projections E,, E,, . . ., E,onV 


n 
is called supplementary if idi E,=I where 7 is the identity transfor- 


mation on V. 

Show that there is a 1—1 correspondence between direct decompo- 
sitions of a vector space and finite sets of supplementary orthogonal 
Projections on that vector space. 

Solution. Given any direct decomposition V—W, Ө W,e.. Y, 
We get the set (Ej, E» . . .» En} of supplementary orthogonal Projec- 
tions, as proved in Exercise 1 above. 

Let (Е, E, ...,E,) bea finite set of supplementary orthogonal 
Projections on V. 
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n 
Let vEV. Since = F;—l, where I is the identity transfor- 


n 
mation on V, we get v-Iy-( X Ey = Ў Еу). Thus VC SEV) 
i=] =e i=l 


n 
Hence n E(V) Put W;—EV) for all ie (1, 2 п}. Then 
mE bros 


each W; is a subspace of V such that y= B ГА 
isl 
Let мелод. W;, then w,— x w; where "€ Wy «k€ 


jzi 
152,3, m). 
Then к= х Ew). But wWEW;> w 
171 
x€V. Hence Е(и;) = 


=E,(x) for some 


i, ®Е@®)=0 аз Е,Е,=0 элу. Now WE 
Wi >wi=E(y) for some ye Уз Еди) = Егу) E2(y)=0> E(y)=9 


as E?— Fi. This in turn implies that W;—0 so the sum У wi is 
; i=l 
direct. 


Hence we get a direct decomposition of E 
Let Р; 


be the projection оп y associated with the docompositio® 
V—W,6W.G-r...41V,. Then for cach v& y, y= x va n, €i 
(Lin). Thus Pi(v)=1;. Now v, € W;- v; Ez 
E(v)—E,()—E(z)—v;. Hence P(v)—E; 
P;— E; vi(1«isxn) Hence the result follo 

Exercise 3. Prove that two Projections E and F have the same rank 
spaces if and only if FE=E and EF =F. Prove that they have the same 
null spaces. if and only if FE=F, ЕЕ Е. 

Solution. E(V)=FE(V)C F(V) as E(y)c y. 

Again F(V)—EF(V )C E(V) as F(V )CV. Hence 

Suppose now that E(V)— F(V). 

For any vEV, E(v) = F(w) for some 
F(w)-E(v)vv€ V2 FE- E. 

Again for any vey, F(v) — E(x) 
Е (х) = Е(х)= Еу)» EF- Г. 

For second part we proceed as under. 

Suppose FE=F, EF—E. Nowv€Ker E> E(v)=0>FE(y)=0> 
F(y)=02veKer F. So Ker E С Ker F. 1 

Again x€ Ker Е» F(x)—0- EF(x)—02 E(x) 02 xc Ker Е. 

Thus Ker F C Ker E. Hence Ker F—Ker Е. : 

Conversely let Ker F=Ker Е. For aay v€V, Е Fyy)—F(y)— 


i=] 
) for some zEV 
(У) wv€V. Consequently 
WS. 


E(V)—F(V). 
wEV then FE(v) =FF(w)=F (W) 


for some x€V2 EF(v) — EEG) 
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Е (у) = Е(у) – Е(у)=0 
э(1—Е)уЄ Ker F=Ker E 
= Е[(1—Е)у[=0+ E(v) 2 EF(v). 
Hence Ё= ЕЕ. 
Similarly EU—E)v=0¥ vEV gives that F— FE. 
Exercise 4. Show that if E, and Е, are projections such that 
E,E,— E,E,, then E,E, and E,4- E,— E,E, are projections. 
Solution. (E,E;)! - E,E,E,E, —E,E,E,E,, (as E,E, — EE) > E! E?.— 
E,E, Hence E,E, is a projection. Я 

Further note that (Е, -Е)Е,Е= E, E,4- E,E,E,—2E,E. 

and E,E(E,- E) - E,E,E,-- E,E; —2E,.E. 

Then (E,4-E,— E,E; =(E, +E) - 2(E, + E) ELE; + (EE)? 
=Ef+E2+2E,F,--4E,E,+ ЕЕ, 
=E,+E,—E£,E;. 

Hence E,-4- E,— E,E, is a projection. 


PROBLEMS 


(n. the following problems all vector spaces unless otherwise stated, 
are finite- dimensional). 

L Let {en её, ..., ел) be abasisof Vr and A, À» +++) A,€ F be 
distinct scalars. If T, UC Hom (V, V) are such that Т(ег) = Ме; and 
TU=UT, prove that U(e;)— шге: for some scalars ші, Hz.» -s Hne 
What can be said about U if the Аг are not all distinct? 

2. If U and T are linear transformations in A(V) such that 
UT—TU commutes with U, then show that for every positive integer 
k, U*T—TU*-- kU*? (UT — TU). 

2. Show that every algebra over F with unity can be embedded in 
A(V) for some vector space Vr. Generalize this result for algebras 
without unity. 

4. If dim V>1 prove that A(V) is not commutative. 

5. If T(40)E AV) prove that there is an SC A(V) such that 
E=TS5+0 is an idempotent. 

6.Let T&A(V) and let V,—(v€V | T(v)=0 for some positive 
integer К}; Prove that V, is a subspace of Vand if for any positive 
integer m, T”(v)EVo then v€ Vo: 

7.1f T€ A(V) is such that each subspace of dimension 1 is mapp- 
ed into itself, prove that T=Al for some scalar А, where / is the 
identity transformation. 

[Hint. Let {e}, & . . +» ent be a basis of V, then 70е) -Xieii |, 

d 4n. Again T«etet:- +en>O<e tat ..+e,>5, 
==; . .=An.] 
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8. Find two linear transformations T and U on R? such that 
TU=0 but UT40, 

9. Give an example of a linear transformation T on R? such that 
T =0 but 7-0. 

10. Let V and W be two Vector spaces over the same field F and let 
T be an isomorphism from y onto W. Prove that the mappings 
Hs A4(V) A(W) given by f(U)-TUTA for all UCA(V), is 4n 
isomorphism. 

11. If T€ A(V), prove that the set of al] linear transformations U 
on V such that 707—0 is a Subspace of A(V). 

12. ТЄ A(V) is such that T- =Т= 
transformation оп V, show that T is invertible. 

13. Assume that the characteristic ofa field Fis different from 2- 
Prove that if £, and E, are Projections on а vector space И over 
such that E,-- E, is itself a Projection then E, and E, are orthogonal. 

14. Show that if E, E,. . » Е, are Projections, опа vector space 
puche that «POS iV) = — E.(V) and аа... a, EF satisfy 

A r z : 

x ai=], then У a, 
i=1 i=l 
as that of £j. 

15. «, В Y are linear transformatio 
Show that (28) +1(8Y)<r(8)+r(a3) (Frobenius Inquality,. 

16. Let T bea linear ‘transformation from R°? into mz, and let 
U be a linear transformation from R? into Вз. Prove that UT is not 
invertible. 

17. Let T be a linear transformation from V ig y such that 
r(T) —r(1?). Prove that TV) A Ker T= {0}. 


0 where / is the identity 


2. 


Eisa Projection with the same rank space 


ns from a vector space V to itself- 


3. Dual Spaces 

Difinition 12.23. Let V be a vector 
linear transformation of V into F js calle 

Definition 12.24. The vector space Нот (V, F), consisting of all 
linear functionals on V is called the dual of V and is denoted by V*. A 
dual space is also called a conjugate space. i 

Since dimension ощ IG Vector space over itself is one, for any 
veclor space Vr (finite-dimensionar), Theorem 12.18 yields that dim 
[HomeiV, F)j=dim ý B dim F—dim K ie. dim V*—dim y, This 
relation we prove again, D. s ug ae an important relationship 
between a vector space and its dual. 


25. If V is an n-dimensional vector Space over a field F, 
Theorem 12. A } as its basis, then V* hasa basis {em ejt... e") 
having {eis Ez e * 
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such that e*(e;)=0 if ij and e:*(e;)=1. Also din Vadim yx 
Proof: Since every mapping of {e,, e», . . ., e,} into F can be A 
ed to a linear functional on V (Lemma 12. 14), for each i—1, 2 Es 
n, we can define linear functional e;* on V such that S apo 
e*(e)=0 ¥ ji 
=1 for j=i 
We show that B={e,*, e,*,..... » €,*) is a basis of J^* 
Let f € V*. For each 1 & i & n, let f(e)—«; € F. Cons; 
И: DIT - Consider g= 


- (1) 


For 1<i<n, g(e;)=(qe*+a,e.%+.-.... "ses (er) алеге 
—a,—f(ei), since by (1) ej*(e;) —0 for учет. 
Thus g and f coincide on the basis {e}, e, . . .. . » En} of V. So fae 


(Lemma 12.14). This shows that B spans V*. Suppose for some 
П 


п п 
BEF 1<i<n, У Be*-0 then (5 Biele) =0> 8,0% j=1 
i= = , 


25. сей , n. Hence B is also L.I. Consequently B is a basis of V*, As 
B has n members we get dim V*—n-dim V. This completes the 
proof.a К 

Definition 12.26.-Let Vr be a finite-dimensional vector space 
ЖИН (ёё >, з. ‚ е.) as its ordered basis. Then th: ordered basis 
us ys эле б , e,*) of V* such that e;*(e;)=0 for jAi and e,*(e,) 
=] is called the dual of the basis (е, е›,...... - , €n) Of V (or simply 
a dual basis of V*). 

Definition 12.27. For any vector space Vr, the dual V** of p*is 
called the bidual of V. 

Lemma 12.28. If їз a vector space ( finite-dimensional) over а 
field Е, then for any v(z£0) in V there exists g€ V* such that g(v)340, 

Proof : Since v0, {v} is a L.I. subset of V. So it сап b» extended 
to an ordered basis, say, (у=, Ya + - +» Yn) of V. Let (vit, ve, . » 
vat) be the basis of V* dual to (vi, Y... ++ Yn). Then by defini ion 
v,*(v,) = 150. Thus taking g —v,* we get g(v)40. This completes the 
proof.m 

Tneorem 12.29. (Principle of Duality) If Vr is a finite-dimen- 
sional vector space then there exists a canonical isomorphism from V 
ont) V**, 

Proof : Define o : V >V** as follows. 

For any »€ V, firstly define ,:V*>F such that s,( =v) уусу, 
Since for any f, gEV*,% BEF, naf +в) = («f-- Bg) (v) — (of ) (v) 
-F(8gY(v) 2a[f(v)] +816 »)] — olo: C£)] -BEn(8)h. we get л, is a linear 
functional on V* i e. 3, € V**. Put o(v) =1.. 

Now for u, vEV; a, BEF; с(2и+- y) = Nau gv Ss 
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Again for any f€ Ve Lom iU) fn Br) = 2f) 4- gf(»). 


=f) Вт) = (ата 82.) ( f) s 


D 
aut By 7 €", t Өт. 00 
From (1) and Q) we get 
L.T. 


eG Br)=uo(u)+ 3of1). Hence о іѕ 2 
Now v& Ker с = ovy=0 > als)=0% f€vs 

> /ф)=0 у feys. 6) 

1729 0 then by Lemma 12.28, there exists f Из such that /(v) #0: 

Bo Ша (3) implies у=0, Consequently с is a monomorphism. 

That gives dim V=dim (И). owever dim V=dim И: іт Y 

(Theorem 12.24), so. that (УУ) is a Subspace of yi such that 


dim с.) іт y**, This can happen only when c(V)—y:**, Conse 
quently c is also onto, 


Hence gis an Isomorphism OF V onto ps апа с јѕ the desired 
canonical isomorphism. 


Kn İs of V, that is why itis 
called canonical tsomorphism, 
Definition 12.30. Let Vr be а vector space and y be its dual 


space. For any subset S of V, S*-tfeys 1/6)—0vses) is called 
the orthogonal or annihilator of S in Иж For any subset T of V* the 
set T —(€V | f() Ov. fe Ty is called the orthogonal or annihilator 
of T in V. 


Lemma 12.31. Let V be any vector space over a field F and V* be 
its dual. For any subsets S and T of V and y respectively, S+ and Т“ 
are subspaces of V* and y respectively, 4 

Proof: Since 005) =0%у5є 5, Where 0 denotes the zero linear 
funcional, we have GE S, So that S*3¢. Now let Ag€S^, а, 8€ F 
and sc S. à TEC 


Then («f4 88)(s)=af(s)+-Be(s)=0 since f(s)=g(s)=0. Thus 
«f4-8g € S^. This proves S*isa subspace of put: 
Again since J0)—0f& T. we get 0€ r^, 
u, УЄ Т^, а, BEF, JET. By definition of qe 
quently Sout By) —eftu)-- ву) —404-60—0 
This proves that T+ is a subspace of V.m 
Following lemma is an easy consequence of Definition 12.30 and 
we leave its proof to the readers. 
Lemma 12.32. Let Vr be а vector Space and V* be its dual, then 
(a) For any subsets Sı, S, of V, SCS, > S^Cs 


So that 754. Let 
»f(u)=0=f(v). Conse- 
and thus u+ gye T. 


ie 
(a')For any subsets Ty, T, of Loc сле 
(b) For any subset S of V, SC S++, 
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(b") For any subset T of V*, TC T^.m 

Theorem 12.33; Let V be a finite-dimensional vector space oy, 
field Е. For any subspaces W ала И” of V and V* IESU 
dim W4-dim W^—dim V and dim W'--dim(W")-—dim V**. Ў 

Proof: Let dim V=n and dim W=r. Since every L.I. subset of 
V can be extended to a basis of V, we can find an ordered basis 
[charme Dd , Vn) of V such that (vj, v . . ... » у) is a basis of W. 
Те. , vn) be the basis of V* dual to (v, v4... .. і 
vn). By definition of dual basis, for 1<i<r, v*(v,)=0¥j=r-+1, r2, 
n. Consider any wEW, then w=a,y,4+a.%.+...... Fu, 


—0vj2 r1. 
Hence vj* € W^ vj 2r-- 1. Thus the subspace 


P m de NY. MS B > Cw. Sho n 
Consider any fc W-. : 
As ДЄ V*, f—-8,v,*- 8.9... . +Bava* for some BEF. .. .(2) 
Then for 1<i<r, as v,EW, Дуд=0. Now (2) gives f(v) 28; зо, 
В:=0 for 1<i<r Consequently f= Вун Ва... = 
Вау and [E «va, Уо. + + + + , Va*>. This yields 
W*C atv rei E 109) 
From (1) and (3) we get 
= «уд, Yuste Уз ‚..(4) 
It is clear from this last equality that (ya Vries +--+. » У„*} is 


a basis of W~ consisting of n—r vectors. So that 
dim W+=n—r=dim V— dim W. 


Hence dim W+dim W*=dim V. л ) 
For the second part, let dim W'—t. Now dim V=dim V* =n, So 


we can find an ordered basis (Jofo --+--- tn) of V** such that 
(fishes: , fà is a basis of W’. We can find a basis (Fi, Fas... k 
F,) of V** dual to (fu fo» +» «+ Sn) 


Now the mapping с: V>V** such that for every v€V, fecy*, 
[c(v)) f) =f) is ап isomorphism (Theorem 12.29). So we can find 
in V such that c(v)—F; for 1<i<n. Then for 


Vis аре > Yn in 
ixi jen, jai we have 0= 07) 1900) and for i=j, 
1=F( f) =f,(vs). Thus Vo Y2- > Va} isa basis for V and ( f, /,,..., 
fa) is a basis of V* dual to (Y Ye-++-++> vn). Now for 1<i<t, j>t+1, 
FAv)=0 gives ›,Є (V^) - 3 
So that «crim Year и GUNE (5) 
Suppose ve(W')*. As v&V we have v—am-Ea Esse bap, 


for some «C F with ISIS”. —— 
Then 0=f,(v) —«; for 1 «jt gives у=, Westone. FOYE <, 
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У ТА » n>. So that © 
WIE XYna, Vida. esses, v>. "that 
Hence (5) and (6) give (yy Урба... Vaca SOL 
dim (^y —n— rn y, ei 
This proves dim W'+dim (Vy —n— dim уж, Hence the theore 
follows.m 


Theorem 12.34. If S and 
sional vector Space Vr, then 

(а) 5+5, 

(b) (S+T)=S+N T+, 

(c) (SA T)*=S*4T+, 

Proof: Let dim V=n, dim S=r, 

(а) Now SC s++ (Lemma 12.32) 


=) an 
T are two Subspaces of а finite-dim 


dim T=s, 


"33, dim S^, and dim S-+=n—dim S*=! 
=dim S, Then $ is 


а subspace of g++ Such that dim S=dim $^^ 
This gives S=S++, 


(b) fE(S+ Ds > IO)=0¥xE 54 7 


> S(s)=0 and f(t)=0 ¥SES and tc T ‘since 
SC S4- T and TCS+T 


> fES*HT- 
So  (StTPCs-QT«. 0 
Again ges-m T*> ges-, geT* ` 

= g(s)=0, 8(0)—0vse s, ЄТ 

> 8&S4+1)=04seg, ЄТ 

= gE(S$T)* 0 
So S'nTC(S.-)- 


From (1) and (2) we get (S--Ty*—S* nr. 


(с) Now S+ ang T+ are subspaces of y. so by (b) (S--7T-)*— 
(7) DO eS opu. oT „у @I- 

Thus (SA Da (5245 TI) =S+4.7+. 

This proves (c). Hence the 

Following theorem establi 
vector space V and the subspaces of V*. Thi 
diate consequence of Lemma 12.32 and The 


subspaces of V and those of V* such that 
A ‹ 
б ЖС, if and only if W+ CW;*. 
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PROBLEMS 


1, Let И= Е) and let e,=(1, 0, 0), e.=(0, 1, 0), ез==(0, 0, 1). 
Determine the basis (еу, e,*, ез*) of V* dual to the ordered basis 
(е, е е) of V. Let Л= (1, 1, 2), (0, 2, 1), =(0, 0, 5) and let 
F be of characteristic not divisible by 2 and 5. Show that Us fav fa} 
is a basis of V. Find the dual basis ( f;*, /.*, f. and express each 
Г as a linear combination of ¢,*, e,*, e,*, 

2. Let W be a subspace of a finite-dimensional vector space Vr. 
For each fEV* let f*—f | w (the restriction of f to W). Show that 
f*€W* and f—f* is a L.T. of V* onto W* whose kernel is W^, 

3. Write in details, the proof of Theorem 12.35, 

4. Let V and W be.two finite-dimensional vector spaces over the 
same field F and A : VW, a L.T. 

Define 4* : W*>V* such that 4* (f)=fA¥fEW. Show that A* 
is a linear transformation (called the transpose of A). If U is another 
vector space over F and В: WU is a L.T., prove that (BA)* = A*B*, 
Further prove that 

(i) Ker A¥=[A(V)]* and v(4*)=v(A). 

Define A’ : W*—V* and (4^)* : ИИ as follows. 

For any x€ V, put (4’)*(x)=y if and only if (4 /)G) Sf(y) «fe w*. 

(ii) Using the fact that V is canonically isomorphic to V** prove 
that (4")* is a L.T. 

(iii) For any L.T. 4: V-»W, prove that A=A** and deduce that 
A-A* is a 1—1 L.T. of Hom (V, W) onto Hom (W*, V**), 

5. If and g arein V* such that f(v)=0 implies g(v)=0, prove 
that g=Af for some AE F. 

6. If V=A@B then prove that V¥=A*@*, hence deduce that 
ИЖА ВЕ. 

Hint : Use Theorem 12.34.] 


4. Matrices and Linear Transformations 

Let U and V be two finite-dimensional vector spaces over the same 
field Е and Т: U>V be a L.T. Now let (и, us... > и„) and 
(бо. Ул) be fixed ordered bases of U and V respectively. Let 
us recall that a І.Т. from U to V is determined by its effect on a basis 
of U and conversely any mapping of a basis of U into V can be 
extended uniquely to a L.T. from U into V. As for | ісп, T(u)cv, 
We can express T(u;) uniquely as 
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m 
Т(и)= = GVI 1«4€ F. 
j= 


Then we obtain the mxn matrix 


f an 912 p sss 911 
| 1n | 
Co X9 a 
| 2n | 2084 „(1 
| ^ TT 
as the matrix of ULT » Tu,) relative to (у), уза) 


we can define a mapping f from 


: m e 
Mi Uie » иһ} into V such that Ли)= X € jV. This mapping сап B 
j=1 


U>V. Clearly the matrix of T 
Уз. Ym) is (1) itself, The matr! 


m ; un) and (v Уз, Vn). If further Uz 


«іп then (4:5) is called the matrix 9 
relative to (u,, Us,...... Up). 


Lemma 12.36. Let Ur and Vr be two vector spaces of dimensions Л 


and т respectively then Hom (U, V) is isomorphic to the vector space ^ 
all m xn matrices over Е. 


П (s theses lud and fy. у, SA e н.а ао 


à m 
U and V respectively. For any T€ Hom (U, V), we have T(uj)— ЫШ 
H ; jz 
for unique z;,€ F. (As emphasized in the last chapter, there is 20 
distinction between left and Tight vector Spaces over a field) we сар 
write 


m 
Т(и)= Y ww; аһЄЕ 0) 
j=1 i 


Then (а) is ап mxn matrix, Let M, (F) denote the vector spac? 
of all Xn matrices over F. 


Define 9'T)— (=) ,O 
Let ТТ € Hom (U, y), «EF. Suppose for 1<<” 


m m 
T(u)- X uen en убу for some «у, BEF, then 
j- = 


m 
(TET (us) = Tu) - T'(u)— Éi Y(:--8;) and («T (uj) аууз 


- D» 
t b TE T')— (ei Bi =Cs)+(8;)=0(T)+ (Т). o(aT)= 
o 
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(aa, ;)=0(a;;)=ao(T). Hence c is a L.T. 
Now o(T)=o(T') > (u;)—(85) > «—05 vi, j. 


m m 
B TU S aii vj65— T'(u) for 1<i<n. Hence T and T” 


agree on a basis of U. Consequently T—7". (Lemma 12.14). Thus 
cis 1— 1. The remark before the lemma shows that Biven any matrix 
(x,)€ Ms, (F), there exists a linear transformation 7, such that 
c(T)—(«;;). Hence c is onto. This proves the lemma.m 

Corollary 12.37. A(U) is isomorphic to M,,(F), the ring of all nxn 
matrices over F. 

Proof : In the Lemma 12.36, taking USV, u;=y; ; 1<i<n we get 
that there exists a vector space isomorphism, 

c : A(U)-M,(F) such that c(T)—(«,;) if and only if 


n 
T(u)- = иж, for any T€ A(U). 
Jat 
n 
Let T" be another member of A(U) and T'(u)- X uj$,;. 
ј=1 
n n n n 
Then(TT)(w)-T È шб) È Té), X € шшш) 
‘=1 j=] j=1 j=l 


n n 
= х шїн where Y= È aybu Thus o (TT')=(e)=o(T)o(P") 
= j=l 


Hence c preserves multiplication. Consequently A (U)&M,(F).m 
Theorem 12.38. Let T€ Hom (U,V). Let (ty, из... ..., Un), (у, Уз, 
0 Vm) be ordered bases of U and V respectively and («;,) be the 
matrix of T relative to these bases. If (u', Was оши) (Vis Vas sizs Vin’) 
are other bases of U and V respectively, with P and Q as their respective 
matrices relative 10 (и, U» +» Un) and (Vis Vos ..., Ym) respectively, 
then the matrix of T relative to these bases is given by (a5) - Q7 («;;)P. 
Proof : Since P—(p;;) is the matrix of (u,', Us, ..., Un’) relative to 
(uy, Uy, ..., Un) we have 


n 
u/— È ujpj,l«i«&n roel) 
j= 
Similarly if 0-1=(4::), then 
л Р 
у= X y'ga «ism =) 
jai 
i m Р А 
Further Т(и)= fe ужу» lin ...(3) 
ae: D 
Consequently т(и)= a 20 а T(ujp;; -. [by (1)] 
T= Ez 
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n m 
3 
= У ( X yep py [by ( Л 
ј=1 k=1 
n m m 
= (5 Yeux oes) P52 m» Qi 
ј=1 k=1 121 
m 
= = уа; 
t=1 
m n 
where Wu X Saul apy. 
zl j=1 


Thus the matrix (кг) of T relative to t 
and (v,', v9’, ..., Ys) is Q^7(x,.,)P.m 
Corollary 12.39. If A—(«;)) is an mxn matrix over a field Е, then 
there exist non-singular matr. ices Q and P such that ! 
ОАР =diag (1, 1, ..., 1,0, Q, «.., 0}. 
Proof : Let Ur and Vr be two vect 


; 
he bases (u,', ty’, ++» us) 


ТЄ Нош (U, V) such that (æi) 
ordered bases (u, uy .., un) and (v, у, .., Vm) of U and f 
respectively. Let &—r(T) then we can find a basis (t,', up’, ..., Un ) O 
U such that Ker Ти шр ош (Theorem 12.9), the? 
Tau) T(us'), .., T(wo) are L.I. in y. So-we can find a basis 
(Vis Ve", ..., Vm’) of V such that vi —T(u;) for 1<i<p. 

Now T(u/) «1.v,' for 1<i<p and T(u/)—0x i2p-l. d 

Thus the matrix of T with respect to the bases (ш',пь, ..., Un’) 808 


e 
AV. 


"^g ; fum] ES he 
(^5 Vas vu) is diag (1, 1, ..., 1,0, 0, 0. However, by t 
Р 


ү =, 3 te 
above theorem diag (1, 1, ..., 1, 0,0, ..., 0}=(Q')1 AP’, where P 
and Q' are the matrices of (и, иг, woes Un’) and (v, vy, s Ут 
relative to (ш, и,,...,и,) and (0, Ye... Vm) respectively. Taking 
Q=") and P=P’, we get the result.m л 
Corollary 1240. If T€ Hom (U, U) has A=(,,) and A'—(i) 
as its matrices relative to the bases (и, и... Un) and Q4, и, + + н 
un’) of U, then A'—P-* AP where P is the matrix of (иу, и, ..., Un ) 
п 
relative to (uy, Ч, - - -» Un). Д - 
Proof: Taking USV, u;—vi, u/—w' for 1<i<n, in the abov 
iA we get P—Q^ and А'=Р-1 AP m ў 
theo im corollaries motivate the following definitions. 
‘faite 12.41, An т Хп matrix A over a field F is said to be 
Defini ar 


matrix A’ over F if A’=QAP for some non- 
В tto an mxn 
equivalen 
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singular matrices P and Q over F. 

Definition 12.42. Ап пхп matrix А over а field F is said to be 
similar to an nx n matrix A’ over Fif A’=P-14P for some non-singu- 
lar matrix P over F. 

Thus Corollary 12.39 shows that any m x n matrix over a беа Fis 
equivalent to a matrix, diag (1, 1,..... » 1, 0, 0,..., O}. 

Definition 12.43. Let A=(ai;) be any matrix over a field F. It 
has п columns, namely 4;=(4,;, @o5,. . -s Ami); (j—1,2,.. - n). We 
can regard each of these п columns as a member of Е). If W is the 
subspace of Е“) generated by these columns, we say that W is the 
column space of A. The dimension of W is called the column rank 
of A. Similar definition can be given for row space and row rank. 

Theorem 12.44. Let T : Ur» Vr be a L.T. and let A=(ca;;).be a mat- 
rix of T relative to bases (uy, из. . . ., Un) and (v, Voy . . ., Vm) of. U and 
V respectively. Then r(T) —column-rank of A. 

m 
Proof: Now T(u;) = x vjx;, IKin. ays C1) 
Let column rank of h be s. 
Now we can find ij, i,,...,i, such that the ith, ith, . . ., ith 
columns of A are L.I. and all the other columns are expressible as 
linear combination of these columns. Suppose T(w,)8;--T(u;)8,-- 


РЕЗЕ +T(ui,)B,=0 for some Bı, B» . . +» BEF. 
m 5 
Then (1) gives x v( E о, 8) =0 
j=l | k=l 


s 
> У а 80, 1<ј<т = 8. =0м, 
k=1 


since the columns are L.I. Hence T(u;, ), kél 25 > . «'S,are Li 
Consider any T(u;). Now we can find а, «з, ·. + a,€F such that 


5 
у= 5 an, ara de јел. .. 2) 
k=1 


since every column of A is a linear combination of the above 


Mentioned s columns. 
(1) and (2) yield that 
m m $ À ) 
T(u)— ži у; m vi xc jig, ®к, 
s m * 
= E G 2 А9) [7 


k=1 ј=1 


= x та) 
kal 
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г 
Now the space T(U) is spanned by T(u)), T(u,), . . „ T(u,). Furthe 
TU, ), (k=1, 2,..., 5) are LT 

Sible as linear combination. 


asis of T(U), Hence r(T)—dim [T(U)] 57 
am 


; ze 
each mxn matrix А=(® 
vector spaces, we get t 


Corollary 12.45. Two mxnm and B over a field F, have 
same column rank if and only ij 


& t 
T relative to the above bases. e 
GG uy, oe un*) and (уж, nte vik) be dual bases of U* an 
Ve respectively. Prove the following. 


(a) Out Tu) а (Sautu); lix. 
(b) WT Уд, цуж, 


(с) Т(у) = Уо, иж (Cr. Problem 4, 


Section 3) 
(d) Matrix of T* relative to the above ba 
A. 


Ses is 4’, the transpose 
of 
(e) Column rank of A’=r(T*)=r(7)=colnmn Tank of 4, 
(7) Row rank A=column rank 4’! 
(g) Row rank A=column rank А. 
і nsinal vector space Over a field F. Prove that 
every element in A(V) satisfies a Polynomial of degree 2 over F. 


Further prove that for all S, T€ A(V), (ST— TS): commutes with all 
elements of A(V), 


3. Let U— F? ang Suppose that 


ETT AES 
( Eg M ) 
Ота 
ix of TEA(V) relative to the basis (e,, e, ез) where 
is the prei 1, 0), €s=(0, 0, 1). Find the matrix of T. rela- 
arth ie Бай Ce A=(, 1,1, f=, 1,1) and 
tive to 


f,=(0, 0, D. 
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fm ($32) 


4. Let V be the vector space of polynomials of degree 3 ог less 
over Е. In A(V), define Т by T(«,--«,x-F-«,x?-- a,x? )— «s - as (x+ 1) 
+ (х Паб 1) Compute the matrix of Т Telative to bases 
(a) (1, x, X°, x°), (b) (1, 1+x, 1H-x*. 1+). If the matrix in part (a) 
is A and that in part (b) is B, find a matrix C so that B= САС-1, 


vu ОПТ 1151 =5 
Л 2 3 Оо 
Ans. (а) 0013 (b) 0 0 1 3 
0001 0 £0) OT 
ESL Jj vet 
Ow. ПШ 10) #0 
СЕ биб 131 0 
Of 00999 мү 


element isa unit, and reader mus 


and ab^ € S. Since identity of a Broup 
the zero and the unity of F are both memba 
least two elements namely 0 and 1, 
On the familar lines (as for Subgroups and subrings) the follow- 
ing important characterization of 4 subfield can be established. 
Theorem 13.2. Any subset S of а field F, cortaini 1g at least two 
elements, is a subfield of F if and only ір 
(i) aES, bES > a-bes 


and (ii) ES, bES, b£0 = ab^ € S. 
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Theorem 13.3. Intersection of any non-void Samily 
field F is a subfield of F. 


Proof : Let [Si];-z be a non-empty family of subfields of F and 
S—(S,. Since every subfield of F contains 0 and ] 
iel d 


of subfields of a 


we get 0, les, 
v i. Consequently 0, 1€ S; so S containsat least two elements. Let 
a, bES then a€ S, ÞES: vi-a—b€S, vi, (Theorem 13.2). 
When 250), then ab? C S; vic] gives ab? €ns,—s, Hence S 
tel 


is a subfield of F. This provcs the theorem. m 

Let P be the intersection of all subfields of a field F. Then Р isa 
subfield of F and every subfield of F contains P. So that no subfield 
of Е is contained properly іп P. Hence P has no Proper subfield, 
This leads us to define of concept of prime subfield. 

Definition. 13.4. A field P is said to be a Prime field if it has no 
proper subfields. 

EXAMPLE 1. Let p be any prime integer. Then <p> isa 
maxima! ideal of Z and Z/<p> is a neld having p elements, If S is 
any subfield of Z/<p> having at least two elements, then as a 
group of prime order has no proper subgroups, S=Z/<p>. This 
proves Z/<p> is a prime field. 

EXAMPLE 2. Consider Q . Let X be a subfield of O,, then 1c x. 


Now let = EQ, m, n€Z, n#0. Now m=m. | € X and n=n1 € X. 


But 1540 so п=п1520Є X. This gives Tex. Hence Q—X. This 


Shows that Q is a prime field. 

Following theorem shows that QJand for any prime p, Z/<p> 
are essentially the only prime fields. 

Theorem 13.5. Any prime field is either isomorphic to the field of 
rational numbers or to the field of integers modulo some prime 
number. 

Proof : Let P be a prime field and e be the unity of P. Define 
f: Z—>P by f(n)—nev.n€Z. f is a ring homomorphism and Ker f is 
an idealof Z. We can find a non-negative integer q such that 
Ker f=<q>. Following cases arise: М 

Case 1 q—0, then fis a monomorphism and Z=f(Z)C P. Now 
P contains field of quotients Q' of f(Z), (Theorem 8.25). As P is prime 
field, we conclude that P—Q'. However Q is the field of quotients of 
Z. But we know that any two isomorphic domains have isomorphic 
fields of quotients, we get Q=0' ie. P=Q. 
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Case П, 2:0, then g>0. If g=1, we shall get le=0 ie, e=0 


that is a contradiction. Hence 921. We claim that q is a prime 
number. Let, on the contrary g 


greater than one. Then 0=ge= 


Thus f(Z) is a subfield of P. Т 
field. This in turn implies that 
follows.m 


hat gives: f(Z) — p as p is a prime 
Z/<q>=P. Hence the. result 


phism Q =P is given by the mapping x=” _, ne df gm = eo 
and in case (IT) the isomorphi 


m me 
and. | sm Z/<q>=P iş given by the mapp- 
Ing п >ne vg —n4- <q> EZ/<q>. 


Definition 13.7. Let p be an integral domain with unity ез0. 


nite characteristic if ne=0 for some 


Proof : Let D have finite characteristic P. Then p>1 as 1е=е520. 
Suppose p=ab for some integers a, b>], Then 1 <a, b< p. Further 
0=pe=(ae)(be)>ae=0 ог be=0. This contradicts the fact that р 
is the smallest positive integer with the Property that pe=0, Hence p 
is a prime number, This Proves the theorem, m 


Worked out Exercises 


Exercise 1. Show that the only homomorphisms of R into itself 
aê 220 homomorphism or identity homomorphism. 
Solution. Let f: R>Rbea homomorphism. 
As Ker f is an ideal of R and R is a field, we get 
Ker f={0} or Ker f=R, 


In second case f(x) 0 vX€ Rf is zero homomorphism. 
n 


FIELDS 
In first case f is 1—1. 
Since Ker /52 Е, there exists гЄ В such that 
In other words /()50. ne ку 
But Јо) = 01) fe) fC) 
> f(r) 11-701))=0 
f(=1. 
Let m E integer 20 then fm) =/(14-1-614-... m times) 
=Й) fO) Д1)... m times 
=1+4+1+1+ ...m times 


=m. 

When m=0 then f(m)=f(0)=0 as f is homomorphism 
3 f(m)=m. 

Let т be negative integer, Put m= — п where n>0, 


Then f(m)—f(—n)— —f(n) as f is homomorphism 
=—п as nisa positive integer 
=m 


Let r be any rational number then r =<. р, 4Є7, 9 >0 


qr=p 
5 S(a")=f( p)=p as proved above: 
ES f(rt+r+...¢q times)-p 
> fir) +O) . 4 ашыр 
> а/(=р = \)= 7 XL 
Let а 20 then а= e €>0 
c (a) f(e:)- Lf (Р as fis homomorphism 


=> f(x) 20 since f(e) ER. 

Further 225 «—820- f(«—8)20 > f()-f ()>0 
= /(в)=»/(®). 

Let «>8 be such that f(«)=/(6). Then as fis 1—1, we 
94 


would have «=3, a contradiction. Hence «>> f(x)>/(8). 
“ “ 


Suppose €>", there exists a rational number s such 


that 0<5<є. 


Chose 3—5 then for | x-a] <3=s 
—s«x-a«s 
—f(s)«f(x a) <f(s) 
= Аз) «foo —f(a) « fis) 
| f@)—f@ | «fG) 


уу 
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|{0)-S@ | <s as (к) =з, s being а rati 
| 69 -f@) | <e. nM 
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Hence f(x) is a continuous rea] valued function. 


b 

Finally let 3 be any real number, 

Then x— lim {2}, Where e+} is cauchy sequence of rational 
п> ә (In 4, 


numbers converging to x, 
Because of continuity of f. we get 


ГО) lim Д 2.) lim Ра 

n>a Vn nou, 
Consequently fis identity hom 
Exercise 2 Show th 
itself are zero homomorphi. 


x. 


omorphism, 


Solution, Since С isa field, as in ab 
iff not zero homomiorphism, then 


S(r)=r for every rational number r, 
Let x be any real numb, r, 


Ove exercise we get that 


There exists a canchy 


Sequence { Pn 
that 


5 | ot rational number such 
=lim E 
nq, 


As f is continuous, by hypothesis 


iut ui TRY 


пә fn 
Consider devia ү faf 1-4 
> [f a 1 Nee 
> S@=i ог —i 


In first case for any Z=a+iBEG, (a, BER) 


Ji) fGs-Fig) fia) - fii р) 
=a+ip 


==2. 
Hence fis identity homomorphism, 
In second case for any 2=2+iBEC (a, BER) 
JG) fG- ip) f(a)-- fei) fiy 
=a—i6, 
Consequently fis conjugation homomorphism, 
PROBLEMS 


1, Prove the following sets are Subfields of the field R. 
@ {а++5@2 | 0, bEQ} 
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(ü) {4+5 2+ %5) c| a,b, cEQ} 
(iii) {a+ V2b+ /3c-- / 6d | a, b, c, dEQ} 
2. Prove that the characteristic of a field is equal to th 
teristic of its subfields. 
3. Prove that the characteristic of a field F is z> ; 
according as its prime subfield P is isomorphic iP ann 


4. Prove or disprove that if Disa PID andpis anyi i 
ri e 
element of D then the characteristic of D/<p> is finite, кше 


[ Hint : Consider the field = QE, | 
<x> 


e Charac- 


5. Prove that if for some non-zero a€ F (Fisa field), na =0 
for some. interger л, then nb=Ofor all BEF. Deduce that if for 
а non-zero element x, there exists a positive integer such that 
nx—0, then F is of finite characteristic. 


2. Extension of Fields 

Definition 13.9. A Field Extension of a field F is a pair (K, c), 
where K is a field and c is a monomorphism of F into K. 

Suppose E isa field and Fis a subfield of E. The injection map 
i: FE defined by i(x)—x for all x€ Р is a monomorphism. Conse- 
quently (Е, i) is a field extension of F. In such a situation when ; is 
a trivial type of mapping, we do not mention і and simply say that 
E is a field extension of F. In general case of a field extension (K, c), 
Khas a subfield (Е) isomorphic to F. As emphasized. earlier we 
can identify any two isomorphic algebraic systems. Here also we 
shall normally identify F with o(F) and thus treat Fas a subfield of 
K, then we shall simply say that K is a field extension of F, 
Henceforth F will be a field and K will be a field extension of Е. 

Now, as for any «EF, x€ К, ахЄ К, we get an external composi- 
tion Fx KK given by (x, x)»«x. One can immediately sec that the 
additive group <K, +> becomes a vector space over F relative to 
the external composition in K with respect to F defined above. Thus 
K must have a basis and dimension over F. 

Definition 13.10. The dimension of Каз a vector space over F is 
called the degree of K. 

Noration. [К : Е] will denote the degree of К over F, 

EXAMPLE 3. O[v2]-(a ^v? | a, bEQ} is field extension 
of Q. The subset (1, v 2} forms a basis of Q(V2] over Q. Conse- 
quently [Q [v2]: Q]=2}2 — . , 

EXAMPLE 4. Consider ап indeterminate x over a field F, Let 
K be the field of quotients of F[x]. Then, as we know that for-any 
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Wo 01, €... «€ F 


%1 Fax gaye Ж ned +a,x"=0 : 
implies «,—0 i, it follows that (lx, хела" EUM. } is |; 
infinite subset of K which is linearly independent over F, Consequently 
[К : Е] is infinite. 


Definition 13.11. K is 


ч 5 F 
Said to be а finite or infinite extension of 
according as the degree of Ko 


of great Significance, г 

Theorem 13.12, Tf Kisa finite field extension of F and L is а finit 

field extension of К then L iS а finite field extension of F an 
IL: FJ=[L: K][K : Р). 


о Yat OH 


Over /and they gen 
IL: F]-mn-[r : KIIK : Fland the theorem wil] follow. For pe 
linear independence let £5 VX;y,—0 for Some „єр, That give 
m n 
X Xo;,x;)y,— 0, Since y, 
j=! i21 


K and Бш ух 


29 «6 


3 r 
`> Ym аге linearly independent ove 
EK for every 7, we 


This gives «,,—0 Vi, j as Xp X, 
over F. Hence the elements y 


` э Xn are linearly independent 
Consider any ЕГ Then 
m 


iV; are linearly independent over 


aS Jp Y» .... 
n 


a= ER *;;X; for some i EF, as Xis X. 
i= 


ә Xn is a basis of К over 
F. Consequently 
. m n 
х= ‚2 90) with *5€ Ез, у. 

J=1 is 

Hence the тп elements XU. i12 а sy КУ ог 

basis of L over F and the result follows. у 
i Definition 13.13. Let S be a subset of a field K, then a subfield 
K' of K is said to be generated by S if 
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() SCK'. 

(i) For апу subfild L of К, SCZ implies K'C L. 

E id Subfield generated by a subset 5 wil] be denoted by 

Essentially the subfield generated by 5 is the intersection. of all 
subfields of K which contain S. Now let K be a field extension of F 
and S be any subset of K, then the subfield of K generated by rijs 
is said to be tae subfield of K generated by S over F and this subfield 
is denoted by F(S). However if S is a finite set and its members are. 
ау, as . . .» An then we write F(S) = Ка, a», . . ., a, ). 

Definition 13.14. A field К is said to be finitely generated over F 
if there exists a finite number of elements a, a», . . ., а, in K such that 
K-F(a;, as . . . аһ). 

In particular if К is generated by a single elgment over F, then K 
is called a simple extension of Е. Thus Q[V2]=Q(\'2) is a simple 
extension of О. Consider any ac К and let F(a) be the subfield of 
К generated by a over F. Then for any о, v, 25. .., «, € F, 29-- ea -- 
аа. ..--«,a"€ F(a). This means that F[a]C F(a). Consequently 
the field of quotients Т of F[a] is also contained in F(a). However 
FCT and a€ T therefore F(a)C T and we get T— F(a) i.e., F(a) is the 
field of quotients of the subring of К generated by FU{a}. This 
discussion can be extended to any set S and we can say F(S) is the 
field of quotients of F[S], the subring of К generated by FUS. Let 
us remark that for any f(x)=o9+ox+...--a,x" in F[x] and for any 
a€ К, f(a) denotes «,4-«,a4-. . .+«,a". It can also be verified that the 
mapping f(x) > f(a) is a ring homomorphism of F[a] into К. 

Definition 13.15. An element a of K is said to be a root or zero of 
a polynomial р(х)Є F[»]if p(a) 20. In this case we also say that р(х) 
is satisfied by a. х | 

Definition 13.16. An element a of К is said to be algebraic over 
Fif ais a root of a non-zero polynomial f(x)E F[x]. К is said to 
be an algebraic extension of F if every element of K js algebraic 


ита хых" with «9740, then f(a) =co+a,a?+4., EI 


ола", So, if f(a)=0 we cannot have л=0. Thus л:>0 and deg f(x)>0 
i.e. f(x) is а non-constant polynomial. — | 

Definition 13.17. A non-zero polynomial Го) in Fb]. ts. жай 45 
be a monic polynomial over F if the coefficient of highest power ой т 
in f(x) is equal to 1, the unity of F. | 

Theorem 13.18. If an element а Є K is algebraic over ы 
there exists а unique monic polynomial р(х) of positive degree over F, 
such that (у pla)=0 (i) if for any FOYE FL f(e)—0 then p(x) 
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divides f (x). 
Proof : Since ais al 
Polynomial over F L 


n. 
=0. Let degree of t(x) be equal fo d 
Р(х) =х"Ба,-а, x- 


and find that P(a)=0, wit 
P(x) is a monic Polynomi 


ER а ems beu amas) 
h deg рх) 


ree 
al over F such that p(x) has smallest des 


15 q(x), r(x) in F[x], 
such that ) 


LO) = p(x) g(x) 4- r(x 


and r(x)=0 or deg r(x)- deg P(x). 
Now 0—/(a) — p(a)q(a) + r(a) = (а). Jess 
Consequently r(x)=0, as no non-zero 


Polynomial of degree o): 
than deg p(x) is satisfied by a. So f(x)=p(x)q(x) and p(x) divides b 
Suppose now that Р(Х) xm. Phin nm, -+B be another mO 
polynomial such that ра) = 


Га) =0 implies р(х) divides f(x), Th 


P(x) gives that /(x) is a поп. - Let х) =с and deg р(х) 
n. Then comparing the с i 

That gives P(x)=p\(x). 
.theorem m 


3 А id tO 
aisn (ћеп а іѕ said 


assert that x?—3 ist 


"m 
he minimal polynomial 0 
v3 over О. Clearly x? 


73 is a monic polynomial and is satisfied py 
it can’t satisfy a polynomial of degree 1 ove 
Q. So our assertion follows. 

EXAMPLE 6. x32 jg the minimal 
x?—2 is a monic polynomial satis 
Criterion x?—2 is irreducible over Q во по polynomial over © 3 

ree less than 3 can be satisfied by 2 (Theorem 13.18). Thu 
deg is the minimal polynomial of 4/2 over Q. 
g- ae 13.18 shows that the minimal Polynomial of ac К over 
e d А 
Fis us p definition of irreducible element over an integral 
Reca 


Polynomial of м2 over 2i 
fied by 42, By Eisenstein 


at 
n=deg f(x). This shows $% - 
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domain D with unity. We claim that the minimal 
of an algebraic element a of K over Е is an irreducible element. 
Firstly notice that deg р(х)2>0, so p(x) is not a unit. Let P(x) =4(x)s(x) 
for some non-zero polynomials q(x), s(x) in F[x] Then 0=p(a)= 
q(a)s(a) gives q(a) =0 ог s(a)=0. So р(х) | g(x) or р(х) | s(x). Since 
q(x) | p(x) and s(x) | р(х), p(x) is either associate of g(x) or Em 
associate of s(x). This shows that p(x) is an irreducible element. 
Further recall that in a domain D which is a PID if an element р of 
D is irreducible then for any a€ D cither p | a or the HCF of a and 2 
is 1 де. pA+au=1 for som A, pE D. In particular for any f(x) in F[x] 
either p(x) | f(x) or there exist two polynomials .4(x), B(x) in F(x) 
such that p(x)A(x) tL f(x) B(x)=1. 

We now prove thq following theorem which is of far reaching 
consequence. 

Theorem 13.20. An element a of K is algebraic over F if and only 
if [F(a) : F] is finite. 

Proof: Let [F(a): Е]=п, a positive integer. Then any n--I 
elements of F(a) are linearly dependent over F. In particular |, a, a?, 
..., a” are linearly dependent over F. So there exist & , о,..., «€ F 
not all zero, such that 

y+ «304-80 d ...... +a,a"=0. 

This proves that a is algebraic over F. 

Conversely let a be algebraic over F and у(х) be the minimal poly- 
nomial of a over F. Let n=deg p(x). Consider any non-zero element 
fl) 2e, adesse + оа" іп F(a]. Then p(x) does not divide f(x). 
Consequently there exist A(x) and B(x) such that ‹ 

р(х)А(х)-/(х)В(х)= 1 (See the remarks preceding this theorem), 

This gives 1=р(а)(а)--/а)В(а) =/(а)Е(а) as р(а)=0. 

So Ua)? В(а)Є Fia]. Hence F[a] is a field. 

However F(a) is the field of quotients of F[a]. We get F(a)= Ffa]. 
Now consider the elements 1, a, a’,..., a" in F(a). If for some ele- 
ments go ®› %e =+» а 4 € F not all zero. н 

aol aya 04’ +... 940% 10 
then a satisfies a non-zero polyn »mial of degree <n=degree of 
the minimal polynomial. This is a contradiction. Hence 1, a, q^..., 
a"! are linearly independent over F. 

Consider any f()-8»--Bia-- 814"... дла" Еа] = F(a) where 
TO= B 8х4... Вах": By the division algorithm there exist 
polynomials q x) and r(x) such that 

fod =9(xp(x) +r) with either r(x) =0 or deg r(x) «deg p(x). 

Now /(а) = (а)р(а) +O" (а), as p(a)=0. 

Since either 7(x)=0 or deg r(x) «deg Р(х), we have 


Polynomial P(x) 
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PO) 8S4. cba, ena for some 3;€ F. ва 
Thus f(a)=r(a)=8,43,04 — +8,.4а"-1 This proves that f g- р 
a linear combination of 1, a,..., 4"-!. Hence (15/8) ayaa 


REMARK 1, Converse of the ab 
connection see Example 15. 


REMARK 2, Suppose F, be a field Such that FC ЕСК and p. 
element a in K be algebraic over p. Since every polynomial over 
is a polynomial Over F,, it follows that a is algebraic over F also. 50 
if p(x) is the minimal Polynomial of g Over F ang P(x) is the пша 
mal polynomial of а over F, then as Р(х)Є Fix] we get р(х) | pO 
in F,[x]. That gives deg р(х) < deg р(х). Howey =, we know that 


[F(a) : F]=deg p(x) and [F\(a) : Fi]=deg p(x. 
So we have [Fy(a) Ч Fi K[F(a) Sa 


algebraic extension of F. 
Proof: Let a€ L, since Lisan algebraic extension of K 


"E 0073 a aney, - ba,=0 
holds for some rE Ki=1,2,., эп) and n>], 

Define F, =F and F;— Е, (а) for l<i<n, 

Now each a; is algebraic over F, so z; is also algebraic over Ёл 
(since РЕСЕ, ,C K) and [F; : Fi-]&[F(u;) : F] (By the Remark 2 
above). 

This gives [F, : Fi] is finite. 


ТЕА Na - ЕЩЕ: Е.) EJ ane 
that [Fn : F] is finite, Now GAS RTL E Also ais algebraic 


over F, as it satisfies a non-zsro Polynomial with coefficients in Fy. 
Hence [F,,(@) : Е, is fit ite. 
Then [Fi(2) : FI-[E(a) : Бур. F] implies that [F,(a) : F] is 
finite. So F,(a) is an algebraic extension of F (Theorem 13.21) 
uently a is algebraic over Fas a€ F,(a). 
cori L is an algebraic extension of F.m 
ане 13.23. The set S of all those elemeats of K which are 
n pare F F is a subfield of K containing F such that no element 
ars is not in S is algebraic over S. 
ao, 
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Proof: Since each «Є F satisfies the polynomial x—a over F, and 
so «€ $ hence FCS. Consider a, bE S then [Е (а): F] and [F(b) РЕ] 
are both finite. As b is aegebraic over F, bis a fortiori algebraic over 
F(a); consequently [F(a, Б) : F(a)] is finite. This implies [F(a, b) : Е] 
=[F(a, b) : F(a)[F(a) : F] is finite. Hence F(a, b) is an algebraic 
extension of F. New a--bE F(a, b), so a—b is algebraic over F and 
a—bEsS. Similarly if 550 then ab-! € S. Hence 5 is а subfield of 
K containing F. This completes first part of the theorem. If in the 
above discussion one replaces F by S then S,, the set of all those 
elements of K which are algebraic over S form a subfield of K con- 
taining S. Thus S, is an algebraic extension of S and S is an algebraic 
extension of F. So S, is also an algebraic extensioa of F (Theorem 
13.22). Consequently 5,С S and hence S=S,. If any ac К is algebraic 
over 5 then by definition of Sj, a€S,. Soa€ S as S,—S. Hence 
no element of К not in $ is algebraic over S.m 

Corollary 13.23(a). If any two elements a, b of K are algebraic over 
F then à 

(i) a+b, ab are algebraic over F. 

(ii) If b0 then ab^! is algebraic over F. 

Proof follows from the fact that a—b, ab™ are іп S and S is 
an algebraic extension of F.m ; 

One can interpret above theorem by saying that 5 is the largest 
possible algebraic extension of F within K, and S is algebraically 
closed with respect to К in the sense that S has no proper algebraic 
extension in K. This motivates us to call S as the algebraic closure 
of F relative to К. In particular when К itself is an algebraic 
extension of F then S=K. и \ 

Let us have a closer look at the field F(a), when aE К is algebraic 
over F. It was shown earlier (Theorem 13.18) that if p(x) is the 
minimal polynomial of a over F then for any SRE Fix], /(а)=0 if 
and only if f()e <р(х)>. Now the mapping с: F[x]> Fia] 
defined by с[2(х)]= 2(a) for all see F[x] is an onto homomorphism 
and clearly g(x)€ Ker c if and only if g(a) 20. Thus Ker с = <р(х)>. 
Hence by the Fundamental Theorem of Homomorphism, we get 


zu e Fla]. However Р a]=F(a) (as proved during the proof 
px) 
F[x 
of Theorem 13.20). Hence aus = F(a). Thus we get 
Theorem 13.24. If any element a of K is algebraic over F and if p(x) 


x 
is the minimal polynomial ofa ever Е then =з 
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REMARK. In the isomorphism 7: EN 


Particular for any «EF, 1(8)=* 


> F(a) we see that 


1[80)]= (0) v&(X)€ Fx]. Thus in 
[Since if g (x) —« then g(a)-— a]. 
Theorem 13.25, If any two elem 


all «€ Е and c(a) — b, i.e., с leaves 
F elementwise fixed and maps a onto b. 


Proof. By Theorem 13.24 there exist isomorphism 7; from 
F[x] 


Eje onto F(a) and з, from eins onto F(b) such that 


ram ЖЄ РТА), s. Ufo] =a) and s, (=f). Then eem? 
is an isomorphism of F(a) onto F(b) such that ` 


o(«)= am a)=na)=u yae F 


9(2) 1.57 (@)=9,(x)=5.m 

Lemma 13.26, Factor Theorem. 

Any element a€ К is root of a Polynomial f(x) over F of positive 
degree if and only if (x —a) |J(x) in K[x]. 

Proof: Since f()e Kix], х—ає Kt by division algorithm ther? 
exist unique polynomials q(x), r(x)€ K[x] such that f(x) = (x —a) g(x) 
++r(x) and either r(x)=0 or deg r(x)« deg (x-a)=1. Consequently 
r(x)=c for some cE K and we Ве) = (x—a) q(X)--c 0) 

Let a be a root of f(x) then f(a)—0. Substituting a for x in (1) 
we get 0—f(a) = (а —a)d(a)--c i e., c=0. 

So f(x) = (x — a) q(x) and (x—a) | f(x). 

Conversely if (ха) | fix) in Кү] then Дх)=(х—а) g(x) for 
some ¢(x)EK[x]. Therefore Ҳа) =(a~a) g(a)=0 and a is a root 0 
f(x)m 

Definition 13.27, If an element a of a field K is a root of a поп" 
zero polynomial f(x) Over a subfield F of К, then a is said to be 
a root of multiplicity min K if (x—a)" | f(x) but (x—a)yn & f(x) in 
K[x].m 

Thus if a is a root of multiplicity m in. К then Ло) = 0-а)" 409 
for some q(X)€ K[x]. If a is a root of q(x) then by Lemma 13.26, 
(x—a) | а(х) and this in turn implies that (х—аут+а | f(x). This 
contradicts the assumption that a is a root of multiplicity m in K. 
Hence ИЕТ about roots are extremely pertinent. 

Follow many roots a polynomial f(x) of positive degree in F[x] 

1. How any field extension of F? 

n ist a field extension of F in Which f(x) has largest 


and 


i 
can have 
2. Does there ex 
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possible number of roots and what is this largest number? 

Question 1 is answered by the following theorem : 

Theorem 13.28. A polynomial of degree n>1 over ; 
have more than n roots in any field extension Of F. алда e cannot 

Proof: Let f(x) be a polynomial of degree n>1 іп Ех]. We appl 
induction on n. Let n— 1l. Thus f(x) —ax 4-8 for some х, 8€ F and PO 
Then — («^ is the only root of f(x) іп any field extension of Е. So 
the result holds for n—1. To apply induction, we suppose that n>1 
and the result holds for all polynomials of positive degree <n over 
any field. Let K be a field extension of F. If K has no roots of 
f(x), the-result holds trivially. Suppose some аЄ К isa root of f(x) 
of multiplicity m>1 in К. Then f(x)=(x—a)"f,(x) for ЧОЕ 
AEK]. Now deg fi(x)=n—m<n. So f(x) cannot have more 
than п— т roots in К. Consequently f(x) cannot have more than 
п=(п —m)--m roots in K.m 

After having answered first question, we turn our attention to the 
next question. Let us recall that if any a€ K is algebraic over F then 
the minimal polynomial p(x) of a over F is irreducible and further 
deg p(x) 22 whenever a& F. Firstly we take the converse of the above 
result in the following. 

Theorem 13.29. (Kronecker). If p(x) is any irreducible polynomial 
over F then there exists a1 extension E of F such that [E : F] deg p(x) 
and p(x) has a root in E. 

Proof: Since p(x) is irreducible, V=<p(x)> is а maximal ideal of 
F[x]. Thus des is a field. Let us take E— na + 

- Define a mapping с: FE by o(a)=a =a БУЄ ЕуаЄ Е. 

с is а ring homomorphism. Since any non-zero member of 
V=<p(x)> is of degree >l, «40 whenever 0520. 

Hence c is a monomorphism. Consequntly (E, c) is ап extension 
of F. As per our convention we identify F with its image o(F) in E 
and each « in F with а in E. Let p(x)=a9+a,x+. . a,x", «4250, 
aE Е. Then Q-- PG) = 20-41 +a,(%)’+...+a,(¥)" gives x is a root 
of p(x). Thus E contains a root of p(x). This gives immediately that 
[E : F] 2 deg p(x)="- Д : 

Now for any f(x) Є F[x] we can wr ite f(x) =p(x)q(x) 4-r(x) for some 
аб), r(x € Fb] with r(x)=0 or deg r(x)<deg р(х). We get 
f(x) r(x) as p(x)=0- 

As r(x)=0 or deg r(x)<deg p(x) we can write 

(х) = В+. - E Bax”? for some B;€ Р, i—0, 1, 2, .. ..n—1, 

So f(x) rx) get BF t: +--+ +8n2(#)"". This shows that every 
member of E is a linear combination of I, x, (жу, ..., (jt. 
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So [E : F]<n. As proved earlier [E : F]2n, we get [E : F]—n.m 
Now we are ready to give complete answer to Question 2. 

Theorem 13.30. If f(x). is any polynomial of degree n>J over 4 
field Е then there exists a field extension E of F such that f(x) has. 


Proof: 'The proof is based upon induction on degree of the poly- 
nomial f(x). Let deg f(x)=1 then f(x) is of the form «x+ß for some 
а, BEF with «0 and its only root is — Ba" which belongs fo F. 
Here we can take E— F and thus We see that the result holds іп case 
deg f(x)=1. To apply induction, Suppose that the result holds for 


at P(X) has a root, say, a in 

and [E' : F]= m (Theorem 13.29). Then a is also а root of f(x) 9 
JO)=@~a) fix) for some f(x)e Е'[х] (Why 2). Now deg fi 
=n—I<n. Hence by induction hypothesis there exists a field exten- 


Sion E of E' such that f(x) has п —1 roots in Eand [E : E']«(— D 


Also a€ E. Since the п roots of f(x) are a and the n—1 roots of fi(*) 


we get f(x) has all its m roots in Е. Further [E : F]=[@: EJE" : F) 
x(n—1)! n=n |. 

REMARK. In the above theorem if 4,, a, 
of f(x) in K then FQ, a ... „а 
such that there does not exist any 


++» а, are the п roots 
n) is the subfield of E containing F 
Proper subfield K of F(a, а... 
an) containing F and all roots of f(x). Further a simple inductive 
argument establishes that Јо) - «(x — a)(x —a,) ant (x—a,)for some 
«(z50)€ F. Thus f) =x- аах аз)... (ха) is a product of ” 
linear factors, 


Definition 13.31. Let f(x) be any polynomial of degree n>! 
over a field F. Then a field 


extension E of Fis called a splitting field 
of f(x) if 


(a) f(x) can be factored into п linear factors over E, and 

(b) there does not exist any proper subfield Е’ of E containing Ё 

d into л linear factors over E', 
Equivalently one can Say that Eisa splitting field of f(x), if E 

contains roots of f(x) and E=F(a,, 2» . . ., An), the field generated by 

Fand n roots a, ag, . } +7 Gn, Of f(x) in E. The above theorem shows 

the existence of splitting field. This theorem does not say anything 

whether there is any relation between two splitting fields of the 

olynomial or not. This we take up now. 

m 11 that if Rand R’ are any two rings such that there exists 
omnes c of R onto R' then с can be extended to an isomor- 

ап ISO: 


f R[x] onto R'[t] where x aud г are indeterminates such that 
pone 
phism т 
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т(х) жї. If Ais any ideal of R[x] then =(4) is an ideal of 
ВР ERIT] 
а +A) 
by aL f(x) +4] =a Дх)]4Е(4) for all f(x)& R[x]. Now for 
=00+ох оо... cbe ERIx] = [AX] =с{«,) bola,)e 
see $o(a,,)t". 

In particular we take two fields F and F’ and take c as an іѕошог 
phism of F onto F' and = the corresponding extension which is aa 
isomorphism of F[x] onto F'[r]. For our convenience, for each 
«ЄЕ we denote its image с(о) by «' and for any f(x)€ F[x] we 
denote by f'(t) the image iL (х)). 

Now let p(x) be any irreducible polynomial over F. Suppose 
р'(ї)= r'(t)s'(t) for some polynomials r'(t), s‘(t) of positive degree in 
F'[t]. Since т is an isomorphism we get r(x), s(x)E F[x] such that 
r'(t) and s'(1) are respective images of r(x) and s(x) under =. Notice 
that т preserves degrees, SO r(x) are s(x) polynomials of positive 


degree such that 


: ; Rit], and 
we can define an isomorphism у : 


any f(x) 


af р(х)]= 1709019500] — 71002569] 

Consequently p (х)=г(х)з(х) and р(х) is reduci ble. 

This contradicts the assumption that р(х) is irreducible. Hence 
p'(t) is also irreducible. As explained earlier there exists an 
isomorphism mut m 
"mpi <P> 
in which mf f(x)+ <p>] =f (+ <p'()> for all (x) Рх]. Now 
we po ы rr А p(x) bean irreducible polynomial in Е[х] ала 
P(t) de ee polynomial in F'(t]. Suppose и and v are roots 
i Ly in some fiel exte sions E aid E' of F and 


rt) respective! 5 i 
peces then there exists ап isomorphism p of F(u) ont» F'(v) 


лра F and phu) =». 
a лр p'(t) is also irreducible (by remarks preceding this 
5 Ё E H > 
theorem). There exist isomorphisms 
ву: EA FO 
1* <p(x)> 


EEL FO) 


and в,: 2р(0)> 


-f(u) 
such that o,f / 00+ «7027 17/09 Theorem 13.24 and th k 
and с [f'(t)+ <P dis Pu nd the remark), 
Further 7:2р(х)> <pi(t)> 
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defined by nlf 09+ < p()1—/ (0)4- «p (t) is an isomorphism. 
Notice that c,[x- <р(х)>]=и and o,[t+ —p'(t) -]—v. 
Now p—6,45;7is an isomorphism of F(u) onto Е '(v). 
For any «ЄР, pla)=(0,45,-1)(a) 
= 9:1[04- <p(x)>] 
=o,[a’+ <p'(t)>] 
=a. 
and (и) =(вулуву *)(и)= в, [х-Е <p(x)>] 
=o,t+<p'(t)>]=>v. m 

Corollary 13.33. Let FCK be any two fields. If a, BEK have 
same minimal polynomial p(x) over Е, . then there exists an iso- 
morphism p of F(x) onto F(8) such that p(«)=8 and #(@)=a for every 
acF. 

Proof: In the above theorem take F=F’ and с, the identity 
mapping. The result follows. m 

Definition. 13.34. Two elements a, b of field K are said to be 
conjugate over a subfield F of Kif they are algebraic over F and 
have the same minimal polynomial over F. 

EXAMPLE 7, 4/3 and —4/3 are conjugate elements of R over 
Qas x'—3 is the minimal polynomial over Q of both y3 and 
БЕ 2/8; 

EXAMPLE 8. 4/2, 4/2», 520° where wtw +1220, are ele- 
ments of С conjugate over Ө. All of them have the same minimal 
polynomial x*—2 over Q. р 


с 

Theorem 13.35. Let FF' and let f (x) be any polynomial of 
degree >l over Е and f'(t) te the corresponding polynomial over 
F'. If E and E' are splitting fields of (x) and f'(t) over. Е and Е' 
respectively, then there exists an isomorphis n Y of E onto E' such shat 
Y(a)=2' ЄР. 

Proof : Let deg f(x)—n. Notice that the degree [E : F] is finite. 
We apply induction оп [Æ : Е]. Suppose[E: F]=1 then ЕЕ and 
all the 7 roots а, а,,...,а, of f(x) are in F, further 

/(х)=а(х—ау) x—a,). . . (x—a',) 

for some «(#0)EF. So S'@)=a'(t—a's)(t—2',). -. (t—a',) 
gives 415 42, -- a. are ali in F’, Hence E’=F’. We can take y 
to be just the isomorphism с of F onto F’. So the result holds 
when [E: Е]=1. To apply induction let [E : Е]>1 and let us supp se 
that the result holds fon all splitting fields E over any field F of 

ге SES F]. Since [Е: F]21, at least one root, say и, of f x) is 
degre F. If p(x) is the minimal Polynomial of и over Е, then deg 
. Let p(t) be the corresponding polynomial over F”, P(t) is 
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irreducible. As p(x) | f(x) we get /(х)=р(х)4(х) for some 469€ Fx 
and therefore f'(t)=p'(t)q'(t). Let v be a root of. p'(1) in E", Si 
exists an isomorphism 

6: F(u)- F'(v) 
in which 0(0) = о(а) = v«€ F and 6(u)—v (Theorem 13.32). 

Now f(x) =(х ш) (х) and f'(1)—(—»)8() for some f(x) E Е(иу[х] 
and g,(r)e F'(v)[t]. If ©, denotes the isomorphism of F(u)[x} onto 
F'(v)[1] such that ê, is an extension of @ and 6, (x)— t then 
FOS ale DAAE 
gives 0,[ fails) as f (090—980). 

Further as £ contains all the n roots of f(x), E contains all the 
n—1 roots of f,(x’. If E, is a splitting field of f(x) over F(u) 
contained in E, then, besides having all roots of f,(x), E, contains 
ualso. Consequently Е, contains all roots of f(x). So by definition 
of splitting field we get ECE. ‘Hence E=E,. Thus Е is splitting 
field of f,(x) over F(u). Similarly E' is a field of g,(r) over 
F'(v). 

CN [E: FJ=[E: F(u) FQ) : F] and [Е(и) : F]- deg р(х)>1. 

That gives [E: Е(и)]< [E : Р}. Hence by induction hypothesis 
there exists an isomorphism ф of E onto Е’ which extends the isomor- 
phism 0: F(u)>F (vy). However 0 extends c. Hence we see that 
(a) =0(a) --a' v «€ F. This proves thetheorem.8 — 

In particular if we take F—F' and c to be the identity map, we 
conclude the following: мк 

Corollary 13.36. If F and Е' are any two splitting fields of same 

Polynomial fix) of degree ngl over a field F, then there exists an 
isomorphism Y of E onto E' such that Y(a)=« for all «€ Р. 

Let a be an element of К algebraic over F and p(x) be the minimal 
polynomial of a over F. For any non zro f(a)€ F(a), where f(x) is 
a polynomial over F, we have shown (Theorem 13.20) that the 
inverse of f(a) is some polynomial g(a)€ F(a). We illustrate this 


here. 
EXAMPLE 9. Consider the field Q (4/2). 


| 

а осоо исү E T T 
is ial in 4/2 over Q - 

“EEAMELE 1. Consider 1— 2+ V4EQLY2]=Q (9/2). Let 
S(x,=x2—x+ 1, p(x) 232-2. p(x) is the minimal polynomial of 4/2. 
To find the inverse of f (3/2) we find two polynomials g(x) and A(x) 
Such that fig) 4-0 COR) = 1. These g(x) and Hos, are found by 
the method of division algorithm. Now deg Ух) «deg BG). dividing 
P(x) by f(x) we obtain x3—2- (x4) -— x 1)—3, 
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Thus (x? 2)(— 13)+@+1)(x B—x/34:1 /3)=1 
Hence replacing x by 4/ 2 we get 


WIED (ya. узр 


So that (/4— 4) 24 az? 4 polynomial in 4/2 over Q- 


Now we give examples of two di 
nomials having same Splitting field. 
EXAMPLE 11. Consider 


stinct monic irreducible poly- 


no root in F We cannot say that s 
X*-F3 are + —3, so O (V —3) is the splitting field of х3. 

If о= — Leva then w, w are the roots of x4+x+1 so 
F (o) is the splitting ficld of xX+Hx+ I (Why 2), 
Now V —3-2o41€Q (w) gives Q(V =3)со (w) 

ulis aed =3 — . = 
SERA Magia ТЕ gives Q (4) CQ (y —3). 50 
that Q (4)—Q (У —3), 

Hence x*--3 and Xbx4-1 have same 
that [Q (w) : Q ]—degree of V+ xt [a2 

EXAMPLE 12. Consider the polynomial x*—2 over Q. Its 
roots іп Саге «—4y2, w4, wa Where w is imaginary cube root of 
unity. None of these roots is a rational number, so x3_2 is irreduci- 
ble over Q. Thus if Eis the splitting field of Х%—2 over Q then 
D deus Now oT e os Q]=2 as Q (w) and 
Q («)are both subfields of E, we get 3 |[E: Q] and 21 [E: Q]. 
Hence 6 | [5:9]. Consequently [E : Q]=6=3! 

EXAMPLE 13. Consider the Polynomial X—3x41 over Q. It 
has no rational roots, so it is irreducible over Q. Its roots in R are 


Splitting field. Here notice 


— 2 cos 21 2 cos = 2 cos ^. Let «= —2 cos > . Consider 
Q (a)C E, the splitting field of X—3x41. 

2 cos on d cos? = -2—«—2€09 (a). 2 dne: 2 27 
Now 9 9 = EQ (a). 2 cos “9 —4 соз*°-у 


—2=(«5—2)'—2еО (x) So all roots of x'-3x-L1 are an Oo: 

Thus ECQ(«). Hence E=Q (х). Further [Е: Q.]—[O (а) : Q ]- 

degree of minimal polynomial of « over Q=deg G?—3x4-1)—3. 
À E:Q]=3<3! 

ш pol has 15. Consider the polynomial x:— 1 over Q . Its roots 
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are 1, —1, i, —i where i=V — 1. So the splittin 
Q is Q (i) and [Q (i) : Q]=2. pitting field of x*—1 over 
EXAMPLE 15. Definition : A complex number « is said t 
an algebraic number if it is algebraic over Q , the field of гай ES 
numbers. Since algebraic numbers form a field (Theorem 1329. 
let A be the field of algebraic numbers. By definition, 4 is Э), 
algebraic extension of Q. We claim that A is not a finite ST 
extension of Q . If it were, suppose [4 : Q]=n. Consider the poly- 
nomial x^*1—3 over ©,. By Eisenstein's Criterion, this is irreducible 
over Q. Let« bea root of x"*1—3 then а is algebraic over Q, so 
аЄ А. Now as x^*! —3 is irreducible over Q , [Q («) : © ]=п+1, but 
аЄ A implies that Q (x) C A. This is absurd as Q (о) is a subspace 
of A over Q and [A : Q]=n. So our assumption is wrong. Con- 
sequently А is an infinite field extension of Q . 
The above example shows that an algebraic extension need not 
be finite while every finite extension is an algebraic extension 


(Theorem 13.21). 
Now we discuss the relation. between roots and coefficients of 


а polynomial. 
Theorem 13.37. If f(x)—*ortuX +++++.- cax"€F[x] is a 


Polynomial of degree n>I with roots ау, d» . . - ., аһ in some extension 


[^51 "T ELI EE 
E of F then s, = a= — — 5 $:— Ea,a,——7—, $,— X822, 
i в» i>j " i>j>k 
о 
$, = dida «d 7 (— 1)" —. 
An 


x. [7 
= — —- et......n 
ay 


Proof : Since f (х) is of degree л, 
., a, are all the roots of f (x). 
f (9o. (c а)(х—а,). . (x—a,). 


01520, SO a, 1 — l Є Е; further 


аѕ а, а,,.. 


This gives rh г 
ag - a X аз. ‚. ++ әх” Fan" eas x 
=в@[х*=лх" es xt “+... C s] 
Where s,— Za;, $,—24:4; 5,—Za4,, and so on till 
i i>j i>j>k 


$&—ü dg. д. ttt а, 
Now as х is transcendental over 


Of like powers of x, 
— by Sy 7 An: 


and so on, lastly (— 1)"%nSn=%o- 
Since «, is a unit in F, we get 
€n-1 a 
= — = баз 
Sy a, Sq aa 53 P 


F, we get comparing the coefficients 


p Anso =n > — n$37—7 An- +o e 


CTER 


s... 
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WORKED.ouT EXERCISES 


Note, Throughout 
extension of F. 
Exercise 1, a, bEK are algebrai 


respectively; where m and n are relatively Prime; prove that Е (a, b)is 
of degree тп over Е. 


Selution. We are given that 1Р0): Е] m and [F (b) : FJ=" 
Let хт рахта, -+а be the Minima] Polynomial of a over Ё. 
This is also a Polynomial over F (b)[x]. Thus а satisfies a polynomial 
of degree m over F (b). 

Consequently [F(6)(a) 5 F(b)]m, Le. [Fi a, b) : Й 
Now (F(a, В): Fle«[F(a, b): Fr) toe Faa D FO 3 
Again [F(a, b) : F]—[F(a, b): F(a)F(a) : F]m | [F(a, b) : Е]. 
Similarly [F(a, b): F]={ (a, b) : F(b)LF(b) :F]3g | [F(a, 5) : Р]. 

As (т, n)=1, we Bet that mn | [F(a, b): F]. , 
So mn<Fl(a, b) : Е], 
(1) and (2) gives the Tequired result, . .@ 
Exercise 2, Prove th 

then F(a)= F(a ). 


Solution, Clearly а F(a) > F(a*)C F(a), 
Let р(х) = ш ула «hoon be t 
over F. Then ааа: PET 
> aart aang F doni) + (aoa npa a 
Now as [F(a) : F]—2n4-1, ntaa, 


at a€ K js algebraic over F of an odd degree 


he minima] Polynomial of 4 


T web tte) =. 
ad Жа, _1520; so 
oy y)71 (ооа. аа. %on) € F(a’). 


Solution. Now i аваа уа а) gives that roots 


of given polynomial in С аге 4/3, =з. So the splitting 
field of x?—3x?--x? —3 over Qis K=O (+v3.-1, iva ) 


We claim that K=Q(V3, i). Now 141143 — 


езү УУЗ) з EK. Also узек soi E К, 
(2 


Q(43, i)C К. Again V3EQ (v3, DE xiv3eQ(ys, 1). As 
Thus des 
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s Consequerice з € Qv3, i. Thus KCO(v3, i). Hence 


our claim is established. 

Now [K:Q] = IK: QIQG) : O]« 22—4, as minimal 
polynomial of i over Q is x+1. Also [K: Q]-[K : Q(4/3)] x 
IQ (43) : ©] shows that 2 isa factor of [K : Q]. So we get that 
either [K : Q]=2 or 4. Incase [K : Q]—2, we shall get [K : Q (/3)] 
=I, ie., K=Q (v3) which is absurd as iC К but iQ (4/3). Hence 


IK : Q]=4. "S 
Exercise 4. Find the splitting field of x"—1 over Ө, p being a 
prime number. ; 
2zi Mmi" pIi 
Solution. Roots of x?—1 in Care Le De X DES. СРЕГ 17 
2x i Й 
IfZ—e p еп ће splitting field of x?—1 over Q is K=Q(I, &, &, 


. . €P71)=Q (9). (Provel). 
х?—1 2 "n qun 
Now £ is a root of Mp К" +...4+1. But this is mini- 
er Q. (See Example 30, Chapter 10.) Hence 


mal polynomial of Z ov 
T [K: Q]=P-1. 


: О]=р—1›ї-©. 1 1 
rs z A feld F is said to be algebraically closed if every 


non-constant polynomial in F(x) splits completely (i.e., has all its roots) 


‚ ically closed field can not be finite. 
i ано din a finite algebraically closed field. Let 


n 
i ial fait П (х— 
F={ay, a5, .. » Anl- Consider the polynomial f(x)=1+ д Gary 
я in F as F is algebraically closed. 
have all its roots 1n 
pA poeni a; is a root of f(x). So we get a contradic- 


i ic t be finite. 
rubei M be a field of characteristic different from 2 and 


a en H irreducible over F. If K is 
hat x*—% and x?—8 are irre 3 
i j a Mos O E E over F then show that [X : F] 
1 M ? —a is reducible or irreducible over Е 


is 2 or 4 tee off) in any extension of Е аге + у, + V8. 


кА Ve, EV DF P. 
< pei fene dei VP 

А : еш: 

is reducible F, we ed те Wage F(ve But V«&F(v«) so 


This in turn pue tcm [ЕС у, JB : Е(У)]=1 and thus 


Ja). с : Е|= 
ese e AD : VEVA * F]-2. 
we get [F(V «p, Va): F(V2)] 


F(4/«))&2. In case x — a8 


Let now x?— be irreducible over л 
Аз Vagis a root of yi—ap over F(V a) 
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<2. If [F(V ap, Ма): F(va)]-1 
> У aB=a+bvVa, a, bEF > «В=а -Fap? 
«4—acr- 4 «€ Е since аз&0, b. 
[Note that a=0 = VB=bEF > X*— is reducible over F! While 
if b=0 then we shall Bet V aba + X^—aB is reducible over Е!). 
This in turn implies that x: & ig Teducible over F, a contradiction. 
Hence [F(Va8, va) : Fay 2, But F(Va8, va) C Қуа, B) 
зо [F(va, V8): F(/ay] 2. Hence [F(Y q, VB: F(va-2. As а 
consequence we get [K: F]—4 
Exercise 7. Show that 2495 is algebraic over Q of degree 6. 
Solution, Put qe o 9/5 This yields that z y2—45 > 
(4 V 29—5 > аз Se 5- (32+ 2) v2 у (2° 64 —5)2—2(342-+2)? 
i of degree less than or equal to 6. To prove 
! +Y5)=Q (v2, 9/5), Then 
reise 1, we shall get the second part. 
Now 2, Ў5Є9 (172, #5) > V2+-YSEQ (уә, #5) 
T aT 902, 5) 07) 
Further ,/24. EQ(v24. 45 = PM Senn 3/5) 
Le, 242v2 VEU SEQ y ys y P ni en 
B SUUS = S22 sis T4 5. 
Now we have Xv2--3€Q9() EN (У2+ау'є о (р) 
> 2\/2-Еба-Е3у/2 +H € Qa) > У202+3а)є о (а) as 
atate Q(), so м2 Qa), 
This shows that Ў 5-—a— Y2€Q(), Hence 2, 9 
2 82.93 С o2 ys SNR) 


(1) and (2) imply that Av2, vV5)-0(y24. #5). 


0) 


PROBLEMS 


Note : In the following Problems F stands for a 
its field extension, unless stated Other 


1. If [K : F]J=1 then prove that K— p. 


field and К for 


and “К is finitely generated”, Give. 
[Hint. If x is transcendental o 
enerated over F but not finite exten 
E 3. For any two elements a, b in K, pros 
4. Prove that a cubic Over а field F js 
1 if it has no root in F. | 
"н t. If ax t bx-terd is Teducible then aX! Ebx*-Eey pq 
n ot px+y) for some о, в, ү EF] 
=a(x 


€ that F(a, Б) =F, a). 
irreducible over F if and 
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| 
| 5. Let x?--ax-+b be a quadratic over F. Prove that if « is а 
| of this quadratic in any field extension of F, then 8— — (a +) pes 
а root of the quadratic and the splitting field of this quadratic over B 
is given by F(a). 
6. Find a basis and the degree of Q( v 2, 4/3) over F. 
[Ans. (1,4/2, V3, v 6), 4] 
| 7. Prove that F(v2+V3)=F(v2, \/3). 
| 8. If Fis a subfield of a domain D such that each element of D is 
| algebraic over F, show that D is a field. Deduce that if K is any 
algebraic extension of F, then any subdomain D of K containing F is 
а subfield of К. 
9. For any two subfields M and N of a field, define MN—(Xx;y, | 
XC M, y, N}. Prove the following: 


(i) MN is a subring of K. 
(ii) If K is an algebraic extension of Fand M, N contain F then 


MN is the subfield of К containing F such that MN=<MUN>. In 
this case if Af and N are finite-dimensional over F, deduce that if 
[MN : Е]=[М : FJ[N : F] then MAN=F. Prove that the converse 
holds if one of [M : F] and [N : Е] is two. Give an example to show 


that in general the converse does not hold. | 
[Hint : Take М=О({/2), N-Q(o4/2) F=Q, where w is imagi- 


Nary cube root of unity.] ] ) i 
10. ín Q (v2) express the following elements as polynomials in 


v2. up ; 
А 1 di Ve re 
Оут @) Eys уут 


1 А жеги ГЕЗИТИ: 
[ Ans. (i) 1-35-72 ü) 777—717 V2 (iii) 20—49 v2 
4/2) express the following elements as polynomials in 


11. In Q( 
V2. 
3 ii 3/24 64/4)! я 
=p (ii) (14+ ¥2+6V4) (iii) 5—74 


@ rpg 
3 6 satt seite oil © 
5-02-04 00) — взр tgp 2 wd 
ji 1 1 
ii) 1+ 5 24 5 4/4. ] 


e any irreducible cubic over Q and let 
hat all the roots of cubic are real when- 


[ Ans. (ї) It 


12. Let x3--ax?-+bx+e b 
E be its splitting field. Show t 
ever |E : Q]=3. 

13. Show that the splitting field of х — 1 over Q, is same as that 
of xix’ 1 over Qand [E : 9-2. 
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14, Find the splitting fields and their degrees, of the following 
polynomials over Q. 


(i) 41 (i) x*--1 (iii) x1i—2 (iv) x5—1. 
[Ans. (i) Q(v2, i), 4. (ii) Q (м3, 1), 4. (ii) Q (2/5 i), 8 
(iv) Q (е°т 15), 4.] 


15. Find necessary and sufficient conditions for an irreducible 
cubic x?4-ax--b over Q to have a splitting field of degree 3. 

[Hint. Let D= – 420° — 276°, then the degree of splitting field is 3 
if and only if D isa perfect square.] 

16. Let f(x) be any polynomial over F and c be any automor- 
phism of a field КОЕ such that c leaves every element of F fixed. 
Show that for any root « of f(x) in K; в(«) is also a root of f(x). 

17. Let m be any positive integer, which is not a perfect square- 
Show that the mapping «rv m-«—9 Vm, «, BE Qis ап automor- 
phism of Q(v m). Hence or otherwise show that for any two rational 
numbers а, $ with 850, if p(x) is the minimal polynomial of «-- 9 v/7 
over Q, then p(x) is also the minimal polynomial of с — В y m over 9. 

18. Using problem 16, show that if a complex number a--ib is 8 
root of a polynomial f(x) over R, the field of real numbers, then 
a--ib is also a root of f(x). 

e 72, zEG, i. an automorphism of R(i) fixing R point- 
wise. 

19. Let Fbe any field and D, a division Ting such that F is 
contained in the centre of D. Give an example to show that a poly” 
nomial f(x) of degree n>1 over F may have more than n roots in 

[Hint. Let D be the division ring of real quaternions, show that 
X*-F1 has infinitely many roots in D.| 

20. Let u and vC K be algebraic over F of degree т and n 165" 
pectively. Show that и has degree m over K(v)if and only if v has 
degree n over K(u) and that both Statements hold if m and n at 
relatively prime. 

21. We say that a field is absolutely algebreic if it is algebraic 
over its prime subfield. Show that an absolutely algebraic field of 
finite characteristic has no subdomain which is not a field. 

22. Let F.DF,D...DF, be a finite chain of fields such that each 

п-1 


[F; : Fis] is finite then show that [Е зи || [Fi : Ел). 
i=) 


23. Definition. A complex number is Said to be an algebraic integ?" 
if it satisfies a monic polynomial in Z[x]. i isa algebraic integer ? 
it satisfies x^-- 1. 
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a the following: 
. @ If a rational number is an al ebraic int i 
integer. g integer then it must be an 
(ii) If « is an al i ber th i iti 
gebraic num т then there exists а positive i 
"Such that по is algebraic integer. integer 
(iii) Algebraic integers form a subring of C. 
24. Prove that for every integer т both cos m^ and sin m? are 


( ia)” 
algebraic numbers. [Hint: ea) =+1]. 


3. Separable and Inseparable Extensions 

Let Fbe апу field and f(x), а non-constant polynomial over F. 
In the last section we introduced the concept of multiplicity of a root 
of f(x) in any field extension. A root a of f(x) is said to bea multiple 
root of f(x), if a is a root of multiplicity greater than or equal to two. 
In this section we intend to discuss the problem of existence of 
Multiple roots of polynomials. For this we introduce the concept of 
а derivative. 
. Definition 13.38. 16 f(x) =%+ axt ax +. «ta is a polynomial 
in F[x], then the derivative of f(9 which is denoted by. f'(x), is 
defined as (x) а: + Mae” a 

Thus in particular, if f(x)=%o then f'(x)=0, i.e. derivative of any 

lear from the definition 


constant polynomial is zero. Further itis С 
e n, then either. f'(x)20 or the 


that if f(x) is a polynomial of degre 
degree R ee ts most n—l. To illustrate this let F be of 
Characteristic p and g(x)=*”- Then г'(х)==рх” —0, since the спас, 
teristic of Е [x] is also P- However if we take F to be of characteristic 
0, and deg f(x)=n>! then an 0 gives 7,720. So that deg f'G) 
=п—1, А 

Now the following lemma is an immediate consequence of the 
definition of derivative. 

Lemma 13.39. Let f(*), g(x)e Ех} «€ F then 

o Mto —/ 028 (x) 

ii) lafo =f’) Ls 

(ii) [ђе (х) = S "(x)g(*) vir (х). 

Lemma 13.40. Let fret i Я г 
ап den, A of a field extension K of Fisa multiple root of f(x) if 
and if а is a common root 0) 1] (x). ^. 

Proof: Let « be a root of f(x) of multiplicity m. Then 

Л) (e—2) 80) a(x) € Kix] and g(2)720. 
)4-Gc—«)"g' (*)- 


We get f" x)em(x "86 
Let « be 5 multiple root of f(x) then m2, so 
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f'(@)=m(«—2)""!g(a)-++(«—a)"g'(a)=0 since m—1>0. 

That means a is a common root of f(x) and f'(x). : ) 

Notice that if « is not a multiple root then m=1 and f'G)-g(x 
-F(x—«)g'(x). In this case f "(a)=g(«)40. This proves the цад 

Lemma 13.41. Let f(x) be an irreducible Polynomial over P. um 
f(x) has a multipie root in some field extension [definitely in the sp 
ting field of f(x) over F] if and only if f'(x)—0. i kh 

Proof: Let f(x: have a multiple root a in a field extension K о а, 
Then a is also a root of f'(x), (Lemma 13.40). Now as f(x) is E 
irreducible polynomial over F satisfied by a, so that for any е. 
Polynomial g(x), g(a)=0 implies f(x) divides g(x). In particu 
A(x) | f G9. If f()540 then we know that degree of f'(x)<deg f(x). 
Consequently f(x) cannot divide Г). Hence f'(x) — 0. à 

Conversely let f(x) —0. Let К be the Splitting field of f(x) ov 
F. Let deg f(x)— n, 2 

Then f(x)=a(x--a,) (x—4)...(x—a,) where a((i—1,2,...,n)a 
the n roots of f(x) in K and «(340) is in Р. 

n 


Now f'G)—« X (хаух 4). . . (x—ai). . .(x- a,) where for each 
i=] 


-(x—a,) denotes the product of all 
‚т @/—ай(ш— a) (аа, aiii 
*j£i,a,—a. So that f’(x)=0 cann 


0015, say a; isa multiple root of /(х): 
Hence f(x) has a multiple root in K.m 


Corollary 13.42. No irreducible Polynomial over a field of 
ltiple root in any field extension. f 
reducible polynomial over a field ке 
) Белу, in this case deg /'(х)=п—17 
(Remark following definition 13.38). 


a 
he above theorem f(x) can not have 
nsion of Кш 


the field of integers modul 
-over F. Let K be the splitt 
roots of f(x) in К 

coefficients, we get 4, — —a,. Ho 
that —4,—4» So ау=а, and fry). (y. ' 


See problem 6 at the end of this section). Further f’(x)=2x=0. ze 
( Definition 13.43. An irreducible polynomial f(x)c Fla] of E 
n is said to be separable if it has n distinct roots in its splitting 
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otherwise it is said to be inseparable. In general a non-constant 
Polynomial g(x) € F(x) is said to be separable if all the irreducible 
factors of g(x) over Fare separable otherwise g(x) is said to be 


inseparable. 
If follows from Lemma 13.41, that an irreducible polynomial 


х) is separable if and only if f(x) #0- Corollary 13.42 gives that 
€very non-zero polynomial over à field of characteristic zero is separ- 
able. Example 16 is an example of an irreducible inseparable 
Polynomial. Consider f() =- 1) +x+1) over Q. Ithas]asa 
Tepeated root. However its irreducible factors are х—1 and x*--x4-1 
both of them are separable. So by definition f(x) is scparable. 

Lemma 13.44. An irreducible polynomial f(x) over a field Fof 
characteristic p>0 is inseparable if and only if f(x)E Fix"), (i e., f(x) is 

а polynomial in x’. ; 

Proof: Let f(x)-—&o-- X 

J'(x)2a,--2«,x4- .. E Mtn xX” 
But (х) 2024, 20—322: "m E 
ka — 0р | k or «,—0. Thus whenever f'(x)=0 we see that if for 

апу k, «,540 then p | k ie. k=kıp for some integer k,>1. That 


means, in f(x) if any term ax¥* has «7:0, then d is of VOR type 
"sx", (x7). So that f(x) - Bo by" + 82 Ет Bin 
i Thus fee FR Hence the result 


Bon ek 
1, Now 
=па„ 


ad Some positive integer 7. 
ollows.m 2 : 
Definition 13.45. If an element а of a field а e di mun 
algebraic over F, then a is said to be separable (insepare 2 . 
if the minimal polynomial of а over Fis separable ара m 
An algebraic extension K ofa field Fisa said М emi Kis 
eXtension, if every element of K is separable over 
said to be an inseparable extension. v 
As observed arate every polynomial over à field. of characteristic 
Zéro is separable, we See that every algebraic extension of a field of 
Characteristic zero is а separable ise aa 
However if we take Р=24(0) ап finite ext 
Of x:.., (Example 16), then K is а ni i 
IK :-F]= K isan inseparable extension 25 теч hase DE 
sd er But / mos Fisan infinite field of finite characteristic. 
^ Kimi E fa finite field is separable. 
at ап ET 
Or thi ; st the following: F 
diee ipie roue ET any integral domain of characteristic p. 1 
Prime nimilie? “Then the mapping ©: р-р given by o(a)=a" is : 


monomorphism of D into D- 


be the splitting field 
ension of F as 


ic extension О 
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Proof: For any a, bE D 
(a+b)? -a?--"Ca?71b +C a-b. nnn. +С,” 

Now for each r with I&r«p—1,p | ?C.. 

So that °С,а?-тЬ' —0 for all r=1, 2. xv a pelis е 

Hence (а Б)ғ=ағ{-Ь», Also the commutativity of multiplicatio 
gives (ab)? =a"b?. So that 

o(a+b)=(a+b)?=a?-+b?=a(a)-+ o(b) 
a(ab) — (ab)" —a7»b"— o(a) c(b). 

Thus c is an endomorphism. Further a€Ker o=>a(a)=0 9 

=a’=0>a=0. Hence Ker 2—(0) and c isa monomorphism.8 p 

Corollary 13.47. If F is a finite field of characteristic p then а 
is an automorphism of F. j . pork 

Proof: We have seen in the above lemma that the mapping с: me 
given by о(а) =ағуаєЕ is a monomorphism. So c(F) has Ko 
number of elements as in F. However F is finite and o(F)CF, 

Bet o(F)=F. Hence c is an automorphism.m "T 
Theorem 13.48. Any algebraic extension of a finite field Fi 
separable extension. ose 

Proof: Let f(x) be any irreducible polynomial over F. Suppi 
f(x) is inseparable over F so f(x)EF[x*] (Lemma 13 
Рх) =Bo+Bix? +8, x27 4 ск 1-х" for some 8,Є Г, (0<і<т). 
“>a”, 4€ F is an automorphism of F we сап find «,EF sucht 
Bi=a iyi. 

Consequently Јо) Sus? Ha Px apn, eF amar? 46) 

=Cotaxtanx?+. ..+a,x")?, (Lemma 13.46): 

This implies f(x) is not irreducible. This is a contradiction. iot 
(x) is separable. Thus in particular if K is any algebraic extens ar” 
of. F, the minimal polynomial of each element of К over F is 50Р 
able. Hence by definition K is a separable extension of Е.а ple 

Let us recall that a field extension К of Fis said to be @ sina 
extension of F if K=K(a) for some a€K and a is known ? ip 
primitive element of К over Е. А theorem of great significant op 
Srange’s theorem of primitive element bees 
states that every finite separable field extension is a simple exte E 
The proof of this theorem requires some deep results, which this 
cannot give here. However we prove here a special case ° 
theorem. s’ 

Theorem 13.49. If F is of characteristic zero and two elema 
and b in some field extension of F are algebraic over Е, then F^ 
= F(c) for some cE F(a, b). F of 4 

Proof: Let f(x) and g(x) be the minimal polynomials over be 
and b respectively and let m, n be their respective degrees. 
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the splitting field of f(x) g(x) over F. Then: a,bCK. Clearl 
root of f(x) is a root of f(x) g(x) so К contains a splitting field etf) 
Similar is the case for g(x). Since K.is a separable extension д 
(Corollary 13.42), f(x) bas т distinct roots 4,—4, 4» 45. . „а, in 
K and g(x) has n distinct roots bi=b, by... Bain К. For uo 
?« j«n. Define м ЄК. | 
These 2;;'s are finite in number. As F is of characteristic zero, F 
has finite number of elements, clearly we can find an o(40)EF 


such that оз; vi, /22- 

Then a(b—b,)#ai—4 Mi, 122, i.e., a;-+ab;4a+ab v i, j22. 
Now put c—a--«b€ F(a, Б), 8° F(co)C F(a, b). We show that 
F(c)— F(a, b). 

Since сє F(c) and every 
get that the polynomial по) = «9€ КІ 
deg f(x) =т (Why?). Now кь) = «b -f(a) 0 Suppose that for 

22, h(bj—0 then f(c—«5) 79 so that c— «5;—4i for some i since 
Only a,, 2,,. . ., a, аге the roots of f(x). If i=1 then а;=а gives us 
m c=«b;+a Tie. ab, +a=ab+a>b;=b: This is а contradiction. So 


122. In that case we shall get «Ь-Еа:=«};+ which is again not pos- 
j22.* — b, does not divide h(x). Now x— b 


sible, Hence /(5))7£0.i.e. for | 
is a factor at ic over K. As b is also a root of g(x) in K, x—b 
). We claim that x—b is their 


x)is in F so also in K, we 


coefficiert of fC 
х]. Further deg h(x)— 


is a common factor of A(x) and g(x à 
HCF. As g(x) has no multiple root, (x—by X g(x). Since g(x)=(x—8) 
d each of (x—by) C jz») does not divide h(x) it 


is the HCF of g(x) and h(x). Now h(x) € F(c) [х] 
be the minimal 


as сє F(c) and «EF. Also #0)Є рс) [x]. Let 8x) 
polynomial of b over F(c) then g,) | 80), g,CO | AG) over F(c) and 


h LI 
ence over К also, aS Е(с)С К. — AFERO о, 
is monic so we must 


(хь). (х b») ап 
follows that x—5 


e F(c) - F( Буп 


14 extension of a field of characteristic 


Thus F(a, b)C Е(с). Непс 
Theorem 13.50. Any finite fie 
i ey mens finite extension of F. There exist finite 
number of elements 4r 4» 77 an in K such that K-—F(a, d «^ а). 
We prove the result by induction оп ”- If n=1, then K is already 
simple. Suppose "> and theorem holds for all finite extensions of 
оаа by less than п elements. Let Ky= Flay ©» ve 5 9). 
there exists bc К, such that K,— F(a, as... ; 


By induction hypothesis 
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45.1) F(b). n. 

Thus K=F(6, a,) (Why ?). Now Theorem 13.41 gives K— F(c) 
Some cE F(b, a,). This Proves the theorem.m f 

Definition 13.51. (Galois Field). A feld having finite number о 
elements is called a Galois field, 

EXAMPLE 17. Consider the ring Z, of integers modulo B 
being a prime number. Z, has p elements namely пае Je 
Recall that Z,—(0) isa group under multiplication (Cf. Example M 
Remark 2, $ 1, Chapter 2). So each non-zero element of Z, is 10 
vertible. Hence Z, is a field with P elements, a 

EXAMPLE 18. The splitting field K of x?-4-x4 over Z, consis 4 
of 0, 1, « and I+ where 99150, К is Galois field having fou 


Е It 
Let К be the splitting field of xI oven: 2. 
(2.522, Ita, D43& Эра, 3484 W 


e prime number D. 
(ii) q—p^ for some neN,. 


Proof: Let e be the identity (multiplicative) of F. As F has d 
elements; e, 2e, 3e, “> (94 1)е са 


Dnot be all distinct, There a 
therefore, integers J, К. I<l<k<q+1 Such that 4 e—[e, i.e., e 
—0. Let p be the least positive integer Satisfying ре=0. We clai ү 
that pis а Prime number, Suppose P=rs with l<r<p and L<s<P 
Then Ре 05 pe ==> тез 0 (ros 
working in a field. But each of the 
choice of p. Hence Р is à prime number, This proves that char Fel 


e 
For second part we utilize the result of Theorem 13.5. The prim 
subfield P of F beino ; 


F is a finite field, [F : 


basis of F over Р, Each element of p can be written unique! 


n , al 
к Аа; with n in p ways, the tot: 
i= 


number of elements of F is p». Hence q=p".m 


У ite 
Theorem 13.52 merely states that number of elements in a fi? 
field must be a power of a certaj i 


elements. The уш 
fen of E. H, Moore. Firstly 
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Lemma 13.53. If a field F has q elements, then F is a Splitting field 
of x! — x over its prime subfield. 
Proof : Since non-zero elements of a field form a group under 
multiplication, G— F—(0) is a group of order g—1 under multiplica. 
9 С, а—!=1>а'=а. 
ий. Eor сас ше for all bE F, b1=b. As a consequence ever 
Trivially 07—0. Thus for a. Y : y 
is a root of x7—x. If P is the prime subfield of Р, then 
pr : met have more than 4 roots in any extension of P 
(Theorem 1328). So all the roots of x'—x are іп F. Hence Fis the 
itti —x over Р.Ш k 
тй бн ГУ че т ДИ at ede 
ists a field having р" elements. 
n€N, there exists н Clearly Дх)Є Z,[x]. Let K be the 
Proof : pees over Z,. We claim that K is a field having p» 
splitting field o E: à eye tes 
рӯх S'(x—aj), аЄК. The mapping o: 
Pen B ie sa - (Cf. Lemma 13.46 
Р hism. . Lem а 
f ур" x yc К is a monomorp: у 
given by о(у)=у к basins o(X), (ŒK) is a subfield of К. 
and Problem 7). = =o(a)a:€ (К). Thus every 
USIP a ШР ОО UI ee eee 
Now for cach gis also c(K) contains the prime su ie ee a 
Toot of f(x) is in (К); s the splitting field of f(x) ov f f(x), so 
(Provel). So о(К) contain t each element of o(K) is a root of f(x), 


fores o(Kj=K. Miis p that all a;'s are distinct. Noy f'(x)2 
K-(a, ay .. а}. We а So f(a) has no multiple roots 
=p. 


"3i d as Слага p- 5с d: 
id | 41). Thus our assertion is a 
Сейдеш K has exactly р" cleme rime number p and nEN, 


yery P 
ws that for eye" ith p" elements. 
B ate ae (within isomorphism) with Р 

there is a uni 


ber of elements 
5. Finite fields having the same numbe f 
Theorem 13.55. 


i h having q elements. By 
are isomorphic. be two fields eact as BY 
Proof : Let Ki pae yt пЄМ and primm Opes ces 
KR Sei of К, and Кз is Pus р> and P,=Z/<p>, 
roe i iK respectively. As P=% field of х@—х over P, 
subfields of K, and Pos 13.53, Кү is ШП: Журе es 
Pep, NON iig bell of yt—y over P.. Hen 
[SS PE is denoted by GF(q). 
V ROSA ug wh р finite fields. 
Noration. A fini tant characterizatl а aN 
Lastly we prove an juae is finite if am d only if its ip 
A 
Theorem 13.56. 


group is cyclic. 
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Proof: Let Е be a field with g elements. Then G=F—(0] is an 
Abelian group of order q—1. Letn be the exponent of G. By defini- 
tion of exponent, n<q—1. Also x^—1 for all xEG. But х"—1 сап 
have at most n roots in G (Theorem 13.28), so q—1<n Hence 
п=9— 1. Consequently there exists an eiement acG such tbat 
o(a)=q—1. In other words С is cycliz. . 

Suppose G=F—{0} is a cyclic group generated by a. If a=1, Wê 
are done, since then o(G)—1-»o(F)—2, Let us now discuss the CaS? 
азё1. 

Suppose that char F=0. —1€ G and —1415—1=a" for some 
п(5#0)Є ®=> (—1)*—a "=>" 1 with n403G is a.finite group. Т! 
in turn implies that Fis finite, which is absurd as a field of charac 
teristic zero cannot be finite. Hence char FÆ0. So we have char 
—p, where p is a prime number, The prime subfield P of F, bein8 
isomorphic to Z,, has p elements, Since a--140>a—1EG, we 8 
that a—1—a" for some nEZ. Hence а satisfies some polynomial 
P[x]. In other words a is algebraic over P. Consequently [P(a) : pj" 
for some re N. As P hasp elements, P(a) has p' elements. No 
OE P(a) and every non-zero element of Е, being a power of 4 85, 
belongs to P(a). Thus FC Р(а), But P(a)CF. Hence p.-p(a) has? 
elements.m 


WORKED-OUT EXERCISES 


Exercise 1. А field F is called 
sions of F are separable. 

Prove that an algebraic extension 

Solution Let aCK, an al 


Perfect fiela if all finite exte™ 


of a perfect field is separable. 
g braic extension of F. Since ro 
T some nEN. This implies that 4%, 


is a finite extension of F, By hypothesis Fis perfect, so F(a) pe 


at an 
of F, is bl F if and only Ü 
F(a’) = Fa) » 1$ Separable over 1 


. n abl 
Solution. Let K be an extension of F and acK be separ е 


over F. The minimal polynom; = ЛЕ в, 
of a over F is separable. рге m aane 
Then a is a root of g(x) as &(a?) =a,7 HAS i 
(zo +a +. . Fon a array д 4)]"—0. Also g(x) is ited of 
over F. In fact if h(x) is a factor of g(x) in F[x] then h(x”) is а "i f 
of g(x?) in Р[х]. But g(x?)—-[ Ух) and f(x) is irreducible ove 
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=h(x?)=[ f(x) for some 0<К< р. Taking derivati 

we get k([ f()]*? /'(х)=0. Separability of f(x) esp Sides 
Accordingly h(x?)=1 or h(x?)=[/@)]’. In the former cas CH 
and in the latter case h(x?)=8(x")> h(x) =g(x). Thus E tO 
minimal polynomial of a? over Е and so [F(a?): HW Te 
Consequently F(a”)=F(a)- (а. 

Conversely, let F(a”)=F(a) and suppose that а is not separab 

over F. The minimal polynomial f(x) of a over F is not MERIT 
This gives that f(x)=g(x”) and so a? is a root of g(x). Clearly дт 


Of g(x) is =m (say). Hence [К(а*) :F]&m«n, as p>1. Since 


(а): F]=[F(a) : Рша?) : Ет (by hypothesis), we get that 
"sm. This is absurd. Hence а is separable. 

Exercise 3. /fa€ K, an extension of F, is separable over a field F 
of characteristic р(520), then F(a) is a separable extension of F. 

Solution. Let bE F(a). As а is algebraic over F,[F(a): F]is 
finite. Let [F5): F]=m, [F(a) : F(b)]—7. [F(a) : F(b")]=q and 
[F(b») : F]=s. Now nm =[F(a) : F(b)) FG) : Е]=1Е(а) : Е]= 
[F(a) : F(b))EF(7):F] =аз 10p.t. Again F(b") is а subfield of F(b) implies 
that s<m=n<q. 1 

Let f(x)9«o aX. - ех" be the minimal polynomial ofa 
Over F(b). As {1, b. - +» F(b) over Е; for each i, 
Oxixn—l, а: Ao Mb +: - Aon b"- with A5,€F for all 
Ox j«&im—1. Further f(2) — 02a" is а root of g(x) -- «o" "х... х". 
For gach i, | 0<i<n—1; а" (һо b+. --+Anm- b=)? 
АБА". Mina ping F(b"). Hence в(х)Є Е(”)[х] 
is satisfied by а”. Аза result [F(a’, b”) : F(br)&n. But a is separable 
Over Ез F(a")-- F(a) (Exercise 2). So [F(3) : F<, ie, q<n. 
[Note that F(a”) = F(a) and bc F(a) imply that F(a’, b") — F(a").] 

Consequently q=” and F(b)— F(br)2 bis separable over F. Hence 
F(a) i xtension of F. 

CRE cag ne K,an extension of F, are separable over F. 
Prove that F(a, b) is separable extension of F. | 

Solution. In case F is finite, F(a, b) 15 separable extension by 
Theorem 13.40. In case chat F=0, there exists | cE F(a, by such that 
Fia, b)=F(c). Char F=0 implies that irreducible polynomial of c 
over F is separable. Hence c is separable, а fortiori F(a, b) is separ- 
= eed ae left is that of infinite field of characteristic 
P(3£0). Following the arguments given in the proof of Theorem 
13.49, one can easily see that F(a, b) is simple extension of F, ie, 


F(a, b) — F(c) where cza4 Mb, AEF. 


b-1) is a basis of 
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m-i 

Now let [F(c) : Fl=m. Wecan write a—ag--a,c4-. . . it 3 
and b—8,--8,c4.. . Ва 4% with а, GEF for i=0, 1, . .. s. 
Clearly Daya eP., -T% m1" 1c™-YPE F(c?) and simile 
РЄ F(c"). As a, b are separable over F, we get that Е(ау= Еа? 
F(c?) and F(b) = F(b")— C Е(ст)-»а, be F(c"). This in turn implies be 
с=а+35Є F(e?), Le, F(c) CF (cr). Trivially F(e")C К(с). So di 
F(c?)-c is separable over F. Invoking the result of Exercise 3, 
get that F(a, b) is separable extension of Е. hen 

Exercise 5, (Steiaitz Theorem). If K is a finite extension of Ft 


5 er 
K is simple extension of F if and only if there are only a finite numb 
of subfields of K containing Е. 


Solution. Suppose that Kis simple extension of F. Then К 
F(c) for some сє К. Let 


f(x) be the minimal polynomial of c Mic 
and Z, a subfield of r, containing К. As c is algebraic over L, 5. 
g(x) аах... +e, 1X7 +x" be the minimal polynomial of c ОУ f 
L. As f(x)€ FASSE Lp], we get that g(x) divides f(x) іп Дх]. tg 
+ 941-4). Thus g(x) € Lx]; further Сї P 
Lo. Hence g(x) is minimal polynomial 0 p 
over Lo. Now note that K=F(c)C L(c)>K=L(c) and so [K: LIS 
Similar arguments show that K=L,(c) and as minimal polynom гы 
of c over Ly is g(x) we get that [K : Lo]=n. Hence L—L, Thus ; 


only subfields of K containing F are the fields of typ: F(3o, 912° AS 
8. ;) where Bot Bix.. "TBa 


+x" is a factor of f(x) in KIX} ^. 
number of monic factors of hat E 


F(z) = F(cs-Fb)  cr-- b, cs+b 
>cEF(z) as r—s40, Furt 


contradiction to the choice of n, 
Hence K=F(b) is a simple extension of F, 
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PROBLEMS 


1. Write in details the proof of Lemma 13.39. 
2. Let F be a field. of characteristic р>0, a prime number. 


Consider f(x)=x?—x. Show that 
(i) f'@=-1. 
(ii ).f(x) and f (x) have no common roots. 
(üi) All roots of f(x) in its splitting field over F are distinct. 


[Hint. For (ii) notice that f'(x) has no roots, and (ii) follows 


from (ii)]. 
.3. If K is a field extension of Z, then shows that Z, is the prime 
Subfield of K. 
n of a finite field is simple. 


4. Prove that any finite extensio af 
(Another special case of the theorem of primitive elements). 

5. Let fx) e Ех] be an irreducible polynomial. Prove that the 
HCF of f(x) and f' (х) is 1 if and only if f' (x)40. 

[Hint. Use Lemma 13.41]. 

A Jb) 

6. Prove that there is no rational function aD, f(t), 90) FU], 

&(t)40 such that, t= LOT, where t isan indeterminate over F. 
: g 

Deduce that х>— is irreducible over the field Z(t). 
7. Let F be a field of characteristic p, then prove 


bC F and for all non-negative integers л, 
(i) (а b)" =a" +b" 
(ii) (a bye" =a” —b"" - 
[Hline, Use induction оп n]. 
8. Let F be a finite field and л be any p 
that there exists at least one irreducible po 


Over F, } 4 ' 
[Hint. Let К be the splitting field of xt" —x over F where q is the 
order of field F, Then IK : Е|=п, gives K=F(c) for some cE К. Then 
the minimal aie F is a desired polynomial]. 
9. Prove oam inr her of characteristic zero or is 


à fini i fect. { i 
Yes COME fields s m that if K is separable over 


F th i ble over L: 
eer of F prove that theset of elements in K 


d of K. 
oe over F form а subfiel 
ich are separable jement in each of the following fields over 


12. Find a primitive € 


that for all a, 


ositive integer. Prove 
lynomial of degree 1 


mial of c over © 
field which is eit 
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(i) Q(v2, v3). 

(i) Q (i, 2). 

(її) Q (4/2, 4/ 5). 

(v) Q(V 3, v2). 

(у) О (o, V2) where o is imaginary cube root of unity. 

(vi) Q (o, 4/2). 

13. Let F be a field of characteristic p >0 and a€F be such that 
there exists no bE F with b»—a (i.e. A/4&F). Then show that ?—@ 
is irreducible and inseparable over F. 


14. Deduce from problem 13 that a field F of characteristic p(#9) 
is perfect if and only if the mapping а-а”, a€ Fis an automorphis™ 
of F. р 

15. Deduce from problem 13 that for any field F of characteristl¢ 
Р(550) if x is transcendental over F, the F(x) is not perfect. t 

16. Let F be of characteristic p>0 and f(x) be a non- constan! 
polynomial over F. Prove the following. 

(i) There exist integer л>0 and a(x)EF[x] such that /0) 
р(х") and g’(x)s40. 

(ii) If f(x) is irreducible then g(x) is irreducible. 

(iii) If f(x) is irreducible then g(x) is separable. 5 

(iv) If f(x) is irreducible then each Toot of f(x) has multiplicity Р 
in the splitting field of f(x). 

(v) If an element a in a field extension 
then there exists a non 
over F. " if 

17. If fis a function from а field Fto F such that /0)=Х y 
x0 and f(0)—0, then show that fis an automorphism if and °” 
if F has either 2, 3, 4 elements, 

18. Let F be a fi 
that a non-zero ele 

2—2. 


only if a? 


z F 
Kof Fis algebraic E [с 
“negative integer п such that ағ" is separa 


H om 
nite field of characteristic different from 2. a 
ment а of F is square of some element in F if ! 


of 
=1 an a non-zero element a of Fis not a square 
4-1 
any element in F if and Ce ар SN o(F)=4- P 
19. Let Z, be the ring of integers modulo 2, and x, y, ae y 
dental over Z,. Consider 2x, J), the field of quotients of A P y 
Take F to be subfield Z,(x*, y`) of K=Z,(x, y). Show that (i) ie es 4 
} is a basis of K over F, and (іг) every element of K sal ple 
"o lynomial over F of degree at most 2. Deduce that К is not à 
P ; 
extention of F. 


cen 
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20, Prove that a finite separable extension of every field F is 


simple extension. à 
Fg Let a, bE К, an extension of Р, be algebraic over F. If one 


of a or b is separable over F, prove that F(a, b) іѕ а simple extension 
of F. P 


14 


GALOIS THEORY 


One of the most elegant theories in Abstract Algebra is the 
“Galois theory of fields”, Th 


1 " 3 ] gebra, like the present one, it 
15 not possible to discuss in details the whole of Galois theory. The 
interested readers can find its excellent accounts in some of the books 


in the bibliography, However we Shall study its fundamental- 
concepts and give some simple applications, 


1. Monomorphisms and their Linear Independence 
Let S be any set and K be any field, Let M(S, K) denote the set 


of all mappings of S j Н А Se 
Ы into К. Given 4,, ф,є М5, К) and ac K, %© 


mpita... Od, — 


implies a,=OVi=1,2,.. SEND 20 
for all 5Є S implies a;=0 yj— 4 : Bahio aid 2d augu) 


In particular consider a field £ au d vectorspace MCE. К}, Let 
су Gy. .. , 0, by any n distinct monomorphisms OP into Clearly 


oEM(E, K) vi—1,2,..., п. So we zs depen 
dence or dependence over К. сап talk of their linear indeP 


Theorem 14.1. Let E and K be any 
any n distinct. monomorphisms of 
independent over K. 


гё 
two fields. If 64, сау... бв 4 


E into K, then they are linear? 
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Proof: We prove the result by induction on л. Now for an 
*;€ K, ao, = ўза, 6,(x)=0 for all хЄ E»a,—0 as o,(x)40 for АП 
Х(5®0)є E. Thus the result holds for n=1. Let us suppose that the 
Tesult holds for any set of monomorphisms of Е into К having less 
than n Members. Suppose for some а:ЄК, i=1, 2,..., n not all zero, 


iW 2,0, - 0362 d- .-. 10060 (1) 
he induction hypothesis implies none of the a;'s is zero. 
As а,50 ; dividing (1) by an, ме get ; 
bioitbeoz +--+ Bn-1 90-1 t 05 —O 0) 
Where b;—a;a, 1 v i-l, 2; 3,5..,n—1. 
there exists хЄ E such that 


Since c, and s, are distinct, 
сбх) с, (х). Clearly х0. For any хЄ E, we have from (2) 


b,o, (33x) + bos 053) +: - osx) 70 
Be: buo Go 09 tbo): ‚.+в„(х)в„(х)=0 . ..(3) 
Thus 5,209 ce, (X)--5s a в(х)...+в„0)=0мхЄЕ .. (4) 
(2) gives bioi) +b). - .+o,(x)=0¥xEE. (5). 
Subtracting (5) from (4), we get ay 
‘ a(x) 9X. .] |о„(х)+..... 
5 [ с) Ж, ] a(x) +5: 0 ) я 


Р вһ-1(Х) _ ] Hes =0¥xEEF. 
vee „ы, [em 1 | on-1(*) 


Since p, Eom ]e 
с.х v 
pendent over K. 


The last equation implies that сі, 
95...,o,, are linearly de This contradicts the 
Induction hypothesis. 

Hence ву, Ga,- +, On аге linearly independen 


the theorem.m T 
Taking E=K, we get the following: of K is linearly indepen- 


Corollary 14.2. Any set of automorphisms 
dent А 
Tones if 3. The set of all automorp Бодома field Jorm ase 
un Р ition. J RT 
ат гашен ru set of all automorphisms of К. Since /, 
the identity map on K, is an automorphism of sid € wii ied 
(i) CI. „Тесс, оа € Aut (К). mphenioiranages read 
T ned T о, is also 1—1 and onto mapping. Further 
or any x, yEK 


over K. This proves 


PM 11:0) 0:02] 
sesta) Tl =0,0,(X)+ 01040? 
= alog- s 0001 Gies GOD Ts OD 
па ies COME 071 
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This shows that с;с, is an automorphism of K. 

Hence с,с,Є Aut (К). 

(ii) Associativity : Yt follows from the fact that the resultant com- 
position of mappings, in general, is associative. к 

(iii) Existence of Identity : The identity map Jon K is the identity 
of Aut (K). И 

(iv) Existence of Inverse: Consider any с Є Aut (К). Since с 15 
1—1 and onto. c^' (the inverse of the mapping c) exists. For any 
хЄС. o~ (x) «y if and only if с(у)=х. Now consider ху, х„Є К. Let 
o (x)=). 07 (x) y». Then o(y,)=x,, o(y.)—x, so that c(i 9 
= (у) - 60) =X, +x, and в(ууу„)=в(у,у)в(у„)=х,ух„. Hence 
67 (xy x») 53 Y» 671 (x,)+ o7 (x;) and 671 (3X4) = ууз 3 
=o71(x,)o71(x,). Consequently c-! is an automorphism of К i.e. 
c € Aut (К). 

This proves that Aut (K) isa group.m 

Definition 14.4. Let F be any field and K be any field extension 
of Е. Then an automorphism с of К is said to be an F-automor 
phism if o(x)=x for every x€ F (i.e. с leaves every element of 
fixed). 

Clearly 7, the identity automorphism of К is an F-automorphis™- 
Let су, оь by any two F-automorphisms of K. Then 9619: 
Aut (К) as Aut (К) is a group. At the same time for any X€^"' 
c, (X). 6,(x)=x. This implies (х), o; (x) =x > 6,69 1X) = 
mile; ()]7,()—x. Hence бүз! is also an F-automorphism 0 
K. Thus the set of all F-automorphisms of K is a subgroup of a 

automorphisms of К. 

NOTATION. G(K, Е) will denote the group of all F-automorphis™® 
of K. G(K, F) is called the Galois group of K over F. 

Lemma 14.5. Let K be any field extension of F and аєК be 
algebraic over Е. Then for every F-automorphism с of К, o(@) is? 
conjugate of a over F. i 

Proof : Let f(x) x"-E o, xni ацал. 
mal polynomial of a over F, й 

Then OF ya") Fey cart LLL. +a =0 

So 0000) = o(a Fan патра i-i. eto ыу +оо) 


-uo be the тіп!" 


(a) + olanla m Folen S uo(a) ^ 9. +> 4 ot ) 
=[n(a)]}"+- sapo, ofa. o. Ja 
since o(a,)=%; Vi—0,1,2,.. a n=l. 


This shows that o(a) is also a root of f(x). Hence o(a) is 2 conju" 
gate of a over F.a 


jon 
REMARK : Let K—F(ay a... ‚ &,) be a finite algebraic extensio 
with (41, dos. +...» An} a8 а basis of К. Then each xE К is expres! 
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88 x—oa, ads. eee Fanan. 
Suppose c is any F-automorphism of K. Then 
a(x) (2,)e(a))--0(«) o2) + - - - - +olen)olan) 
—a,0(a,) +аз6(0:) +.  - 5 Hanalan). 

So that c(x) is known if we know 3(a,), olā) ... · ‚ с(аһ) i.e. o is 
completely determined by the images of the basis elements of К. In 
fact, more generally, if K is finitely generated over Fand aj, as. . . -., 
а, is a set of generators of К over F then c is determined by o(a,), 
*(a,), anes , «(a,). 

Lemma 14.6. Let G be a group of automorphisins of a field K. 
Then the set Fy={xEK | c(x) e xv. € G) is a subfield of K. 

Proof : Since o(0)=0 and (01) =1%Є6 0, 1€ Fo. 

Let x, уЄ Г. Then for every s€G, 9(х)=х, o(y)=y. Conse- 
quently (ху) = a(x) - 900) =N—J and when y#0, o(xy~!) = a(x) 
90)- —xy71, Thus x-y EF, and when 7320, ХУ 'Є /. Hence Fo is 


à subfield of K.m : 
Definition 14.7. Let G be a group of automorphisms on K. The 
Subfield F, of K consisting of all those elements хЄК such that 
a(x) =x for every a€G, is called the fixed field under G. T(G) or Kg 
Will denote the fixed field under G- 
Remark 1. Let P be the prime subfield c à 
Contained in every subfield of. К. In particular 1 
Under G, then PCF». 50 that s(x)exvx€P 
every automorphism of К is а p-automorphism. 
Remark 2. Every member of G can be regar 
morphism of К where Fi =Г(С). ! 
Remark 3. If Kis a field extension of à a e caer group 
of automorphisms of К then FC Fo е e Ў ive some exam- 
Before we proceed with the theory. we pause to give > 


Ў р above. 4 
ке intro) The minimal polynomial of v2 
ИЩ Debs £): 


i basis of K over Q. Thus any 
ee ee {Р bon dd; bEQ. Let c be any automor- 


Р i —ad bu д | 
ihe = Ej ие 3 Further e(2) is а conjugate UR 
Mo As nae the only roots of х?——2 we get c(v/2)— v2 or 
V= 2. 
Case ] : 2)= м2. "5 ы 
t Then toy saa) ot) «((2-at5V2—* v XEK, 
€ identity map on K- S edu. 
Case it: if VDE _ ¥ 2, then с(х) EU y 
Hence Aut (K) consists of only two 


of K. We know that P is 
f Fa is the fixed field 
and v c€G. Thus 


ded as an PF, auto- 


gives c=], 


ely Z and the 
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automorphism з such that «(x) -a—b V2 v x=a+by2EK. Р 
Suppose x is in the fixed field F, under Aut (К). Then 1(х)=х i€ 
a—b¥2=a+by2. Thus b=0 and x=a€Q. Hence F,CQ. re 
ever Q CF, as Q isa prime field. Hence F,—Q.. So Q is the fixe 
field under Aut (K). | y2 
EXAMPLE 3. Let K=Q (4/2). The minimal polynomial of 2 
over Q is x'—2. It has only опе real root namely 4/2. K isa fiel 
of real numbers. So 4/2 is the only root of x3—2 in К. Leto "i 
апу Q automorphism of К. Then c(4/2)€ К is a root of x?—2. i 
4/2—c(4/2). Let x be any element of К. x can be expressed 2 
a+ (/2)8--(Q/2)5; a, 5, YEQ. 
So о(х)= «(2) - «(4/2)o(8) +[o(¥/)} ay) 
—u 26+ (4/2) =v. 
That means c=/. Thus Aut (K)={T}. 
Hence in this case К itself is the fixed field under Aut (K). п 
EXAMPLE 3. Let L be any field of characteristic 2 and t be 2 
indeterminate over L. Let F=L(t) and K be the splitting field 
x'—t over F. If a€ K isa root of л – г, then га" and х 
—а= (х –а)". This gives that a is the only conjugate of a over t 
Thus for any cEG(K, F), o(a)=a (Lemma 14.5). Take xe Eum 
x=a-+a3 for some о, $C F as K—F(a). So в(х)== (и) --a(a) (8 id 
&-Fap-x. Hence c—7 and Aut K-—(I). In this case the fixed fie 
under G(K, F) is K itself. Му. 
Theorem 14.8. (Artin) Let С be a finite subgroup of automorphis"? 
of a field К; Fy, the fixed field under С. Then the degree of K over 
is equal to the order of the group С. 
Proof: Let o(G)=n we show that 
(i) if[K : Ра] is finite, say m, then mèn and 
(ii) [K : Fy] is finite, Say m, such that man, 


of 
(i) Suppose m«n. Let o=], 6... . ., o, be all the members 


3 > e syste 
G. Let {Xi X4, ..., х„] be a basis of K over Fy. Consider the $Y 
of m linear homogencous equations 


e, 05) (х)... cbe x) = 0 мј=1,2,.....т —- 


As the number of equations is less than the number of vari? 
the equations (1) have a non-trivial 


Then (х) + с:(х,)у, 4. 


Consider апу хЄ К. Then y= z yin? 
aE Fo aS {Xis Xas» + -s Xu} is a basis of K over F,. In (2), multi act 


moy) yoQ) + vs Eo.) 0 v xc К. 
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ints У91 71-32621. _. by, 6.=0 With at least one of 540 
s is not possible (Theorem 14.1). Hence mgn so m>n Slat. 
(ii) Suppose there exist n! linearly independent element 

a, Xuz Of K over Fo. Consider the system of n d 


Хы Xess was 
n-+1 unknowns. 


homogeneous equations is 
G(x), t ot - - 900) 70 forj-1,2,....n ...(3) 
m Ei number of variables is greater than the number of equa. 
E " ese homogeneous equations have. a non-trivial solution. Let 
ue c.e Zap) bea non-trivial solution of equations (3) with 
est number, say r, of non-zero components. We can renumber 


t 
кш and suppose that 2;=0 31277 1. 
hen (3) gives 


Sx) (ха) 5 1) 
and setting 2, = 


(x)z, 79 ууз 2r ыл ышт (4) 
ilz, i, we get 


Dividing the equations by =, 
Gi(x,)2,'+0,(X2)22' + T wie adorari +90) = OVI . 5) 
Now for j=1, o;=/, 80 a(x) =X yi. We get from (4) 

' ...(6) 


Re ee РХ +x,=0. 
in Fy then (6) would give 


Жүл 
If all of at it T s. ae Were! 
Ту Ле узай; . x, are linearly dependent over Fo. This would not be 
of these, 52у, z,' is not in Fo. Notice 
—0. As z/&F, 


oe. Hence at least one 
ier that rl otherwise we Wou 

ere’ exists: some а} G^ such that o 
We get 


14 have got EM ; 
(21152216 Applying c; to (5) 


$ „alol ] 


--ei[o) (X972 MN y j=l, 2,. -o 7. 


НАЕ Co hank 
с,с,(х1)с,(2;)+ сис (х)9(:)+ ке у: с / 


However 4626 so that every s,€G is pe ONE To 0 
(х ; ү, сухта) (2-1) IT 
fs; (т т justo астен та 


Ог all = 1, 2,.... э,” 
Subtracting (7) from (5) ¥° get 
za — (2, 


в[ву(ху)21 {l 


+ cera —0(2,-1)] 


Ae — o (=, aw: itn 
ME — e c) He G9 vj-l2. on ОУ 
Now we put jen coe b Deas Pd 
and 5,—0 xwk-n rej ntl 
Then (8) gives P 
C C AC aen Xr-3)fr-1 
My 172: . .., a5 ee) 


core Л 

Furth z 'ёв(2\) 50 that (f. fos -+> -> 15.3.0; Opn) 

за а i of the system of equations (3). It has less than 
But by our choice (21, Ze . . +» £n 0; 0, уй) 


r 
non-zero components: 
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is a non-trivial solution of (3), having smallest number of поп-2Т0 
Components and these аге г in number. Hence we geta contradiction: 
This proves that mn. Hence m=n., i.e., [K : Fj]-o(G). This com 
pletes the proof. m A 

REMARK 1. Let С be any group (not necessarily finite) of e 
morphisms of a field K such that [К : Fj] m is finite, where Fo ist е 
fixed field under С. Га the first part of the proof of the abo 
theorem, we don’t require to assume that G is finite, actually we 5° 
that G cannot have more than m members. 

REMARK 2. Let K bea finite extension of F and G be the gro 
of all F-automorphism of К. Then the fixed field F, under С conta? 
Г, so [K : F]&[K : F]. Hence o(G)«[K : F]. a 

Definition 14.9. A finite extension K of a field F is said to Mw 
Galois Extension of F if F is the fixed subfield of K under the 810% 
G(K, F) of all F-automorphisms of K. à 


jon 

Corollary 14.10. Let K—F («) bea simple finite separable exteri 

of F. Then K is a splitting field of the minimal palynomial of « 9% 
if and only 


" 
if F is the fixed field under the group of all Е-ашот0 
phisms of К. 


Proof : Let f(x) be the minimal polynomial of « over F and k 
deg f(x)—m. Then [K : F]-m. Let «=a, 03, 03, be 
distinct conjugates of « in K. Then K-—F(c)vi-l,2,....- MU. 
each i, there exists an F-automorphism c; of K such that e) 
Since «, generates K over F, each с; is uniquely determined. Futt 
for any F.automorphism в of К, as (a) is a conjugate 0 
(Lemma 14.5), c(4))—«. for some а. From this it follows 
о= 91. Hence the group G(K, F) consists of c, op +++» 9n m. 
F, be the fixed field under G(K, F). Then by the above theo! e 
[K : Fo] o[G(K, B= So F= 


that 
Let 


t 
р S. 
Fs if and only if rm. Hence F if 


fixed field under С if and only if f(x) has all its m roots in. K ^^" 
and only if K is the splitting field of f(x) over Е. x 
EXAMPLE 4. Consider any prime integer p. Let 70) 
ЕЕ, +x+1. Then 
LOA =x IC xP Cra HPC y-2X +P. stan! 
Since p divides the cofficients of i e$ cT ue ,xand coivid® 
term p; р? does not divide the constant term and p does not ible 


EE uc 
the cofficient 1 of x°-1, by Eisenstein’s Criterion f(x-+1) is irre 
over Q, hence f(x) is irreducible, 


отр 
х®—1=(х—1) (хт +x+ 1), so for any "o 
root « of x?”— 1 if «#1, then z is а root of xii px etur eot 4 
2zi 


ze г ай 
Consider «== e”, = 1, 2,....„р--1, None of a; is equal t9 
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all these eus Yr 
ps are distinct. Hence dy %2 E 

root j p Layee er Sp are p—1 disti 
Bs 5 of f (x) over Q.. So K=Q (zi &» + + => 4-1) is the Pan Bld 
e minimal polynomial f(x) of a, over Q. Hence the fixed hdd 
hism of К is Q. However Q 


° 
a the group С of all Q-automorp 
prime subfield, so every automorphism of Kis a Q-automor- 


Phism. Hence Q is the fixed field under the group of all automor- 


phisms of K. Thus К is а Galois extension оғо. 
Кечмиш 5. Consider K=Q (4 —3, 4/2). К is the splitting 
d of x3—2 over Q. Let G be the group of all automorphism of 


K. Indeed G is the group of all Q-automorphisms of K. Since 
Remark 2 following theorem 14.8]. 


ie O]-- 6 we have o (G)<6 [by owi 
pes. irreducible over F=Q (V —3) then at least one 
oot, say B, of х2—2 isin Q (V —5 so Q (3) CQ(¥—3). Then 
[О (3): Q] | [9,0У —3) : Ө]. However LQG: Q]— 3 and 
Ko —3):9]-2; we get 3 divides 2. That is not possible. Hence 
€ get a contradiction. 

4 Consequently x*—2 is irreducible over 
P 2) is a simple extension of F. Asit conta 
p. S the splitting field of the minimal polynomia 
F. Hence the group Ci of all F-automorphisms © 1 
is the fixed field under Ci- So 3=[K : FJ=0(G;)- However G, isa 
dad of G. Consequently 3) o(G). Again TAE E ma a 
er F,=Q(W/ 2) F La, Held oracao OO ай wit 

1— Q(V/ 2) and К is the splitting (6). This shows 


IK: F,J=2. So we also get 2 o(G). Hence 6| 
proves that [K : 0]=901. Consequently 


6<a(G). Thus o(G) —6. So it i ATA 

Qis the fixed field under G and K is a Galois extension o Q. 

EXAMPLE 5 (a). Consider the polynomial ес. Q 
EVIE, The splitting 


E E UR 
PERS! q 
suse cr )-av3.i. 
ver Q.. Since 


e Galois group of Ko 

]e over Q (Prove 1), there exist бү, бз, бау oE 
PAA асе 
к n (5 2 


G 
(К, Q) such that о 2 
) = nee Further for 


F, Now K- Q(A. —3 2) 
ins all roots of x?—2, 
1 02—20 4/ 2 over 
fKis such that F 


)2х= 


field K of хі 24-1 over Qis 


Also [K : Q]—4. We determine th 


хі А 
х1 is irreducib 


СА (vat ie Tuia єз 
2 2 

any ce G(K, Q) 180 quem 

vau xm (з=) 

(с, 95 сз, cj]. Now б! ( 2 ) 2 wa 2 2i 43! 


_x2+1. So С(К, Q)= 
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" (và а 808-0 геа. узн) 
2 узн а (20) =a 7 
= = —V3+i —VY3+i 
= — 3 — and с (=2+)-=умзн 2 j 
У " j =f i 3 
This gives that a(V3)=o, Mote ea v3, vot 
=V3,.0,(i)=0, eed eye f) imd 0030 


=v 3) ()—43i But (1, 3, i №31) is a basis of K over & 

ence o,=/, the identity automorphism of c. On similar lines it V 
be checked that 9:(3)— V3, e (i)  — i, 6,( V7 3i)  — 43i; (V IZ 
E ER Ie Gili Smart чала ov 3)=— 43, DFi 
9(V 3i) —V3i. Now ОСК, Q) is a group of order 4. means tha 


" * * " i "s 
either it а Cyclic group of order 4 or it is isomorphic to Klein 
4-group. 


PROBLEMS | 


esi all the postulates of à vector space for M(S, К). d. 
15 a finite set havin 1 i mens! 
doen 8 п elements, Prove that M(S, K) is of dimen í 
(Hint. For each SES. Define у, ; S+K by f(s)=1 and f(t) = 
Se fs constitute а basis f MC К) over 34 
2. Let K be the splittin a ea a fiel 
F and let W be the set pet Po LORS over р 


i tation 
W. Further for any * EG(K, F) . Show that т, is a permu! епс 


а š Hen 
E “=n, if and only if +=. 
coneiuda ps F)isa group of niches of W. fa 
M py ar l à simple algebraic extension of degree dr 
300 Zero, Sho f conjug 
of a in K over F divides K: F), that the number o 


[Hint. If F, is the fixed got under G(K, Е), than [K : Fol i5 
numberof conjugates ор ain K oyer F.) M i 

4. Let K-F(a, аз... > 4n) be a finite algebraic extensio of 
К. Show that each element of e is a linear combination over 


tbe 
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m А 
Reus of the form aji1 aj. . - азі, 1,20 v j—1, 2 Y 
sw uce that any two F-automorphisms c and 7 of К are dual uence 
i 1 they agree on the аг i.e. o(a;)=%(4:) vi. Н aud 

. Show that the identity automorphism is the onl 

[y S А у automo: i 
f А field having p elements, where р 1s а prime number.. гара 
. Show that the Galois group of the splitting field Kof x»—] 


Over Q is Abelian. 
7. Show that in Example 5, the Galois group is isomorphic to S;. 


Ge Find the Galois group of the splitting field of each of the 
owing polynomials over Q. 


(0) x!—2 
(ii) х1—х2—6 
(lii) 33—3 
(v) x!4-5x*--6 
б) x41 


Qi) x'—-x—1 
Qi) Qe? —3x-- D 99—2) 
(ма) хар xxx T. P 
, Ans, (i) Dihedral -roup of order 8 ((йї) Klein's 4-group, (iii) Sy, 
2 Klein's 4 group, (>) Klein's 4-group, (vi) Ss (її) 5х2, 
vii) Ж, 2 
9. Find the Galois group of x°—2 over Q(V -5 [Ans. 24] 
. 10. Show that the Galois group of (x°-2) (x?—3) over Qis 
ISomorphic to $5x Z» 
2. Normal Extensions and Fundamental Theorem of Galois 
heory , 
Definition 14.1]. Ап венаи p 
ea 1 P f jrreducl " 
normal extension © linear factors ФК. 
ic extension K of a Seld 


ауіпр a root in К, splits into 
fn say that an algebraic € 
other words, we can Say ee pee 


д sion of F if for each give vit 
Minimal yen, of degree, 58У» over F, the splitting field of 


f(x) o i ied in К. 

Comida au eld extension K of F of degree 2. Let f (уге аду 
irreducible polynomial over having a rooi, Say «ln K. Then 
Раск Зо [F() 2р] Л НОЙ [F(e) : 1]=дев f(x). Hence 
Чер О о А КОР if deg /(х)=1» then f(x) is of type ax+b, 
a, be TIA Ey. hen the only root of f(x) is—b/a, which is 
ea АП kp js the splitting field of f(x) contained in K. If 
deg J(9-2 hen fO) js of the tyPe ax +bx+c; a, b, c€ F, a#0. In 
that case if PR root of fœ) in K, we find fl) Sate ca) eret Via) 

a 


of a field F is said to 


brai я 
ашу lynomial f(x) over E 
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with «ЄК, —(«+b/a)EK. So f(x) splits completely over К. This 
shows that K is a normal extension of F. 

Now we give a theorem, which provides an excellent method of 
constructing large number of normal extensions. 

Theorem 14.12. Let К be a finite algebraic extension of a field F. 
Then К isa normai extension of F if and only if K is the splitting field 
over F of some non-zero polynomial over F. 

Proof : Let K=F (ay, а... ; 4,), a finite algebraic extension 
of F. Suppose К is a normal extension of F. For each a; let fi) 
be the minimal polynomial of a; over F. Then Sx) splits completely 


over К. Let f()—fix) ........ fX). Now f(x) also splits 
completely over K. So K contains a splitting field of f(x). As 4r 
podere › à, are roots of f(x) and К is generated by these roots 


of f(x) over F, we conclude that K is also contained in the splitting 
field of f(x) over F. Sothat K is equal to the splitting field of 
f(x) over F. 

Conversely let K be a splitting field of some polynomial f(x) (49) 
Oven WE. Тено Gente nc. ; а, Ыг the roots of f(x) іп К. The? 
К=Р(а„а„...... » au), Let p(x) be any irreducible polynomial ove 
F having root $ іп К, р(х) is also a polynomial over К but may n^! 
be irreducible. Let L be the splitting field of p(x) over К. If we show 
that L—K, it will follow that p(x) has all its roots in K i.e. p(x) splits 
completely over K. 

Suppose on the contrary that there exists a root 8’ of p(x) in L 
such that Q'& K. As 3 and 8’ are conjugate over Fe there exists 2 
F-isomorphism c of F(3) onto F(8') such that c(9)—9" Now 
FCF(8)CK gives К is also a splitting field of f(x) over F(3). Further 
K(B)es Еа, su P)eF (a.a, Lll. ‚ a,) gives KO 
is a splitting field of f(x) over F(9*). Hence there exists an isomorphi? 
т of K onto K(&') such that с(х) (x) ¥xE F(8), (Theorem 13.29 
т is also an F-isomorphism since c is so. Let f(x) Say bax 42 


m Таах", 0,30 and EF, v 1-0, 1, 2,....., n. Since 7" 
unos Ў n a are roots of f(x) we get f(v)—a (x-a)(¥ Ko 
scc х-а,). E. 

Then = can be extended to =’, the isomorphism of K[x] one 
K(gjlxl. Now 7 [ Л) (а) о) (а) vu +r (en 
= tig ахх Oe Жах" since +” (а)=т(х)=вс(а) 2% 
alli. This gives z[/(x)] —f(x). 

Also e Aon — +(а,)][х—+(а„)] TE [х—+(«„)]. (2) 

Hence /(х)=®[Х—(а)] [х—+(а„)]...... [х—т(а„)]. А 

From (1) and (2) we get that =(а,), =(а,),...... , (an) are 


same as d dp - + +> > » а, arranged possibly in different order. 
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Thus F(g, а, .....- а„у=ЕЇ<(ау) *(a3. - ----- ‚ (2,)]. 
However K(8')=7(K’)=*1F @p 42 + + + > + ‚ а.)] 

=F[s(a,), (4) -+ -77 ‚ т(а„)] 

= (а, а, -+ , а)=К. 


Censequently 6° € К. This is 
*tely over К. Hence К is norma 
t eorem.m 

Following are some corollaries of the above theorem. 

Corollary 14.13. Let K be a finite normal extension of a field F. 
1f E is any subfield of К containing F then K is also а normal extension 


of E. 

Proof: Since K is a finite normal extension of F, there exists a 
Polynomial f(x) over F such that K is a splitting field of f(x) over F. 
Eum Kis also a splitting field of f(x) over E. Hence by the above 
heorem K is a normal extension of Es ч 

Corollary 14.14. Let K be а finite normal extension of a field F. 

91, hy are any two elements of K conjugate over F, then there exists 
ап F-automorphi h that olt) 5*1 | 

‘phism с of К such 1 . А 

Proof: Let K be the splitting field of а polynomial ЈО) over F. 

OW as a,, о are conjugates OVEr © there exists ап Гаара 
or F(a) onto F(a.) such that (ал) ==. Now КБ а B ges mum 
9f f(x) over F(a) as well as F(#2)- So there exists an ae p iis ; 
© of K which extends -ie e()-sCOVX€ K- E NUT зїї of 
and for any сЄ ЕЁ, o(a) ===" Hence с is an E P 
K such s 

that с(а1) 92-0 t K is a finite 

D ae Consider me s FCKCL in of K. Can we 
i i О! 

{шшш : i EF? The answer in general is no 


Say that /, is normal extensi “apie 
as can be shown by the following £45 ^. 7 , 
EX TU 2). L-902- 
AMPLE 6. Let F=Q, Ke (м2): 2 а poly- 


nace [K : F]-2, K is a normal exten? S CQ) our d à 
mial over such that X 777 ^id Ae 
Product of A factors and its toon EAT : 55 F 
e the splitting field of RA БЕ olynomi T m Q 
€Xtension of Q. However xi—2 is an CUT t N "e $ bel » 
Such that its one root 4/2€ ^ but another root іў А oes not belong 
to L. Hence L is not a normal extension 0 aie A — 
uch more can be said about Homes oio А, Me iri t je 
into these aspects. Now let "S recall that any algebraic ex ensio 
“Га field of Characteristic zero, i$ ? separable extension. HONT 
there exi f positiv characteristic (in particular finite fie 
sts fields of РО. separable. Now we are going to 


Whose all algebraic extensions 216 
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confine ourselves to finite normal extension of fields of characteristic 
zero. However it must be emphasized the majority of these results 
can be proved for finite normal and separable extensions. Following 
theorem is an apparent generalization of Corollary 14.10. Н 

Theorem 14.15. Let К be a finite extension of a field Е of character! 
stic zero. Then K is a normal extension of F if and only if the fixed 
field under the Galois group G(K, Р) is F itself. In case K is а norma 
extension of Р, [К : F| - o[G(K, Р)). 

Proof. Now K=F(z) for some «€ К (Theorem 13.50). Let K be 4 
norma! extension of F. So every irreducible Polynomial over F havin£ 
one root in K, splits into linear factors over К. Since « Í 
algebraic over F we see that the splitting fieid K’ of tse minimal 
polynomial f(x) of « over F, is contained in K. However «Є К’ gives 
F(z)CK' i e. KCK’. Hence К= К”, Thus F is the fixed field unde? 
G(K, F), (Corollary 14.10). 

Conversely let F be the fixed field under G(K, F), then K is the 
splitting field of the minimal polynomial fi) of « over Г. Hence К Ё 
normal extension of F (Theorem 14.12). This completes the theore! 
Second part follows from Theorem 14.8.m f 

Consider any finite normal extension K of a field F of characteristie 
zero. Let G=G(K, F) and H, any 
s(X)-x V 5€ Hj, the fixed field under Н. For any subfield Е of ^ 


the family of all subgroups of G(K,:F). 
Theorem 14.16. (Fundamental 


(i) Е= Кок, к) 
(ii) H=G(K, Ки) 
(iii) [K : E]=o[G(*, E)] and lE: Fj=indez of G(K, E) in Gk 
(iv) Eisa normal extension of F if and only if G(K, E)is а nor! 
subgroup of G(K, F). m 
у) When E is a normal extension of F, then G(E, Е) is isomorP 
10 СК, F)IG(K, E). 
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Proof: Since K is a finite normal extension of Е and FG EC 
get that К is a fini 1 ion of E. So E i T 
field nite normal extension Of =- is same as the fixed 
eld Кок, ғ) (Theorem 14.15). Thus (i) follows. 
me definition Кн={хЄК | с(х)=х моЄН}, each GEH isa 
-automorphism of К. So that HC G(K, Km) However 
€(H)— [K : Kg] (Theorem 14.8). At the same time as K is a normal 
extension of Ky, Theorem 14.15 gives that Кн is the fixed field under 
G(K, Ku). So [K : Кнү=о[б(К, Кн)]. Thus o(H)=0[G(K, Кн)] and 
Consequently H=G(K, Ku). This proves (ii). 
Now as K is a normal extension of E; by Theorem 14.8, 
(К: Е] = ofG(K, E). Thus aoten е [K:E][E : Е]= 
of G(K, 4 EA 
olG(K, E)|[E: Е] gives (E: FI- ЖК E This proves (ii). 
der any a€ Ё, then the 


Let E bea normal extension of Ё. Consi [ h 
Splitting field of the minimal polynomial of а ira F is рон in 
- That gives eve njugate of а over Fin К is again in E. since 
for any SONU. T) "n я a conjugate of a, we have с(а)Є E. Thus 
for any seG(K, E), [а= «(0 and Y таа 
Proves ause G(K, E) for every nE GU E) аг s€ G(K, Р). Conse- 
Quently G(K, E) is a normal subgroup of G(K, F). Conversely let 
G(K, E) be a normal subgroup of G(K, F). Consider eek: hs E: fe 
a normal extension of F, K contains @ splitting ficló say г he 
Minimal polynomial p(x) of a over F. Consider any root b b £u in 
- Then b is a conjugate of a over F. So there exists ue СОК, E) 
blue оза оруса БЧ eee E), ERES: e 
So(s7«cya)—a. Thus (=) ¥ ТОК. P) EE. Hence 
the fixed field under G(K, E). This gives Ft dy: Mus (iv) is 
CE This proves that E isa normal extension of *- 


=F(a) for some acE. 


Proved, E 
z w 

Let E be a normal extension ОР, D restriction of o to E. Since 

ED E: F) we get с(Е)=Е. 


For any cE G(K, F). let o£ d ORT 
в(аує E, we get c(E)C E- AS (Б): Fl- orEG(E, Р). Define a 
е or is an F.automorphism A en yoEGK, F). Clearly 
арріпр А: GE; ET А 
= Lye ; see acne ne. Hence A iss group Fes 
Phism e nE ,F) e . Now v(a) is a conjugate of а 
o р onsider any a dn F-automorphism c of K such that 
ау dye and Y are both identity c Fand E is ei: 
.) Furthe -Eie,Y-cE-o). 

Tated b A os et = 

y a over F we g€ G(K, P) Now Є 


This proves A is onto mapping HEA С(Е, Р)2 "Ker л 
п Eie., if and only if o(x)=x ¥ 


Ker à if and only if oz is jdentity о 
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X€E i.e., if and only if «€ G(K, E). Hence Ker A=G(K,E) and We 
| ~ СК, Р) 
obtain G(E, F)= СК E) 

This proves (у). Hence the theorem is proved. ш 

In the following remarks Карі Е satisfy the hypothesis of the 
above theorem. 

REMARK 1. Above theorem gives that the number of subfields of 
K containing F is finite, in fact this number is same as the number 9 
subgroups of G(K, F). 

REMARK 2. Since every subgroup of an Abelian group is normal, 
above theorem gives that if G(K, F) is Abelian, then every subfield E 
of K containing F is a normal extension of F. To illustrate such ? 
situation, let K— F(a) be such that all the conjugates of a are powers 

27; 


of а. For example let F=Q and K=Q (а), where a—e Р CA 
Example 4). Then а, а?,...... , a) are the aes of the irreducible 
polynomial x74-x724 00 +x+1. Consider any с, ТЄ G( Р), 


As c(a) and (a) are both conjugate of a, 
for some i, j. Then (zc)(a)— 
(ex)(2)—a*. Consequently 
Abelian group. 

Now we give an example to i 
Theorem of Galois Theory. 

EXAMPLE 6 (a). Consider f(x) = x4_ 5x?--6 е 
; Since f) (0®—3)(х®—2); + уз, t2 are тооз of f(x split 
ting field K of f(x) over Q is K-QO(xv2, 4.y3=Q(v2; /3)- 
Now OCO(v2)CQ(v2, уз). T i it й 
sufficient to show that V3EQ(¥2 
then V¥3=a+by¥2 for some iy 
3=( +20) +2 V 2ab>2y 2ab=3— a? 252. Now: omien iT 
=> 7 6=2b> V6 is rational! If b—0 then 43 would be sation?! 


which is again absurd. Thus the only choice left is /2— 3—d— e 


we have o(a)=a’, n 
(а= (4) = (а) а) — a9. Similar? 
91= с. This proves that G(K, F) is Е 


llustrate the use of Fundamental! 


Q(/3CQ(2, V3). (4/2). Similarly it сап ђе shown that 


Thus we see that [K: 


) 
Q]-4. : G(K: Q 
being of order 4 is either кл the Galois proto 


at 

cyclic or Klein’s 4- Now K has d 
group. 

least two subfields O(v2) and QAXv3) lying properly between Qu. 

Kby Fundamenia Theorem of Galois Theory G(K, Q) has at 72 

proper О subgroups Tying between {I} and itself. Since [K: ay of 


=2 and [K : Q(V3)]—2. G(K, Q) has at least two subgrouPs 
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or 
a 1. Consequently GK, ©) cannot be cyclic, in other word: 
over Q( is isomorphic to Klein’s 4-group. As x*—2 is irreducible 
Dee. 43) so there exist automorphisms в, ог Of G[K, Q] 
at o(/2)=V2, o(V2)=— 12: Similarly there exist SA 
h that oa( V 3)=v3 and e (73) 


m i 
orphisms вз, с; of С[К, Q( 4 2)] suc 
at there are four automorphisms in 


Gu V3. It is easy to verify th 
aes chy Tew Us M BEER BY m(VvI=V2, n(v3)— V3; 
(V2)— v2, w(V3)7— V5 1002) 42 073) nud 


kea 02, (УЗ=—УЗ- 

nM sing basis (1, V2, V3» /. К over Q, one can easily 

H zm that 3,—4, aj Thus we have three subgroups 

fat” ads Н,={1, ws н,={ т) of G(K, 9) Corresponding fixed 
ls are determined as under. $ 

Be n(v2)- V2, every element of Q(y2) is left fixed by т». 
Q(v2)C Kr. Let осн stad 13€ Fn ion 


BY IC ret rave sui ae 
La A v bd 23 


Pa a4 by2—cV3—d/243— 

T Е E 
Qva). 
коле Ku, CQ(v2). In ot 
Sack be checked that Кинг 3) and Bex 

of H,, Ha, Hy is a normal subgroup of GU 77 
91-5, 00003): Q]-2 and IQ(24 ee 0/2), o 
Find) are normal extension of О. ЕП that 7 GI, QV Mh 

1—G[K, 3 =GIK, /2V/3)1- 

Q(4/3)] and Hs бе Eis integer. ^ complex number 
т =] БШ Ғог по positive 


Definition 14.16 (a). Let" 
t of unity if 9^7 


=Q(v2)- Similarly it 
Q(v2v3)- Further 


wi 
na called a primitive nth roo 
x т<п, o?—]. 
EMARK. We know that 4 


ts of unity form a cyclic group, 
11 nth roo numbers. Thus 


Say G [Garret 
, of order п under multiplication 0 ) ] 
Sach generator of G is à primitive ” p root of unity and vice versa 
EXAMPLE 6 (/) uis a primitive cube root of unity 
: 2 
and cos $7 6x ; ое Sth root of unity. ТО check 
os O% pj sin oz isa ;imitive 
5 +i sin = is a P de 35 
t Vem 3 (e 3 ) =@ ш 
hese assertions, note that HE e^ and 8 
г даі ( Sy = RENE 
m TE E & uus 
S1 but ( =) E and \ , = a PAM 
е 2 
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6zi A5 ( rab 
561. Again ( A ) =1, but for no integer 0<т<5, " 5} =. 


wi se f 
Definition 14.16 (b). Let S be the set of all primitive nth peel 
unity, then ф(х) = II(x— £) is called cyclotomic polynomial of degre 
čes 


2zi 
Firstly note that e ^ isa primitive nth root of unity and D 
because of our earlier remark all the roots of unity are given 
2zi 
1, 5, o,..., E" where E=e ™ , So the splitting field of х"—1 a 
Qis QU, E, E*, .. ., £^) —O (ŒE). By definition Ё satisfies ф(х). o 
we prove that $,(x) C 9 [x] and is irreducible over Q, we shall at 
able to prove that [Q (Е): Q]—4(n) (where (n) is Euler's totle 
function), since number of primitive nth roots of unity is same aS Pa 
number of generators of a cyclic group of order n. Our pi. 
endeavour will be to prove all these assertions. Before proving ee 


ы ing 
lemma, we note that 4,(x) is a monic polynomial in ох}; & be 
a primitive nth root of unity. 


Lemma 14.16 (c). x» -1— TI gala). 
d|n 


l<d<n n 
Proof: ^s all nth roots of unity form a cyclic group G of order as 
the order of any nth root of unity is a factor of п. Now х" 
(xe) — 2). . .(x—a,) where each а, is an nth root of unity. 
can put together those «;'s whose orders are same, Since С is C о 
there аге «.,’s for each factor d of п. Suppose P is the product d 
all factors (x —«:) of x"— 1, such that 0(;) —d and d is a factor 0 ity 
We cim that Р is nothing but (x). Let «be adth root of Uy 
а is also an nth root of unity, since d | n>n=kd for some 
za?" = (a)— |, In particular primitive dth roots of unity 
nth roots of unity, so each one of the primitive dth root of " 


must give rise to a factor in P. Hence P-4(x) As а consequen* 
x'—1— П фщ(х).ш 
d|n 
l<d<n 
This lemma gives a conven 
$,(x) for small values 


lic 


ar? 
pity 
€ 


itly 


15 


ient method of determining expli? 
of n. Thus Ф(х)=х—1. Now * 


= x) 
ae) Б) T a, Again x!-]1—4(x) s 9744 
r-l Led Fi 4 (97 
er ERE k inally xt l= (x) ф(х) фах) 2 
х*—1 


(С= ЕЙ ТЕ 
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m 14.16 (a) $e 
: We apply in uction on 7. For n—l, Жу 
Tie n>1 and suppose }niX}E ZL] for all Io By E Zix]. 
16 (су, x-1- П 4099-409 фаб) where g(x)= П a 
E а а x 
"d ше hypothesis 49) € ZP] for all 4<п. тш ОСУУ] 
2 e q(x) is monic polynomial in Z[x] by division algorithm in 
[x] we get x»—1-40) r(x) +s) where r(x), s(x)EZ[x]_ and either 
). As ZCQE), bisa primitive nth root 
unit g(x) re) +50) where r(x), sœ EQ O] 
with either s(x)=0 or deg 569 саев q(x). But in QD х"-1= 
а(х) ф(х). Uniqueness of quotient and remainder implies that 
s(x)=0 and ¢,(x)=7(x). Hence g, œ) EZDIM 
Corollary 14.16 (e). NE o[j]s 
Finally we prove that фь(%) i irreducible over 9. 
Theorem 14.16 (f). «09 Ё irreducible over Q. 
Proof : In the light of Lemm is sufficient to prove that 
ducible polynomial 


$.(x) is irreducible over ^* 
g(x) for some £ 


ek such that u(x)="@) £? ee 
monic, а g(x) can be € osen 
wd E iti th root of unity. Let 


Toot of A(x) is a root of 4,» 6» a pri 

Е be a primitive nth pi of unity 50 that I (E) —-0- Let p be a prime 
number such that p<” and pin: Firstly We claim 
of h(x), Suppose et n(x). Now (p, n) 
a primitive nth root 207)=0=20)=0 
as h(E)40. Hence 5 is а ds Eisa root of 
Р tisfied by 5, o 


а 


ie in turn implies 
x)€ Z[x], (use same argu beo ene 
Thus »—1-q() $400. WHE (E $077 qGoh eos Co 
] d zp»-n. 8 is an onto 
Now define 9: Z>Z|<P7 by gnant Р а » | 
s an onto homomorphism Ф: Zps [x] 


homomorphism. 8 indUc* 
nce sake denote 


gi d = | zx. Let us for convenie 
Bn dii Gs ice" К a 
(x)) by 7 (х) for any f(@) ү 
ДАЛИ: ш 
xs 
5) во) ро a (problem 30, 


By Fermat’s Theorem 


» 12 CDEC) «4D 


$2, Chapter 2) for a€Z, 
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2^—34. This implies that Е(х?)= (&--Bx?-L. . E бухт) — Во (ХР 
Ве) (tix. Ban. Now в(хт)=А(х)[о) 
8X) (х) (х) = [GF — 39r (x). If r(x) is irreducible factor of 


ПО) inti] then TO IFG in Zs Wei | ews 
= ix. Using (1) we see that [rQ)]: | x"-Tin 2 [x]. Conse- 


quently x"—1 is not separable over Z/<p>. But fx)=x"—I> 


[7 (x)'="x"40 as рдп. This is а contradiction to Lemma 13.41. 
Hence our claim that g? 


primitive nth root of unity we get that {= 2% for some КЄМ. Let 
К=руру. . „р, where p/s (1<i<s) are Prime numbers (not necessarily 
distinct) such that p;<n yj. None of p/s is а factor of n. Otherwise 


(К, п)=1, ie, CHE сарт be a primitive nth root of unity! BY 
successive application of what we have 


over Zim 
Using Corollary 
following corollary. 
Corollary 14.16 
is $(n) m 


14.16 (e) and Theorem 14.16 (f) we get the 


(8). The degree of splitting field of хп 1 over Q 


PROBLEMS 


non-void family of subfield 
normal extension of F, Sh 


i jel 
normal extension of F, i 


of K. Prove that following: f 
If c is any F-automorphism of Kthen there exists an F.automo" 
phism у of L such that c is restriction of у to К. ` б. 
[Hiut. Let K=F(0), Ед): For any езе Сре E) аа) og 
conjugate of a over F with А (а) = Е(с(а)). Further L is the split 
field of the minimal polynomia] of b Over K as well as F(c(a) 
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к. Let К bea finite extension of a field F. Prove the follow 
n EU exists a minimal normal extension of Бошан. 
nt. Let K—F (a, a. a,). Fo 1 à 
mini Е js diy S nre ‚ аһ). For each ilet f(x 
inimal polynomial of а: over F and let f(x) be the s e 
о 


th т 
ese f,(x)’s. Then the splitting field Z of f(x) over K is the desired 


field] 
Ed is a normal extension of F if and only if it satisfies the 
ae ing condition: For every extension K’ of K, any F-isomor- 
ism of K in К" is essentially an F-automorphism of K itself. 
с 5. Give example of а normal extension of Q of degree 3 and an 
EE of an algebraic extension of Q of degree 3 which is not a 
Ormal extension. 
[Hint. Consider the splitting field of the polynomial x?—3x-+1 
Over О]. 
b 6. Let f(x) be any non-zero polyn 
ih the splitting field of f(x) over F. Then the group G(K, F) is called 
he Galois group of f(x). Prove that the Galois group G of the 
rational numbers is cyclic. 


Polynomial p,(x)=x"— 1 over the 
2ni 
w is the splitting field of 


omial over a field F and let K 


(Hint, Notice that K=Q (#) where 45° 
ugate of a is a power оЃа.] 
field F of characteristic 


xn. 2 
E 1 over Q and every соп] f 
- Let K be a finite normal extension ofa i 
zero with [K : F]=n. Let oy 95:777 , 6, ben F-automorphisms 
x К, For each хЄ К, define N/O) Ty r(x) (called the norm and 
"асе of x over Е respectively) as follows. 
n 
Ny pe). M, 069 
= 
п 
У a(x), 


Ткіғ0х)= , 
i-1 


and 

Prove the following: 
C) For any F-automor 

[ку] 
Hence or otherwise deduce t! 
T Gi) Consider. K=Q Vie a 
KIo(4/ 2). 
e If E is any subfie д 
nsion of F, then СО [Мк] 
Tz, FIT ECO: 

eld Е. Prove that Kisa 


тк1ғ0)= 
e extension of a fi 


fK 

Ni FC ol Tx) ro) Te eG) i 

e that Nx,FGQO and Tx/F(. ) are both in F. 
42) Compute №к/0(% 2) апа 


phism © о 


1а of К containing F such that E is a normal 


and 
8. Let K be a finit 
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separable normal extension of F if and only if F is the fixed field 
under the group G(K, F). T 

9. Using problem 8, prove the Fundamental Theorem of Galois 
Theory under the assumption that K is a separable normal extension 
of F of finite degree. 

10. Let K be a normal extension of a field F of characteristic Zef 
such that [K : F]=4. Prove that every subfield of K containing pr 
a normal extension of F. 

[Hint. Any group of order 4 is Abelian]. 


3. Radical Extensions and Solvability by Radicals t 

In this and next sections we are going to discuss some simple by 
fundamental applications of field theory developed so far, to ше 
Theory of Equations and Geometry. Before we actually take uP the 
concept of solvability of a polynomial by radicals, we prove som 
more results on general theory of fields. 

Lemma 14.17. Any finite subgroup of the multiplicative group of 4 
field is cyclic. 

Proof: Let F be a field and S be any finite subgroup of ш 
multiplicative group F* of Е, Since S is finite we can find an eleme? 
хЄ 5 having largest order (with respect to multiplication) among A 
elements of S. Then for every ye S, o(y) | о(х) (Lemma 4.25). TS 
if o(x)=n then y"=e for all yE S where е is the unity of F. Gona 
quently every element of S is a root of the polynomial ex"—@: No 1 
ЗА ‚ X"7! are п distinct elem m 


ents of S. Since a polyn? et 
of degree п over a field cannot have more than n roots, We d 
£X Misi 


4 + ээ X7 аге the only elements of S. Thus $=<Х^7' 
cyclic group.m [c.f. Theorem 13.56]. 


В ne ‚_ finit? 
In particular as F* is its own Subgroup, we see that if F* is f o 


then it must be cyclic. F* is finite whenever F is a Galois Field. 
we get the following. 


ies 14.18. The multiplicative group of any Galois field i 
cyclic.g 

Definition 14.19. For a Positive integer n, an element C of a fi 
Fis called an nth root of unity if Ü'—e where e is the unity of F- jal 

REMARK. Thus each nth root of unity isa root of the po yog 
f(x)=ex"—e. Now f'(x)=nex1, Let the field F be such that Еу 
characteristic of F does not divide и. f(x) is а polyn ide 
over F. Since the characteristic of PF does not 40 
n, f(x) =пех" £0. Now only possible: root of f'(x) is х= ve 
is not a root of f(x). That gives (x) and f'(x) can по! ne pas 
common root in any field extension K of F, Consequently /® 
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extension of Е (Lemma 13.41). So i 
td . 50 In 


No repeated root in any field 
g field of f(x) over F then K contains 
n 


Eo ar if К is the splittin 
ae roots of f(x). 
Sih eorem 14.20. Let F be a 
ee of the polynomial е 
mee set of all roots of f(x) is а ©У 
eck to multiplication. 
i the Galois gruup G(K, 
md class group М of integ 
js Jis a commutative group. 
has oof: (i) Let S be the set of all roots of ex^—e in K. Then S 
a members (see the remark above). Let & and AES. Then 
ae Апе, This gives that (Qo e On)? see =e EX? is also a 
$ of exse. Thus ti € S. is a finite subgroup of the 
ultiplicative group of K. Consequently Sis a cyclic group of order 
п (Lemma 14.17). 
(ii) Let 0 be a generator o 


field of characteristic zero and K be the 


x^ — e over Е, then 
clic group of order n with 


c 10 a subgroup of the 


F) is isomorphi 
Consequently 


ers relatively prime to n. 


roup S of all the 7 roots of 


HUC Then 6 is of order n. Wi t to multiplication. Hence 
à is a primitive nth root of unity. г member of 5 is 
чүт of 0. Consequently K= F(B. Let o be any F.automorphism 
S K. For any nth root t of unity "= =) =) 101 
о e(D)e S: Since o is 1—1 We see that the restriction of a to SiS 
ап automorphism of the group $=<@>. Consequently c(0) also 
Benerates 5. So if o(0)— 0 then 1 is ап jnteger relatively prime to n. 
S t be the residue class modulo 7 to which t belongs» then TEM. 

ебпе a mapping 
by puttin тҮ ee claim that g is 
Well-defined nos Er in c£) 0^, then izume, Consequently 
r | Gu). So тп. For any two ^ 4€ 606 Fy let g(s)—» 80) 
Then c(0)— 60^ 100) - 9 Consequently ( X6) - O= ?) 
Ist. (eta uin == tgo). showing 
at g isa group homomorphism. ү 1—1,1@6ЄКег& 
scis identity оп and K=F(4 we 


then = 
8(c) —1, so ol) =O ker g=(1). This proves (ii) -m 
M roof of part (її), We do not need 


Rema e 
i RK 1. Note that 17 t A 
‘pose any restriction on the characteristic of F. 

fiel f characteristic zero and a(#0)EF. 
the splitting field of the 


Remark 2, Let F be а fie E 
Е containing 
root of unity say 8. Then 


f the cyclic 2 


Let 

K be a field jon 0 
ро eld extens! е nth 
ynomi nn also 2 rimiti ) 
€,0, 0: he a F totality of nth roots of unity. Let a be any 
ca агау omial exn—a in K. Then for each ^, i=0, 


arbj 2 
bitrary root of the POY 
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1j... —1; (8i а)" = 0^fq^ — ео = « gives that each of b'a is a zoot A 
ex"—«a. Thus the totality of n roots of ex”—a is given by a, ба, 4 i 
+. +, 078, Let L be the splitting field of ex"—« over F containe Sm 
К. Then a, ба, @a,..... , 87 acL. Hence F(A, a)C І. 
L=F (a, ba, 0! a,. .. .. ‚ 0"™—1a)C F(6, a). Hence L— F(6, a). ecF 

In particular if F contains a primitive nth root of unity „then Е, 
and L=F(a). So опе can also say that if F contains а primitive Eus 
root of unity then for any «(40)€ Е, the splitting field L of ex 
over F is F(a) where a is any arbitrary root of ext—«. | the 

Lemma 14.21. If a field Е of characteristic zero contains al ПУ 
nth roots of unity 1 (for some fixed positive integer n) then for s 5 
«(2 0)€ Р, the splitting field L of x^ «is given by L=F(a) je i 
is an arbitrary root of x —a, further the Galois Group G(L, F)is Abe p^ 

Proof: Let © be a primitive nth root of unity in F and let 4 A 
any root of x^—« in the splitting field Z df x"—& over F. AS "t 
above (Remark 2) L= F(a) and the roots of x"—« in L are а, 7 
@a,. . ., 07a. Consider anytwo members с and у of Gb 
Now o(a) and v(a) are both Toots of х" —с. Consequently в(а)= as 
т(а)= Ca for some і and j. Then (exa) = оаа) =о(0(а) — 00) 7^ 
с is ап F automorphism so с1(а) = а= на, Similarly по(а)=® ат 
so that ст(а) = (a). Consequently с1= с. Hence G(L, Р) !5 
Abelian group.m 2 

Definition 14.22. A field extension К of a field F js said to € 
radical extension of F if there exists a sequence of fields 

DE LUPO F,— i 
(Оос some wi Fi sia 

i2 1, F(oir 
REMARK. Thus one notices that K— F(o,, о, ә), FU 
Now wE Fi gives that «i; 
~ wit Over Fiy. So! that F, is а SPP, 
algebraic extension of F;., and Consequently [F, : F,.,] is finite. Tite 
[E : F]-IF, : Fpa] Fra: F, 44. IF; : F] gives that К itself is 2 
algebraic extension of F, 

Now we give a precise defin 
that a polynomial is solvable by radicals, 

Definition 14.23. A non constant polynomial p(x) over 
is said to be solvable by radicals if the splitting field K of р(х 
is contained in a radical extension of F, Jy" 

EXAMPLE 7, Let Лох) = хах рр be a monic quadratic PO 
mial over Q, the field of rational Numbers, Its two roots аге 

—a--N a: — 4b -a—V@—4} 
= 2 


= 


15 
ple 


in£ 
ition of what we mean by 5@7 


a field Р 
oe 


b 


per? 
2- — If we take L=Q(2) Y 
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сар th ^ 
em en we see that w EQ. Sothat L is А 
aem fQ. Further L itself is the splitting field erg oe 
me is solvable by radicals. De оеро 
MPLE 8. Consider the cubic `{(х)=х?-Е3ах?-Е3Ьх-Ес o 
ver 


e eue of rational numbers. If we put z—x--a then the above 

Aes ecomes an equation of the form g(z)=2°+3b,2z+¢,, Ё 
oma ма know the roots. of (2) 0180 the roots of f(x) dre 
Since rom those of g(z) bY subtracting a from each root of g(z). 
ає 9. wesee that the splitting fields of f(x) and the corres- 
mula gives that the roots of g(z) 


Pondi 
naine g(z) are same. Cardan’s for: 
P+q, wpt+w'q, e^ p eg where w is imaginary cube root of unity, 


i Now take Fy=Q, F,- Fo); Е,=Ё\(®з)› Ез= Е.а). We find 
d Е,<Е,<Е,<Ез;%?Є Fo, «€ Fi a EF Further Fs contains 
the roots of g(z). Hence 2) and consequently f(x) is solvable by 


Tadicals, 

a Remark. For any polynomial G8) Lap Уу ан 

а,_1х+4-а, over a field F, We can say that fix) is solvable by radicals 
-ng finite number of opera- 


if 
We can obtain any root of f(x) by applying 1777. 
division by non-zero 


ius of addition, multiplication, : 

c ments and taking mth root (for any pos! 
Oefficients of f(x). 

didum 14.23. If a field Е і f 

icals then there exists @ finite normal extension 

by radicals. 


5L 
x: that K is an extension of by radicals. 
roof: Si i tension О t 
f: Since Eisan £X F,=E such that for each 


Chai 
Bp fields m2 mt eh with wot Fig for 
seme interer e 1 : Us. each эв is algebraic over F. Let 
x) be the minimal polynomial of ог over F and let FOSC) 
Pte f0). er E. Then EGK and as в, 
Ie debe qe р liting fe oe et that K is Kien field of 
F(x) aoe l^ rs rmal extension of F of finite degree. This 
gives that K Tot ou finite number Go бз. „сш ОЁ F.automorphisms 


extension of F by 


nite normal 
Kof F containing E 


there exists à 


ег 


Ф, 
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with со=/, the identity automorphism of K. "E. 
Define b. ;— 0,(o;) v t—0, 1,2... ., m and i=1,2,....,k. d 

f(x) is the minimal polynomial of w; over F and c, is an F-automo Е 
phism of К, c,(«;) and w; are conjugates over Е. So each of bi; 15 E 
Toot of f;(x) and hence also of f(x). Consider any root c. of f(x), the 
с is a root of some f(x). As w; and c are roots of same polynomi 
J:(x) irreducible over F there exists an F-automorphism c, of K E 
that c:(w;)=c. Thus, by definition c=b,,4;. This, establishes that t 
only roots of f(x) are Бу, b,,. . ..., bp, Быз; о Dots 
This in turn implies that K=F (by bs, s oy Omi: 


Since for апу s—1, 2,..., burs=G(w,), we get for each mue 
PES 
сЕ (о, о... ., о)=с(Е) 
=F(o,(«), G(w)..., 9(o)) 
=F (birn biros. * з Бы). 
As w"! € F, ,— F(o, wp.. ээ 915), We get b"! I — lolo)" 
—o(o! )E c(F,..) Fb, . ero Вал): н 
If we define Ky.4,=F(b,, Бе ж зылса Bing) for all r=0, 1,2. Eo 
and /=1,2,...... >k; we have Kisi=Kirsa(bys), such t 
KCKEKRC...CKCKaC.... uL us. LC KC р 
++ (EK 6 КЫС. . Kpkax— К. ^ A 
Further 5" „о (о) 
=a,(w,"t JE б(Е,_,)= F(b,,.,.. э keen DRG ast) 
Gur bis ba he, эе rs Вам) = Кал: sana 
From this result and sequence (1) of fields we get that Ks 


radical extension of F. Не 

Esuch that K is also a radical extension of Ещ n 
Theorem 14.24. Let E be a normal extension of a field Е of degre’ 

Further let F have a primitive nth root-of unity. Then the Galois 8° is 


G(E, F) is cyclic if and only if there exists BEF such that X'— 
irreducible over F and E is th 


: ining 
nce K is a normal extension of F contain 


e splitting field of x» —b over F. leh 

Proof: Let for some positive integer n and for some 5€ " 

be irreducible over Fand let E be the splitting field of this polyno™ ў 
over F. Then E=F(c) (Lem Я 


ma 14.21) where c is any root of "7 д 


Я (Е, F) is of order п. Now let E jtivê 
primitive nth root of unity in F (Note that if F contains а pom y, 


nth root of unity then it contains all primitive nth roots of uni? 
Then c, Ec, Zc,. .., &"¢ are the n roots of x^—b (Remark T. аб 
Lemma 14.21). Since & ёс are conjugates over F there exists vef 
F-isomorphism с of F(c) onts Е(Ес) such that о(с)=ёс. HO 


Thus [Е : F]=n Hence 
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E= à 
F(c)— Ec)? So c is an Fautomorphism of E. Thus с is 
is in 


G 
ae 2 w e'(c)e- ols(c))-- (Е) = OnE g . In general осуз 
We get tha ссх П. ASCE and с, ECs. +» э Ere are all distinct 
at Г, с, 02, лу , 0"! are all п distinct members cf С(Е, = 
order n. Fiol 


He 
nce G(E, Е)= <с>,а cycle group 
oup of order 7. Its elements 


C 
: лүен let G(E, Е) be a cyclic 87 
29... ., сті are linearly independent over F. (Theorem 14.1). 


Let E 
Е be a primitive nth root of unity in F. Then £z£0 and 
non-zero endomorphism of E 


ада s.opEHGrids a 
[2n оор space over F. Thus for some a€E, c-I(a)t &?o(a)-- 
(а)... Е-9+1017(0)20. 
Now o(c)=o(a)-+E2o (2) E 16 0): * p E-nHen(a) 
=ElEo(a) tE AOH  * “penton (а) + 1(@)] 
1 —Ec, since o”=], n=l. 
n general c*(c) —E*c yk=l, 2» + 
e асл) = [oon e rene? for К злой 
e fixed field under G(E, Р): However F is the fixed field under 


«E F) (Theorem 14.15). 5° PEF. =". I» x"—b isa 
5 ynomial over F whose roots are ОРЕСТ Che nne Е However 
S'(c) — Eke shows that c, Ees ECs ^ * 2" ‚етс are conjugates over F. 
Tus the minimal polynomial Јо) o s at least of degree л. 

$ f(x) | (x»—b) we sete -b so it is itself the minimal poly- 
nomial of c, Hence х"—Ё is irreducible over PANO [F(c) : FJ=" 
Е: F]=n, F(c)C E gives E-F(c). 50 ЁЁ the splitting ficld of xb 
Over F and x"—b is an irreducible polynomial over F. This proves 


п—1. 


Б lynomial over а 
be any (non zero) PO 
eld F and £ be the splitting fició UD у “Kear кз 
"au ; ; lois of po : 
tomorphisms of EAS called the vs e nature of p(x) and its 


ow we gi jationship be 
1 give а relati 3 а E d 
Шош [їл shall co Be eet o n Tu. 
а Е which has all the pri? th roots ©, vn 
lerwise m и et 
ventioned. "ene zero containing all 
The ld of characteristic zero 
orem 14.26. ot F be a fie Ef SEEN 
roots of ju y" я a polynomial р(х) over F i5 solvable by radicals if 
PR К j: ү гоир. 
уса if its Galois group over Fis и group 
roof: Let p(x) be solv Je by T? is 
pO) i contained ina rad 


itive 


s the splitting 
F. Hence 


С F,— Fi Cox) 


WE E of p(x) over F !5 i 
F, = s sequence? ot (aC yak): TUS 
v= FCF, = Fe) icu Ne Ea for integers r; 2 1 


n» that ор? €F» ш? EFi 5^] 


414 . MODERN ALGEBRA 


(Т... К) апа ECF,. In view of Theorem 14.23, we ko 
suppose that F, is a normal extension of F. Consider the grou 
G;=G(F,, Fi) у i=0, 1, 2,...... »k-1. 

For any i=1, 2,...... , k, Fi=F; (w) with ofi EFi 8 
w; is a root of the polynomial х" — от. Let , be a primitive rth 
of unity іп F. Then C;€ F,_, and the r; roots wi Giwi- -> ке E 
x'i—oj'i are all in F;. So that F; is a splitting field of x'*— о: a 
Fi, By Theorem 14.21, G(F, Fi) is Abelian. Now Fy is 8180. 
normal extension of F; ,. By the Fundamental Theorem of of 
Theory (Theorem 14.10) G;=G(F,, F;) is a normal subgrouP™ — 
hai 


ives that | 
root 


Gi4=G(Fi, Fi) and G(F;, Fija i . So in the descending © 
i b- 
Go=G(Fis Fo) DG, DG,D. . 2G; ,2G,— (I), each G; is normal 5% 


Gar at 

group of G; , and E is an Abelian group. This proves th 
е " Е, 
G(F., F) is.a solvable group. Since Е is a normal extension of 


E F, A 
G(F;, E) is a normal subgroup of G(F,, Е) and G(E, F)= Dow) 
n H i * 
Since the quotient of any solvable group is solvable, G(F ER 
solvable group. j 
Conversely let G(E, 
normal series 
A HDCD G О ss 2G,.,2G,() 
such that cos is cyclic group for i=0, 1, 2,.. . „k—1. Let Fi 
the fixed field under G;. Then G;isthe 
of F(—E) i.e., G(E, Е). As G 


ub 
Е) be a solvable group. We can find 2? 
2 


group of all Е-ашологр ia 
i+, is a normal subgroup of Ĝi» z 
Fi+ is a normal extension of F; and С(Р, 4, Ее Gi is cyclic grou? 

TS m 
Now F; contains all the primitive nth roots of unity for every po 
tive integer л, as the same holds for F., So by Theorem 14.24. УР 
exists а b;€F; and a Positive integer r; such that x'i — bi ÍS irf 
cible over F; and F;,, is the Splitting field of xri — р, over Fr Le fe 
be any root of хт - Б, in Fip. Then En; ar and wi “jds 
Hence we have a sequence Е=Е,СЕ,СЕ,С.. | i АЕТ: of Ë js 
such that Fi41=F.(w) for some «ЄР and шт EFi Hence, ру 
an extension of F by radicals, This р : маб 


radicals.m 
Theorem 14.27. Any quartic over F is solvable by radicals. arti 
Proof : Let p(x)=apx'+-a,x°-+a,x' taxa, а,20 be any W ai) 

over F. Let E be its splitting field over F, Then E—F(z» % ø) 

where d,, &;, оз, оң are roots of f(x). Now for any sc G(& ^^ 


roves that p(x) is 50 
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4. Thus c induces a permutation of 
he symmetric group of all permutations 
Оп the set {æn €» аз» ба} Define mapping f: G(E, F)>S, by 
Ус) — the restriction of с to (ai, %2 *» a}. This f is a monomorphism 
and so Ge-f(G). Since S4 is solvable (Example 7 Chapter 5), each 
Subgroup of S, is solvable (Theorem 5.8). In particular f(G) is solv- 
able, hence G is solvable. Thus p(x) is solvable over F (Theorem 


15 a toot of f(x) vi=1, 2, 3, 
Si, Qo, 03, 04). Let Si bet 


1426).m 

From Examples 7 and 8 and the above theorem it follows that all 
Polynomials of degree 2, 3 and 4 over F are solvable by radicals. 
; ‚ Xn) in п indeter- 


Consider any field F and the field FG Xen * °° ‹ 
Minates over F. Let 5 ic group of degree n acting 
-On the set (1,2 я т} Fo we can define an auto- 
morphism o’ of F(x, E à x,) as follows: Consider any rational 
ху, Kaye's oe 
function IG asec e ops Then 
f 10 
Thus ‚ 6 [е Xo ТАШ 
f m of Sa 10 

morphisms p x,). So we can treat Sn as а d na 
F-automorphisms of Fs. Xp oo X2) Let S be the fixeb field under 
ure i jon. 

Sn. Each member of 5 is called 2 symmeltr! jc functio 


Consider a, —2x; Exe «t 
a= ZxiXi 


Xe(2) ttn , Xam] 
group of all F-auto- 


i<j 
а= © ХХХ» 
i<j<k 


Е а= ХХі." nen gx Xt ау = XiXs T ХХ 
ог example when n=3, the Ly tartare CUBE 
Xixa, аз x,x,xy When 70777 D s хахаха аха) ап 
Ө xyx2Xs 


MAX y XXa Хоа АЗАА =. 


„anisa symmetric 


УК га аз 
It can be easily see" phat each OF Co s of а» as eon ба 
function ; an all pelong tor: exse "x,. Note 
i i.e., Aj d» s dn eiric func jon Ol Xi 7 29 
sym™ the following theorem. 
эха) be the 


S called 
an elementary J 
blish 
We nd let Е(хі Xii 


Se aie that S is the field of syn 

i) [F(x,, xo, s Xn)! SI: Лы 5 
(ii) S= F(a,, LN et an) where ba z 

" Mone ee 

0 mmetric functions ia Xv 
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(iii) the Galois group G[F(x,, x,, ..., Xn): S] is isomorphic to e 

Proof: (i) As remarked before we regard S, as a group of 5,50 
morphisms of F(x,, x,, ......, Xn) and S is the fixed field under Sw 
[К(ху, хь... х,):5]=0(5,)=п!, (Тһеогет 14.8). 

(ii) Since F(a, а,,..., a JCS; А 
[Е (х1, xs... Xa) (ау, a5,..., a, J>[F(x,, Xas aas Xn) : SJ=n! —1)'% 

Consider the polynomial P(t) =1"—ай"- рал"... 

— (t—2x(t— x;)...(t— xn). te 

d Xas Xos sss. Х IS a root of p(t) and these roots M 
F(xy, X... Xn) over F(a, а... +» Qn). Hence (ху, хә ee s "0 
the splitting field of p(t) over F(a,, a,,....., Qn). However dee oa 
=n. Hence[F(x, x, ... o Xn) :F(a,a,...., a]&n! ees 
13.30). We conclude that [#(ху, x3... хь): F(a,, аз... an) 
Thus n! —[F(x, Aist) F(a,, a;,...., а„)] 

LEQ xu хы): STS: F(a,, Gy, ....,a,)] 
—-n[S:F(a, ayy ...., a,)]. 
So we get [S : F(a, a,, . . . „ 4,)J=1 and 
S—F(a, a,,...., a,). This proves (ii). 

(iii) Since [F(x,, *» +++ +, X) : S]2n ! we have r 
O{G[F (x, хз, ...., х,), S}}<n !. However S, is a group of orde 
contained in G[F(x,,x,,..... »Xa)s 5], 

Hence G[F(x,, х,,...., xn), SJ=S,. This Proves (iii). 8 any 

Definition 14.29. Let Xy Xs... x, ben indeterminates ove! 
field Fand a, a, a, .,, ., а, be the elementary symmetric func 
in Ху, Xp)... .,X,. Thenthe polynomial 

P= алтат eges (уш 
is called nth generic Polynomial, 

Theorem 14.30. (Abel). The generic 
is not solvable by radicals over F(a,, 


п! 


tions 


5 
п? 
Polynomial р„(1) of degree 
а»... a а,). ,)i 


Sn, (Theorem 14.28) and S, is not s 
we get that p,(t) is not Solvable by 
REMARK l. We have been assu 
zero and for each Positive integer 
However in the case of T 
any restriction of r. 
established for any field 


radicals.m 5б 
Я ` ^ teri 
ming that F is of charac’ ity- 
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WORKED-OUT EXERCISES 


Exerci 
m oA rove that a symmetric polynomial in Xy,. - ., x, is 
еа ош E elementary symmetric functions ink m E » 1S a 
symmetric E n case Ip арх. аз=хух.. Letf(x, X2) bea 
ing p рыл їп and x, Re arrange fo, х5) in descend- 
Ay Ai s of x, yielding fC% x) йа +. where 
f(x, 2 T á are polynomials in x». If we replace x. by арх, in 
(x, x dien Убх, x; becomes à polynomial іа x). We get that 
E „хүн B, xt Pf Bin E08 say; where Bu Bias ырш», 


В 
Aq. Bo Put A(z -2z-—azta. By 
that 2(2)=10)40) +С: D 


get 


Ww 
here q(2)€ Fla,, a; [г] and C, DE Flan a: 
)=Cx,+D as /i(x,)=0 
px noe Interchanging X; 
xp x) mf x) [as ЛО x9) з а 
Le, хь], we get that /(Xv х)= Cx D: 
i Ст D= сауд Ee, and 50 (хь %)=?- 
е маат x;)€ Flay, ao]. In other words fi: xy) is а polynomial in 

tary symmetric functions. 
n2 and the result to be true for "n — 1 indeter- 
are the elementary symmetric functions of the 
NX have d, —*: fj; ag Xt +!» 
extr These formulae 
ха ht (ха) а= 
cra, h= — x(x, —*14: +а) += 7 ава erroe soe 
һау (= taa. 

mmetric pol 
of x, to yield fi X» : Е 
A Ag are symmetric 
n hypothesis can be 


fii 


ynomial in Xp Xo 


and 
he =(- lye1[x," t --X, 
M Un, ха. «ss ote) DE RT 
ne 8e it in descending powers 
oly d yxp NEZ where Ао». DR 
кошын ЕЛЕК: hich by indue? 
essed а iU CE fuir 
А s polynomials in fr: [Np e 
Sing relati ^!" and a’s we Bet that 4» Api + & 
айо en £s and @ 
ns betwe aig inb gd dii. (Replace fi 
. 5 d,-1)- 


b 


D uror as polynomi aee t 
Whe bus te ae mee poplars ш. P + By g00) ue 
Te В, 2 aye ЕДА pt Zak Then g()- Baz 
OMM E MN Mere 4a T RA a bir 
(Ping division algerie nere a Gy cce 
Co eaG)-- 0s T EET peo „-› Cups > 
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Thus 801) = C, ix, Cs. зх. . „Су since s d «D 
Le. fe Xs E X) CuK d Cx nth nae cO: i „Хи 
Since f(x,, x., . + ээ Xn) is a symmetric polynomial in ху, Xz ++ 
interchanging x, with х, We get o 

Ju. i : ә Xn) = Cy 1X" 44 Сахт. 3 dig. et that 
Similarly replacing x, respectively by х;, Xj... x, we B О) 
Ж, х) Суха C, уху st Cy 


— 2 ee 0) 
UE iine ECS of poly” 
Equations (1) to (n) indicate that Xis Xy +. +) Xp are roots 


"n 
nomial Qual Су-е, Xs 4 My )EF [Qs 0» 
аи). This is absurd in vi 


o= f(x, Xo... X,)=05 AET Xas.. 


Jos Xs... Xn) = C, ух," 


э Xu) = tary 
s ч А теп 
fas + -=s an]: Hence f(x, x... эх) isa polynomial in ele 
Symmetric functions b rss Us. -— and f 
Exercise 2, Show that dicsR сз; X, are n indeterminat 


n n 5 art 
is a field, then = (х—х)=х"-Ь m (—1)# cj, x"7i where Sim 
i= is 
symmetric functions Of 33 Xs... iy Xs 
Solution, We apply induction on п, 
For n=1, left hand Side of the e 
while right hand side is =op 
Xy ор = x. Hence th i ials 
Let 17-1 and suppose t for ring of polyaom 
n— 1 indeterminates Over F. 


elementary 


хи 
с = 
quality to be proved i$ ^^ 


Now П (х) T G—x)] @~x,) 


n-1 thesi 
= LEGIT LL (x —x,) by induction hyP? 
5 


п—1 
—X—XQx" lp у ( 


п n-17!Xn 
=I) өн st Ж (—1)шь»-а* 
izl i2] 
п-1 п yn» 
=X" —X_xX™I1 р y (1), xn X (= 1) siia 
T= i-o 
п—1 п ni Xn 
=X" xxm 7$» (1), EEUU 
i=] SA i23 
п—1 
m d dE aE x Clio; xni 
i-2 
п—1 
TONES 


Xn 
z Fe АЫ? 
ima Derg inte, + (— Donne , 
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n—l Р 
а (as v ЕУ x^ {сг 1) (сьһ-л-Ё 6i-152232)X" 7 
i= 


(= D)"ou-1m-1Yn- 

Now 91,51 X, X, trate * хь X277 615 Soa Sici 
ci, as now we have the sum of all the products of  indetermi- 
Dates x,, Xy... Xm taken fat à time and finally cati n-1Xa = Xali 


x, 
1X» — са. 


n : fer A GEN 
Thus dh (хх) =" оТ 2, (= тусах (ьа 
i= o 


4 i pni, 
Lx X (1) eos 2 
i=l 
L 
PROBLEMS 
i ions in Xj» Xa» - - 9 Ха 
І. Prove that the elementary symmetrie functions in Xi» X2 


are indeed symmetric functions in хә: э з йу 
« Prove Newton’s identities, namely if а), Hes i tpat. « UNSER 
OF fee) sn pg xni pax H Ta and if s=% 
"9 l i ^0 for all k=1, 2 n 
= a: > 
(а) s, +HaSp-1 FaSk- 5 алана) o 
©) s. rais, 1+. . ansta =O for all k> Жү peat 
sym, Express the following 8 polynomia 
Ymmetric functions in Ху, X» X» T 
3 px, tH Xs 5 


с (хх) 0002 0 x 4 вий 
‹ зау © 
эз. (а) aj 2а: (b) a? 3a УЗ аа, 242 


з--27г?) where 


a аг and peat 220227 . 
qz deor 
i haracteristic zero. 
4. Let K be a normal radical extension of Fofc 
үш К and positive integers 5» 
MR lements ай үл tee а) and for any ^ 
B. e exist € Pay M 7 om 
яе: ,s, such that ados CF. 
ing field of x'—1 over 


asi yl Ur 
55 €F(a, a, a) 408 e іп 
(ii) oe xi H s, d le b on of F of finite degree. 
Prove ur Pes ormal sup M. We 
that N is also 4 P f unity Say. © 
(i) м ап a primitive T a й {х'—1 over F 
(v) If Le then BBO SP 
©) G(r, F) is Abelian. 


(vi) Define „=Й p= Lv an: 
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that L; is a normal extension of L; , such that G(L;, Li) is Abelian. 
Deduce that G(N, L) is a solvable group. 
(ii) G(N, F) is a solvable group. 

(viii) G(K, F) is a solvable group. E d of 8 
[Hint. (i) follows from definition. (ії) № is the splitting fiel id 
polynomial (x*— 1)g(x), where 8(X)is such that К is splitting from 
of g(x) over Е. (т) follows from Theorem 14.20. (vi) follows the 

Lemma 14.21. (vii) follows from (7) and (vi). (iii) follows from 
fact that G(K, Еу GEL d à E 

5. Using problem 4, show that any polynomial f(x) over x. the 
F of characteristic Zero is solvable by radicals if and only i 


Е „огей 
Galois group of /(x) over F is Solvable. (This generalizes Theo 
14.26). 


6. Prove that x5 — 4x4. js not solvable by radicals over Ө. 


4. Constructions by Ruler and Compass тей 
Тһеге аге тапу Problems іп Euclidean Geometry which had "n pli" 

Mathematicians since antiquity, but were finally solved by the EE 

cation of theory of fields, In this Section, we shall apply the "n 


ow" 
of fields developed before, to Geometry and finally solve the foll 
ing old problems. 


1. To construct by 
arca as a circle, 
2. To construct by ruler and c 
of a given cube, 
3. To trisect a given 


e 
^ sam 
ruler and compass a square having the 


e 
lup? 
9mpass a cube of twice the VO 


angle by ruler and compass. we 
Before we take Up these Problems, let us Understand what 4 nc? 
mean by construction With ruler and Compass. For our conve? E. 
by a line, we shall always mean a stiaight line " eed Geom 
a ruler is only used to draw a (straight) line through two given P 8 
anda Compass, together with the help of a ruler is used to "cano 
circle with centre at а given Point and тай Sia to the ist 
between two given Points, ast 
Let S be a set of Points E 


: E 
па plane, such that 5 contains se 
to be contructible from S if it с ible 
i to be constr“ ye 
to 7. 
POIDtQf S. and dis radius is equal 7, js 
cistance between two po; 


through two distinct 


H ons 
T 5 pair of distinct lines both "fro ‘ 
к Stinct circles both constructible sitll 
or of a line and a circle both constructible from 5, is called 00 
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y constructible from S. Let 

- Let 
le from S. Consider any Mov 
re exists a point O in ri 


tible by 
ТА a ruler and compass ot simpl 
S. ow d E all points constructib 
different f asatleasttwo members the 
the line dum P. Then the circle with cen 
one of оен Р апа Q both are constructible from S, further P is 
by ruler a n points of intersection. Consequently P is constructible 
yields P: compass from S or simply constructible from 5. This 

If we = (S). Hence SEs (5). ‘ 

that each up a system of co-ordinates in a Plane, then we know 
there | point ofthe plane has unique pair of co-ordinates and 
exists a 1—1 correspondence between the points and the 
ts) of real numbers. 


ога, + 
=. pairs (a, b) (co-ordinates of the poin 

we identify each point of the plane with its co-ordinates. 
uh RXR, where R is the set of 


C 
т we identify the pla 
Zonal же шы The system of co 1 
Set E ith x'OX as the x-axis and Y'OY as the y-axis. 
IET d of only two points o (0, i 
the е origin and I is called the unit point. Let Е,=5 (Е). In 
у соз paragraph by taking S=2 We have EC E. Put E,=E. 

’ notice the following: 
(i) Since X'OX is the line passing through 
Е, ХОХ is constructible from £. 

(i) Since OF=1, the circle with centre at 
constructible from £. This circle ЇЗ cal 
o meets x'OX at r (b 
s constructible from 


аге: 4 radius li 
[an radiu 
cenio 2, 0); 4 is constructible from 


s also at 


two points O and I of 


Q and radius 1 is 
led the unit-circle)- 
Q)y. So that J’ is 


The unit circle als 
(itt also constructible ап 
) Since the circle with 
ho it meets x-axi 
. Cons tly AE Er : : 
We leave it IU dtd io nd out more ра dd 
Tom Е, І 1 efine Evans V et H= 
. Inductively for every 12," $ 
U З y E tible b ruler and 
ч E, Any point of the plane is said (0 pe construc i y 


207раз (or simply constructible) if and only if it belongs to H. Here 
Otice that ЕС Ens "TII. 
Lemma 14.29. s(H)= je. every РО t 
pe cvery point constructible 
tis ou^ Consider a line co 
distinct points P and 0 ou 
and Q is], As Hee EF, T 
ү Then E, CE» 


п< 
Sm ог m«n, to be 


oo 


422 MODERN ALGEBRA 


Consequently the line / is constructible from E,. Consider a pt 
С constructible from H. There exists three points A, B and D s 2 
that 4 is the centre and BD is the radius of C. Again for "e 
Positive integers r,s, t, AC E,, BC E, and D€ E,. Among г, s, f, E. 
of them, say, r is the largest. Then А, B, D are all in E,. Consequel de 
the circle C is constructible from E, Thus any line or a cif 
constructible from H is constructible from some Es. 


-et P be a point constructible from H. By definition P is a a 
of intersection of. G, and G,, where each of G; is either a line ОГ 
circle constructible from H.B 
paragraph, for some n, т, С 


constructible from £,,. Sine а @ 
definiteness that Е CE,. Then С, an 


E, and hence PEs(E,)—E 
HCSs(H). We Bet H—s(H).m 
A line ога circle is said t 


from H. Let us make the following observations: 
1. If a constructible poin 


; hen 
a t P lies upon a constructible line /, died 
the line through P Perpendicular to / is also constructible (Pro 
1). 


ible 
© be constructible if it is construct 


illustrate this, we notice that the 
Constructible points, Then the tw 


H H t 
having same radius //^ are both constructible, Consequently i 
line through their Point of intersection is constructible. This b i 
nothing else but the b-axis. Thus y-axis is constructible. The J 


is the line through the constructible point О, perpendicular tO 15 
constructible line Y'Q y. We h 


nstructible point [; 


jnt 
A real number « is Said to b 


© constructible if and only if a Р ев] 
(2, 0) is constructible. Det ТЕҢ the set of all constructib E ible 
numbers, Since the points, O(0, 0) and д1, 0) are both constru rea! 
we sce that O, JET. Further it Càn be seen easily that if e^ а 
numbers « and 3 are constructible then a—Sand «g^ (if BF tb? 


and 9). Thus Tisa subfield of 6 is 
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Constr 
Uctible tI 
hen - 
n ЬУ are also constructible (Problem 11). Si 
. Since 


Ve q 
. €0 not j 
Увца intend t i 
alize the Loe draw any diagrams we advise the read 
structions of different real numbers mente d 
ioned 


a 

ove, b 

» оу d : 
emma Dieci the diagrams themselves. 
eif .20. For any ге 1 B 
a n real numb j 
nd only if (0, a) i MOEN the point (а, 0) is constructi- 
he roof: d , «) is constructible. 
ioi Os е : 

‘gin O is iia that the point (a, 0) is constructible. Since the 
( ugh (а, 0) і ructible, the circle with centre at the origin passing 
ii а). Since y S constructible. This circle meets y-axis at the point 

Uctible 7 -axis is constructible, We get the point (0, =) is соп- 

Ce 

Nversely i 
forts cs if (0, «) is constructible. the 
p ugh (0, «) meets х-ахіѕ at 
emma 
14 Я 
ibers а q Fa . A point (а, D) 5 construc 
па $ are constructible. 


Prog d 
tio f: Let the real numbers * 


e with centre О and 


circl 
he lemma 


0). Hence t 


[C 
tible if and only if the real 
n of onstructible. The defini- 
Sonstructible wea] Habs i U Lemma 14.30 yield that 

both constructible. Consequently 

gh 4 parallel 


the 
Poi 
the lion А (а, 0) and B (0, B) аге 
th, axis Wat m B parallel to x-axis and the line throug? , 
© point oth are constructible (Problem 2). These Jines intersect at 
t ide 8). Hence (7, B) is constructible. fe 
ine ely suppose that the point P (2, B) Б constructible Then 
Sint ( through P parallel to у axis meets * is at (в, 0 So the 
the үш? 0) and hence the real number re structible. Again 
c axis meets y-axis at (0, 8) So the 
30 the point (8, 0) is cons- 


mne x 
olt (0. through Р parallel to Х 
Uetible. 8) is constructible. BY emma "* ; 
ee Hence by definition $ is also constructible. ae 
inap Plex number z= ЛОН, and p ar pompes is 
tible, 1 is side to be constructible in case the point (^ p) is construc- 
OW we m 
rove lowing: $ 
corem y i Ps ДУ, А ible complex numbers is а 
е :33: he se з j 
када © the field of com? px numbers. Every root M C ofa 
питате polynomial whose JU ficients are constructible complex 
"аш [ей ол! W ШАГ (i.e. the root of any 4440" 
Over 7. + x 
P L is a member of P 
ong ron Dur We x) T) constructible real numbers. AS 
Уса bef, есеи SM of real numbers. Let 
an, “tig aged Tis a oe ave B s constructible if 
Only ; a complex 1 1 CEN 
ъ РО if the point (а p) is constructible But by 
Г à 
int (а, 3) is constructible if and onl ВИ 
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Hence w is constructible if and only if w € T-- Ti—T(i). Hen” 

L=T(i) is a subfield of the field of all complex numbers. 
Suppose a complex number f is a root of quadratic z?--az be 

L, (without loss of generality we can choose the quadratic t° 


4 cL 
monic). Then t?--at4-b—0-. t— E + + Маз аЬ. Since EE 


b ove! 


t 
we have г € Lif and only if /4'—45 €L. Thus if we show ш 
for any WEL, Vw EL, it will follow that roots of every quadr 
over L is a member of L. So consider w=a+ti 8; a, pc T and let (0 
2=w=a+-i8 E 


ar? 
Case І. B=0. If 420, then z=4 Jis real. Since 2 507; 


root of non-negative numbers ЄТ is constructible, Wo eT. 
2ЄТСІ. If «<0 then —«-0 and —«€T also gives + V ^^ 
However z— iV —a. This again yields ЄТ (i) —L. 
Case П: 050. Let z=x-+iy; x, y real, then (I) yields NO) 
ж-а 4 3) 
2xy=B 2 
3) yield x40 кера 
(3) yield x40 and y x 
Sony (2) at а уа sua 
а =>х'—а@х?— ge 
а EU 
"br- i-em 
ў ЕР 2a 
Since -7 (4*--8)-0 and is in T, we have 
CINES 
Jenn Jen 
So by (4) x3 _% _ MTS reme 
(9 2—5 = Vener. E 
vj i R a jelds 
=x" is constructible, as 75- is constructible. Then, case J yie р 
К -— ge 
constructible, Thi; implies хет and so ya €T. 
z=x+ivE T)—Lm jl 


Lemma 14.33. Let F be 4 subfield of the field of real numbers? it 
G, and G, (distinct from C.), where each G; is either a line 0T k дй 
whose equation has all its Coefficients in field Fand if (9. D) is " ip 
of their intersection, then either both x and y are in үң 
quadratic extension of F. ý 


-ons 
Proof: Case I: G, and G, both are lines. Let their equati? 
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T ax-+-by+c=0 
With thei a'x4-b'y-c —0 i TO 
M кг coefficients їп F. These li T 
5 parallel. Then their point 


nes can intersect only if they 
s of intersection is (y, Ju) given 


M cU 
Clearly —Á 1~ gb аф Jia —ab 
хь A 
ne and other is a circle. To be 


Case 
П. One of G, and С. i5 а li 
Let their respective 


finite 
1 
equations р ES be а line and бз 08 circle. 
and ax +by+c=0 --G) 
х-у-+ех+/У+#&=0 ...(4) 
ne of a and b, say 4; is non- 


With сосе; 
Zero, oe in F. In (3) at least © 
inating x between (3) and (4) We get 
2bc be NE 
== ) d gu 


[È 
Le, val (ae jo ( 
Whe iun : NO 
i z = ec 
E 62222 e fv 18—27 
(5) vi 
я ) yields у=— 5. + x |е 
о у a . 
кау gi—4ay, we have ger. Thus (Fi) : FI? 
[ уу) and (Xs y are the gerne 
кетү 


ar] 
y у, ya F (d), where Or 


and Gs- (3) yields xii d 


9) 
Point 
sori : 
of intersections of C: 


a 

Md xe _ 2 y,EF O 
tots be С, and С. both are circles- Let their respective equa" 
ы vay ect “0 
eye F. The line passing through 


Wit] 

th 1 coefficients e, f, 8: row and £ s 
Points of intersection is (8) 

. The ро; ГУ a re 52 

inte P oints of intersection 9* ^ . and ( (n So this c 

Сазе ру tion of С, and the line give? by 


„= 
me as the points of 
ase reduces to 


if and only if 


u is constructible 


He 
p the lemma follows.B 
orem 14.34. A complex number 
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there exists a sequence {F;}, 0<j<n of subfields of C, such that 
О=^СЕ,СЕ,С DILE CF, 


LF; : F;]«&2 for all j, 1<j<n Jm 
and uE F,. nO 


Proof: Note that a sequence {F} satisfying (1), (2) and 9) E 
ELS admissible sequence for и. Q)eF,—F,,(c) for 50 
€; 35 

Necessity: We show firstly that if two complex numbers и ant d 
have admissible Sequences, then they have a common admis y 
Sequence. Let {F},o<i<n and {Kj},0<j<m be their respect 
admissible Sequences. Since [K;: K,«2, K;—K; (v) for S 
*;C Ку. This gives K,—K, («,)=Q(z,); K,—K, (a, =Q» ho 
Ку=О(о,, а,,......, а) for 1« ј<т. Define a sequence {Lh ocka" 
as under. is 
nem Fay, ш... «,) for 1<t<m. E 
i) for 1 tem. 4 
F,.]«2 for 1<i<n. Since [Ne 
-1 is at most two, we have the degree 9), 
most two. Consequently [L, 0: Lott 


Further К.С Enam gives vC Lum and also Р.С Laan gives WEE 


Hence {L}o<k<m-+n is an admissi 


the set of all real numbers х Ше Л 
9 E, for some real number J: "m 
n and there exists admissible Se oy 
er of Р,). Since E,—((0, 0), ces 
nj. 0 4 p 

EQ; they hove trivial admissible 529° py 
ose ы nES. Consider апу xe De v 

+1 OT (y, X) C En., for some real number J” pe 
ded Now (x; уу is a point of intersection of G, and © vac? И 
line const Phe a line or a circle constructible from En: ? ad ? 
ine constructible from Е, is determined by two points of P» ^ qt? 
circle constructible from n i$ determined by three points (the oro 
the two points distan л DES 2 

ce between which, is the radius); Ci ап oh a 
Many points of E, If Fis the e obs i 
Же, У Many points, clearly F is a finite 5^. ш 
Da. By induction hypothesis each ена of F has an 2 a | 
sequence of subfields. Consequently these real numbers P^ p 
common admissible sequence, say {Kj}, 0&j&m. Since all the m 
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14.33, G, and С, are over КВ 
Most 2 = and y are ina field extension L of га RN D 
Kj. {= n If we put Каз mb WE SEE that x, yEKn;, and 
hold in Б, is their admissible sequence. Similar ETE OS 
admissible э (у, х)Є Enz Hence every member x of D,4, has an 
tion, for vei ees of subfields. So that 1--1€ S. Hence by induc- 
fete n n>0, every member of D; has an admissible sequence. 

x+ iy be a constructible complex number. Then for some 

d y have admissible 


п, (x. 
е. As proved above both x an 
cs of subfields, So they have 2 common admissible sequence 
i) Then [Fa : ЕЈ=2, х, yE FC 
1 іѕап admissible 


Say (F, 
a ib i ir We put Fjne 
Sequence =x-+iye F, (i) Fa Hence (Е), 0<i<a+ 
Sufi 3 of subfields for u. 
elds B" Suppose ux D has an ad 
numbers J сеу Let l beitie field 0 
UPPose | We prove by induction on j that F; 
Ip for some j, F;C L- Now Ё, 2 F3) for some an € Fi 
j end Ел trivially FjaG £L jf ЕЕ then tn js quadratic over 
in r. hence over L. However every root ofa quadratic over Le 
for s а. € L. This yields that FinG™ Hence by indgetion F;CL 
sea s particular F,CL- Then ue Fo implies uEL and so и 15 
ctible.m 
Corollary 14.35. Any constructible complex number iS algebraic over 


of F " 
ar C 
€ in K,,, the equations of 


ble sequence of sub- 
ible complex 


GL. Clearly Е,=@С Li 


missi 
f all construct 


By the above 


of degre 
P e, a power of 2. 
а oof: Let и be a constructible complex pa 
On и admitsan admissible Scag nce of subfields 
=K,\CK,C KCK 
= CG bm 3 A eal 2. 
Tu иЄ Ky. Now for every j with 17 hi EE ns 
Кы: Q]-: [Ks «Кас BUM E 
m md for some "<" E o 2-[Q» | 9]- IQ» :Q,()] 
u + ali a 
(О): Or implies g is a prove of 2. Hence the degree 0 
Jex number is 


u 
cw Q is a power of 2.8 
algeb; following example $ 
EXAM over О, of degree a po 
ic КАМРГЕ 9. Consider the Г. је over 
Zisentein's Criterion f(x) P ито? 
= АТ . 


р) = 


Its 
Tesolving cubic is £ y 
then 


Ps 

l is a root of £0? LAE 
a= 

2—21 


zx 


mial fC9—* x—2. 
pe Q. By Ferrari's Method. 
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VU-V4 Jei 
2 


are two.roots of f(x). Now g(y) is also irreducible, so the degree E. 
lover Q is3. Hence / is not constructible (Corollary Nam 
both x, and Xa Were constructible then х, 4-x, would be construc! " 
This would imply 4/27 is constructible, which in turn would M. 
71/241: is constructible. This a contradiction. Hence at 4 
one of x, and x, is not constructible, while degree of both x, and ?? 
over О is 4—2?. a power cf 2. : e 
A i Segment Г said be to constructible if its end ро а 

constructible. A polygon is said to be constructible if each of its " 
is constructible. An angle is said to be constructible if its vertex 
arms are constructible, 


is а 

Lemma 14.36. If a line segment is constructible then its length 15 
constructible number, and 
Proof: Consider a constructible line segment with A (а,, D) e 
B (а„ b;) as its end-points. By definition A and B are conste i 
points. Therefore а, Aa, by, b, are all constructible numbers- the 
the set of all constructible real numbers is a field and is 

square root of every non-negative constructible real number 


З Е he 
Ts ASIE, Ва OSE c En teer itrnttble, Heo i 
lemma foilows.m 


Above lemma shows that if for 
that its length is not a construct 
segment is not constructible, 

Now we are pre 
this section. 

Lemma 14.37. The 
rational numbers, 


x= 


: È ow 
а given line segment we can wr 
ible number, it follows that the 


of 
pared to solve the problems stated at the start 


й yer 
Polynomial 8x°—6x—1 is irreducible © 


is 

Proof. Letf(x)--8xi бхр It is enough to show that ДХ) 

irreducible over Z (Why 2), o 
Now f(x—1)=8x*— 24,24 18x. 4 E 


Јо) is irreducible if and only jf f(x—1) is irreducible. 


Now 3 is a prime number which does not divide the lea 
coefficient of f(x — 1), divides 


not divide the constant term. 
is irreducible. Hence the Jem 
Theorem 14.3%. In genera] 
campass. m 
Proof: The result will follow if we can show that there exis’, 
constructible angle Which cannot be trisected The point A(l. < 


ding 
з does 
all the other coefficients but 9=3 1) 


4 ae X 
Hence by Eisenstein's Criterion /( 
ma follows.m 


nd 
Р ег d 
an angle cannot be trisected by ril 
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constructi 
LAOK isco miri a diagram). LAOX-n|3 radians. So th 
compass constructible If this angle сап be trisected by ruler Fx 
line meet к: line OC can be drawn such that ZLCOX=n/). Let eia 
DE per he unit circle in D. Then the point D and the line deen 
ен арти to ОХ (Е on x-axis) are constructible. Con- 
= у by Lemma 14.36, OE=cos x/9 is constructible. Put 
that 43 x/9. Putting б=л/9› in cos 30—4 cos? 0— 308.8; we get 
Sin —3x—1-—0 ie, 8i 6x 170 
that xi by Lemma 14.37, gxs—6x— 1 is irre 
Not c is of degree 3 over Q- But 3 is not 4 power О 
the onstructible (Corollary 14.35). This is а contra 
result follows m 


I 
t should be empnasi 


ducible over Q, we get 
f 2. Hence x is 
diction. Hence 


т " 
re angles 6.8. 7: radians, 


zed that there 4 
er and compass. 
ne unit is called 
де volume of the unit cub 


a unit cube. 


Whic| 
h can be trisected by rul 
е is not 


A 
Th cube each of whose sides Ё ? 
ee 14.39. A cube of twice t 
р ructible by ruler and compass- j 
a The volume of unit cub? is 1, A if y T PT 
ang sac e the vo ume ; 
Volume i compas; a cube of double me qs RUNE 
he е is 2 and hence its one 5! e is of 1608 2 Apart 
> n (by Corollary 14.35) V? is of degree: 2 » d Pr. 
IN polynomial о 92 о б Непсе the result 
Du not a power of 2 This is 4 contradiction: 
Ollows.m E e " 
а he unt 
qu егет 14.40. A square of the area equal 10 the area 
"d is not constructible bY ruler an camper quare of area т " 
S roof: The- ares ОРЕ unit cirl Р Е" go 47 is а constructi- 
oia it hel с а ү а т nstructible number and 
E vent xe es i contradicts the 
D Tis aer MES Corollary 1439) Or t follows. 
act that v js a transcen ental number. Henc: 


n- construct by 
en its 


he resul 


1 xs students are advised {0 2 

М п. ‚рев upon 2 i ible line b ho 

С UE a 
[Hint, eea constructi? e б. n LAM a , 

8 he circle with centre ad rad aT and of 58 

ЗУ T. The circle with centre? a0? 
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are constructible. The line of their intersection is the desired line 
through P perpendicular to /.] is 

2. If P is a constructible Point which does not lie upon à Є is 
tructible line /, show that the line through P perpendicular. to 
constructible, | with 

[Hint. Choose a canstructible point О on /, The circle Ме, 
centre Р and radius PQ meets / in general at two points, one of t agli 
is Q and other is, say Т. If T and О coincide then the line ае 
P and Q is the desired line. If T and Q are distinct, then the i 
circles with centres Q and T and having the same radius QT а 
constructible. The line of intersection of these circles is the desi 
line.] 


‘ М tible 
3. If a constructible point. p does not lie upon a construc 
line /, show that the line throu 


й 115 

through Р perpendicular ы: " 
© т through P perpendicula 

desired line.] 2 

E к A uc 
T а i$ constructible, show that —z is constr 

tible. eat 

(Hint. The point (2, 0) is constructible, The circle with a е 

the origin and Passing through (x, 0) is Constructible. This C! 

also meets x-axis at (—«, 0).] that 

8 are constructible, show 

tructible, 


6. If « and В are two 
aß is constructible, 

[Hint. The line through 4 
The line through E (0, 8) 
x-axis at the point (28,0) 

7. Using Problems 4 an 
constructible rea] number: 


г S is constructible, se cons” 
8. If a positive number B is constructible Show that 1/8 15 ¢ 
tructible. 


[Hint The line through (1,0) parallel to the line joining il 

points (3,0) and (0,1) is constructible and it meets y-axis at (0, ! on’ 
9. Using problems 4 and 8, prove that for any constructible ” 

zero real number о, 1/7 is constructible, гис“ 
10. Deduce from Problems 5, 7 and 9 that the set of const 


е : іса 
tible real numbers isa field Under usual addition and multiplic? 


he bat 
Positive constructible numbers show f 


ible: 
(0,1) and в (x, 0) is construct о, 
Parallel to 48 js constructible and it ™ 


two 
d 6 prove that the product of any 


e 
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of E numbers 
LF ; Я eee 

vrina b constructible positive number а, show that + a are 

(dso e circle with diameter joining t 

(0, — es ки D and the same meets y 
12. Prov ence + Va are constructible] 

the real wh an angle of « radians 5 constructible if and only if 
13. Prov er cos « (sin «) 15 constructible. 

the point e that ап angle of a radians is constructi 
14. Sh (cos a, sin «) is constructible. 

ани that the set A of all real numbers a, such that cos is 

ible is a subgroup of the additive. group of real numbers. 


he points (—« 
: —®, 0) and 
axis.at (0, уе) and 


bleufandwontysat 


Fi 
urther for any «€ 4, E EA. 


nstructible number and that = ud 


1 
5. Show that cos ES is a со 
€ 
Onstructible angle. 
s Given a positive integer Л» show that an angles of n degrees is 
nstructible if and only if 7 i5 2 multiple of 3 
of 36 degrees i 


lHint. By problem 15, angle 
n angle of degrees 


s constructible. From 
9 is constructible. Let 
e of degrees t is 


Prot } 
t Dm 14 it follows that а 
the least positive i ch that ап ans 
positive integer SU 
constructible. Then («c9. Consider 9 —t and conclude that t=3.] 
17. Prove that a regular n-gon is constructible ifand only if the 
a К 
mule of = radians is constructible. 
18. Usi deduce that the regular pentagon 
. Using problems 16 and 17 4 i 
nia hexag iue constructible, a regular 9-20" is not construc 
e. ; 
b 19. Prove that the angles of degrees 15, aud 3 cannot be trisected 
Y ruler and compass- 
er rationals. 


20. Pro in 
* ve the following: 7 
(i) ЕЕЕ eee is jrreducible ov 

25 satisfies t 


(ii 2 
cos 3 
i r. 
WD 2z is not à constructible num 
| A js п0 constructible. | ; 
(i) A regular heptagon | b atib mie wa 
at for 


21. Usin t В SUE 

У g the fact t following: i 

@ is irreducible 0" 7; "dh primitive nth root of unity over 
i) The minimal p? употій 


Qis Gn (x). 
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(ii) Using Theorem 14.34 deduce that a Primitive nth root Р 
unity is constructible then the degree of Ф (x) Le. d(n) is equal to 
power of 2, [where Ф (п) is totient function.] " th 

(iii) Using the fact. that the Galois group of a primitive 7 H 
Toot u is commutative and the converse of Lagrange's theore " 
holds for Abelian groups, show that if (л) is power of 2 then 
‘is constructible. 5 8 

(iv) Show that а Tegular n-gon is constructible if and only 
Primitive nth root of unity is constructible, ible 

[Hint. Use problems 12, 17 and the definition of constructi 
complex number.] T 

(v) (Gauss) A regular n-gon is constructible if and only if Ф(л) 15 
power of 2, 

[Hint, Use parts Gi), (iii) and (iv) above.] ible 

(vi) Fora Prime p, show that а regular p-gon is constructi 


? к à e 
if and only if р is 4 Fermat's prime ie. p=2"41 for som 
nz. 


[Bint. 4 (p)=p—1] 


15 


RINGS WITH CHAIN CONDITIONS 


ery ascending chain 


Tn Le 
mma 10.27 we proved that i 
a finite number of terms. In this 


of i 
ipm become stationary after 
ring we shall undertake the study of some 0! 
Ings satisfying similar conditions for one-sided ideals. We shall also 
i ot admit an infinite 


Bi : 
eis brief account of the rings W ich do n 
y descending chain of one-sided ideals. 
1. 
erre um Rings 
ті cfinition 15.1. A ring in which every strictly ascending chain of 
jo (left) ideals is finite; js called а Right Left) Noetherian. 
a ri quivalently one can define а right (left) p 25 to be 
ng in whi me ascending qain АСАСАС. E 
ich for every infinite enun qat Hae 


of ri p 
right (left) ideals there exists а positive i 
mn. 
REMARK : za cing is also known as а ring 
$ ‚Аг! ft Noetherian ring d s 
with ACC (ie. jor erh Condition) оп right (left) ideals. 
ьо inition 15.2. A ring in which ACC nolds for right as well as 
t ideals is called a Noetherict rings it is Pl 
оа 1. Zisa Noetherian ring since ! 
is a Noetherian ring mma 10777 
EXAMPLE 2. Every finite DE is clearly Pe 
, Since the only right 
herian. For similar 


D and every 


th right and left 


UNA у 
З AMI eer a division ring 
PLE 3. Consider ^ e pisa right Noet 


1а 
н of Р are (0) and À 
ons D i therian- К 
D is also left Noe all give 


At we 
the end of the chapte" Jeft Noetherian- 
-empty set of right (left) 


an example of a right 


o PER А 

etherian ring which is 2° ту попе ; 
elation, has а aximum ele- 
n holds for right (left) ideals: 


i Petition 15.3. If in 2 Т = оп T 

gw partially ordere "опао 
іт 

а FD that ma 
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Notice that by a maximal element of anon-empty set F partially 
ordered by relation <, we mean an element ACF such that tiere 
exists no element B in F, satisfying A<B. In other words A is 4 
maximal element of F if and only if for each В іп F, A<B=>A=B. 
A set may possess more than one maximal element. А 

Remark. As the results for left Noetherian rings are in complet 
analogy with those for right Noetherian rings, we shall confine our 
selves to right Noetherian rings only. 75 

Definition 15.4. A right ideal J of a right А is said to be finitely 
generated if it is generated by a finite subset of А. 

NOTATION. If the generating set § Consists of n elements ay, 43°”? 


an We write I= <a, а:,.. э A>r It can be checked that /— —4i7* 
ge M E ee Sam. 


Theorem 15.5. For any ring 
lent :— 
(1) Ris right Noetherian. 
(2) Maximum condition holds Sor right ideals of R. 
Ris finitely generated. 
Proof: (1)=(2). Let F be a non-empty set of right ideals of А 
and let /, bea right ideal in Е. If /, is not a maximal element of 


we can find a right idea] Т, of R such that IEF and hn WE has 
no maximal element the above proce. 1 i 


giving rise to infinite Strictly ascendi 


R the following Statements are equiv® 


ng chain 
hehehe. 5 г 
of right ideals of R, This contradicts the fact that А is right мое! 
erian. Hence F has а Maximal element, consequently (1)=>(2). 1 
Q2) (5). Let 7 bea right ideal of Rand let Fas | J is a finite 
generated right ideal of p Such that JC n. Clearly (0)Є F so Hos 
non-empty set of right ideals. By (2), F has a maximal clemen" 
Suppose M is a maximal clement of F, Clearly М is finitely generate? 
We shall show that у. 4, MEF, MCI. If possible let Га 
then there exists an element аЄ1, ag M. Consider the right iden. 
M+<a>, M+<a>, is finitely generated right ideal of R. п 
generated by the „501 SU fa} where <S>=Mj. псе 2&7 
M+<a>,Cl. This gives that M+<a>,€F. But agM? a 
M+<a>,. This violates the Maximality of М. Hence = M. AS 
consequence / is finitely generated m 
(3)=(1). Let hCLCILC. '*be an infinite ascending ADEM. 
right ideals of R. Consider ча I. Tis a right ideal of R (ComP 
Lemma 10.26). Now each right ideal is 
Ít;, Gz, а). . +, An} be a generating 


62 
finitely generated. Let a 
Set of ре, рса, а. - 9 0" 
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tive į a;€T implies the existence оббо 3 
EU i; such that a;€ Ii; Let k=max (es г ў Then bri 
for ees . ., n. This gives that 1С, but LCI hence /—/,. Now 
Bem L,CI-I, gives „= Hence Ris right Noetherian m 
every siut 15.6. An ideal J of a ring R is called right Neotherian if 
ed in у rictly ascending chain of right ideals of R, which are contain- 
tight N is finite. By above definition it is clear that every ideal ofa 
Lem oetherian ring is right Noetherian. "— 
righ ma 15.7. A homomorphic image of @ right Noetherian ring is 
E Noetherian. 
b = Let S be a homomorphi 
that Nr: Se«R|I for some ideal J 
Let J is right Noetherian. He 
f R/T Дегет Ж an ascending а 
Srp Now each JO be de form Kil! Where ще 
a I. Also IC Siva л: 90 the abov e 
ves rise to ing chain. uv i 
has KEK sc. is dels of Re [ p NE 
im ic exists a .positive integer ” such that Kn= EXTR 2 
Plies that JJ, yiman: Hence Ar^ right Noetherian ring 
emma 15 8. (Modular аю). If L, M are right ideals 9) 
ie that MCL, then LN LN) 2 MKLONY 5 M&LANCI- 
Bur oof: As M and LAN both are containec а 
FA LONCN>M+LNNC ү. This gives BA, o for 
some yen) Again let xE LAM + ХЫ e and this gives dat 
p 22, 2 y А 
Low. and s. МО yeh rem СМ 
sequently LACM + went Lone "n Ri 
Nan os 15.9. Let I be an ideal of 4 ring 
ipe only if both І and RII are righ "nition 
Gens If R is right Noetherian Qo 
crian and by Lemma ~: Таз азо ү Noetherian an 
^ eg let both / ап 
кеки ding © 
an ERNI G да Р c. м ап ascending cha ^n 
in, ПЕЧ inz. Since [is а right Noetherian 
Ber п such that ЛГ] Ida emp Ие | 
of Astin Gu DIC DIG S 2d tg a post 
tive EM ideals of Ж. As RIT js right N Е 
ha, Ke t such that Jat) II Co „Шет? айт?” 
„= and m is Now fo 
муа We claim that Jm? i 


Е 
OF each je (1, 2, 3,. . ., п}, 


c image of a right Nostherian ring 
к. Soit is sufficient to prove 


n of right ideals 
a right ideal 
nding 
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Ja Ju (5D) Js O (1), as J,- I2J,4- I mzr, 
—J,--J4 Mas J, CJ, v mzr and by Modular law, 
=J,+J,01 since J4,01—3,0M, 
—J, as J,0MC Ј,. 
Hence J,—J, тург. As a consequence R is right Noetherian.8 
We now give a proof of a famous theorem of Hilbert. 
Theorem 15.10. (Hilbert's Basis Theorem) 
If Ris a right Noetherian ring with unity then R[x], the ring of 
polynomials over R, is right Noetherian. 
Proof: It is sufficient to prove that every non-zero right ide 
R[x] is finitely generated. 
Let J be a non-zero right ideal of R[x]. For each integer kz% 
define Ь={аЄ К | а50 and there exists a polynomial пох" 
eax? + ax" Є nU(0). 
I; is а right ideal of R and I, C Ixy for all integers k>0. 
Since R is right Noetherian there exisis a positive integer Л”, 
that n= утуп. "Also each J; being a right ideal of right Noeth 
rian ring R, is finitely generated. Let J;,=<ajq, а, aise - » "i 
for allis0, 1,25. . ses , n Where a;; is the leading coefficient of 2 
polynomial f;,€ /, of degree i. We claim that J is generate y 
ттт... .4-т„ polynomials fy, foss. . o forg Ла» fit sapien 


A Nn Hm: 
Tub Jiecfoodfüise cn 00 НИИ fangs dii tact ucl dole 


з 

Let /520Є R[x] be such that fE /, than forex exH-- + eot 

с,520. We shall apply inductions on s. For s=0, f=coE To and 

definition of fi; s, dor=fors ац... аы =f, are elements 9 
0 


al of 


such 


fh 


“which generate Л, so ICJ, we get cC J. This gives fE J. 28 
Suppose now that all non-zero polynomials in Г of deste? 
belong to J and let deg f— s. 
Let s>n. The leading coefficient c, of f belongs to Z- ГД 
But = 1, as In=In¥m>n. This implies that с,Є/,, ie- 600) 
+оо. „Чейн wien for some b, Ра. В-аз Ping ER dd " 
| i o 
The polynomial g=f— (fab: faba. ыбө ia n is zer? Y 
of degree less than s as the coefficient of xs in g is equal 


с. (алаам оі. + + ann Рт \, Which is zero by (1). E. 
If g=0 then g€ J, if 2540 then by induction hypothesis ged 
so in each case f=gt (faba fi bi. «Sar bmp) "Є 


27 
If s<n then c,€ 5а, a, d; E. . Asm dm, for SOME dg 
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Bets dn ER. 
The po А 
polynomial h=f-(faditfed: t: . fem dn.) is either zero ог 
f x in h is equal to с, (010 +а,з d. 

e again AEJ, so fEJ. МЫ 
ro polynomial which is іп Z is also 
plies that J=J. Conse- 
ight Nostherian.m 


of d 
EL е и as the coefficient о 
+ +$45m,dn,)=0. Hence onc 


Thus i 
in J. Thr each case every non-ze 
quent] is gives that ICJ, which іп tura im 
2 y 1 is finitely generated. Hence R[x] is P 
Б, rtinian Rings 
ЗН 15.11. A ring іп which every strictly decending chain of 
Al (left) ideals is finite is called a Right (Left) Artinian ring. 
Tin ternatively one can define 4 Right (Left) Artinian ting tO bea 
В in which for every infinite descending chain of right (left) ideals 
there ex; Lh2h2h2: 
Ы a positive integer ? such that ps 
Dee ARK. A right (left) Artinian ring is also knows a 
(Descending Chain Condition) 01 right (left) ideals. 
ich DCC holds for right as well as 
° 


mz. 
sa ring with 


Dekar 
left шш 15.12. A ring in * ic 
als is called an Artinian ring. " | 
орде 4. Every division rin. is right Artinian 5 its «Шу 
i еа are (0) and Р itself. Because of similar Г nD is 
Ttinian | 
ER i oft Artinian. 
Mr ^ ring is both T! ht and © 
Reb P E ral rationa numbers 0 
m 


EX 
AMPLE 6, Consider the set Z( 2?) 9 rime number, 
e | 
wher | e 


the f 
; о 
is an Tm m/p” between 0 an 1, 
ае шагу Positive integer and n FUP гош inion modulo f 
е ег. Then Z( p») is ав Pn group їй! аре (ре). Now 
Пре (рэ), a. шш py defining ку КОД Ыра 
Pro, ach subgroup of Z( p2) is 2n idea teger such that 
for ^T ideal of Z( p») and et k be the jeast positi" divide 4 
“еки positive іпіевег 4 ap" 1. Notice Е ay «ve integ b, whic 
is ag Wise we shall have pipet for some positiv 

ainst th А І 

3 nd that 

Ong 0, qe on ( ener we WES correct, 
theists of precisel ЇР ese elements: ur contention ser, Í k and 
pa. SXists an аы, сір! where © рох. ев d 250% 
tha Not divid atop = 1, we cae find 1277 

cr vide c. Since t^ ч 
y, No +ps=] p redi odulo P 
Й АСА s еас ntra: 
iq DV (rp Hejpt—refpt and SI po ott Po is 


Sdn 
iere It follows that rc[p* + 
to the choice of k- 
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Hence ideal /={0. 1/p*71, 2/p71,., ., (p*-31—1)[p*1). We dene 
this ideal by /,_,. Thus we conclude that the only proper ideals in 
Z(p*) are of the form 7; , for each positive integer j. Since ere 
proper ideal of Z( p) has finite number of elements, DCC holds- 
Hence Z( p^) is an Artinian ring. ‘nian 

At the end of the chapter we shall give example of a right Artin! 
ting which is not left Artinian. 1! 

Definition 15.13. If in a ting R, every non-empty collection of A 
Tight (left) ideals of R, partially ordered by inclusion relation, has ft) 
minimal element we say that minimum condition holds for right de 
ideals of R. t 

Note that by a minimal element of a partially ordered non-empty 
set F under the relation <, we mean an element AEF such S 
there exists no BE Е satisfying B< А. In other words A is а mim 
element of F if and only В<`А=В=А. Asin the case of maxi? 
element, a set may possess more than one minimal element. 10 

As the results for left Artinian rings are completely analogous 
those of right Artinian rings we shall hence forth discuss only пр 
Artinian rings.. 


wae 
Theorem 15.14. For a ring R, the following statements are equi” 
lent. 


(1) R is right Artinian, 

(2) Minimum condition holds for right ideals of R. К. 1 

Proof: (1)= (2). Let F be a non-empty set of right ideals of 
Let 7; be an element of F. If Т, is not a minimal element, we Can, al 
another right ideal J, of R such that /,>/,. If F has no minit 
element this process can be repeated indefinitely giving e of 
infinite strictly descending chain hlbe....of right ide? 2 
R. This is a contradiction to the fact that R is right Artinian. 
F has a minimal element. ideals 

(2)2 (1). Let 4,D15,215,2.... bea decending chain of right ^^ s 
of R. Consider F—(I/i—1,2, 3, . . J- Then Е is non-empty, iye 
1,€ F. By (2), F has a minimal element, say L, for some рота 
integer п. Now ¥m>n, L,CL,. If Ll, then as In is 2 тї. 
element of Р, /,,@F, which is absurd. Hence. 7, — I, mz 
quently R is right Artinian.m ini” 

Definition 15.15. An ideal I of a ring R is said to be right Art сой“ 
if every strictly descending chain of right ideals of R, which 2€ 
tained in 7, is finite. . 

Clearly every ideal 7 of a right Artinian ring is right Artinian шз 

We leave the proofs of the following two theorems to the Ё ylt 
since they are exactly similar to those of the corresponding 
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f H 
REM Noetherian rings. 
heorem 15.16. A h 
і -16. отото! 
ui a Artinian.o "i 
Д 
M ifa 1 15.17. Let I be an ideal ofaring R then R is righ 
E only if both I and RYT are right Artinian.m WE MI 
e m 15.18. A right Artinian ring having more than one elem 
Bio ү no proper zero- -dívisors is а division ring. ae 
"rk R bsa right Artinian ring having at least two elements 
A HE no proper zero-divisors. Let a(z:0)€ К. Consider the 
Pape: ing chain <а>,2<@ IL D <>r: , of right ideals of R. 
Boe right Artinian there exists а positive integer n such that 
€ аА утуп. In particular оа 
Saanti y ma for some rER, MEZ. 
=> qh=a"(ar+-ma)=2" where е=аг+таЄ К 


= a=ae as a" (2:0) is Dg 
-»ae—ae +»д(е—©) =0=е=ё 85 a~0 апа К is without 


proper zero" -divisors. 

ed рае 
H ow for any xER, (exe 0e and s ex—x)= 03 exo. 
ence e is the unity of R- Consequently _ <a" а= «ca, 
SMOD anb for some bER> 


—a"*g Now areca RA 
on ring. Rater 
eral domain with 


ic image of right Artinian ring i: 
is 


ab= 

C e. Hence R is a divisi 
orollary 15.19. 4n A at least two 

C ge is a field. А 
EE 15.20. Іп an | 
prime ideal different from Ris maximal. 
Proof: If P is a prime i ideal of К such that pR then R/P is an 
ith unity 1+Р. He án ue is a field 
maxima al ideal 1 of R 


ring R with unity, 


A 
ee integral domain WI р із а max 

rollary 15.19 This gives t isa 
un Sm 15. ET In xs Artinian ring €" nil right “ideal is 
ilpotent., 

Proof: Let I be a nil right idea! | of a right t Artinian My 
a or the descending € ain of 4 Pg К foe 2 deed Е T 

€ exists a positive E Е p (0 dota aO) 
ae uch hat 41°200)} Е is 
s a minimal 


Particular [?"—=1". 

et F={4 | Aisa right jdea Bint 
is Tig 

RY ent of P. 


P empty as "ЄЁ. since 

ACE Let К be 4 minima" element". Ба ; 

башк po " is рден as КЇ” nd right 
ск. Again (kI у" ihe Din mality 0 Hence kl"=K. Since 


ideal of R. This violates * 
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КЄК, there exists aC І" such that ka--k. But as J is a nil right E 
and /^CI,aisnilpotent. So there exists a positive integer ¢ SUC 
that at=0. 

Then k—ka—ka*—ka? =. . ..=kat'=0=kI"=(0), which is а соп" 
tradiction to the choice of k. 
Hence J*=(0). Consequently J is a nilpotent right ideal. 


3. Examples and Counter-examples 


We close this chapter by giving some interesting examples and 
counter-examples. 

EXAMPLE 7. Z is Noetherian ring but not Artinian. In fact 
for any positive integer n, the strictly descending chain. 

nec <2n> > п... 
of ideals of Z is infinite. 

EXAMPLE 8. We have seen in Example 6 that the ring Z (p?) 
is Artinian for any fixed prime р. We claim that Z( p) is not Noe 
therian. Recall that every ideal of Z( p») is of the type 7, for every 
positive integer k. Note also that xc I,.,7x-a[p*-! for some integer 
а, OXac(p^1—1)2x—aplp and O<ap< p—p«p'—12x€le 
Further by definition of 7, ,, alp'&& hy. So ia<l, The strictly 
ascending;chain (0)</,</,</,<. .. is infinite. Hence Zp) is not 
Noetherian. Also notice that although each proper ideal of Z( р") 
as finitely generated, yet Z( p=) itscif is not fnitely generated. 

EXAMPLE 9. Let S be an infinite set and let R be the set of al 
subsets of S (Le. R is the power set of S). Then (В, A, 0) i5 p 
commutative ring with unity. 

Recall that for А, BE R,AAB—(A— B) U (B— А). à 
We claim that R is not Noetherian. For this purpose ii is sufficient 
to show that three exists an ideal of R which is not finitely generated 
Let C be the subset of R consisting of all finite subsets of 5. Clearly 
Cis an ideal of R. 

Suppose that C is finitely generated, then C=<C,, Ca, Cs. - OZ 
where for each i=1,2,...,t; C, is a finite subset of я 
Let AEC then A=(CND)ACGNAD) ^....A(cnD) fe 
some subsets Dj, D.....,D, of S. Then for each y€4: H 
(CODO A ace A (CIND). This implies that VECO S 
at least for some i, 1<i<t. So each element of A ÍS 


A ISBN 1 of $ 
some C;. Now as S is an infinite set aud U С, is a finite subset 
i=1 


1 Ci 
there exists an хЄ 5, xY Ci. In other words xc S and х& 
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Mix 
1, 2,...., t. Consider now the finite subset (x) of sS. 
- Byour 


choi ws 1 
udo of C, (x) € C. This is absurd in view of the argum 
г. Hence Cis not finitely generated. Consequently Рова 

15 not 


Noetherian. 
EX : 
For ee 10. Let F be the ring of all real valued functions on R. 
Th y real number r>0,we define Z, 2 (/€ F | Лх) =0% —rs ; 
en J, is an ideal of F. i eames 
NS strictly descending chain o 
n ictly ascending chain of ideals , lis € hls + 
s F is neither Noetherian not Artinian. 
M ow we show by examples that a subring © 
p. need not be Noetherian по! (Artinian). 
$ XAMPLE 11. Consider Qas 9i 
aenean (Hilbert's Basis Theorem) 
et R- (fe OI] | constant term of JEZ- : 
Ris asubring of Q[x]. The strictly ascending chain 
a <x> < <х2><<%4> КОП. jdeals of R never terminate. 
ence R is not Noetherian. 
» EXAMPLE 12. Q, being field, is AT 
ut Z is not Artinian (see Example?7). — , Ў 
The following example shows that Hilbert $ Basis 
old for Artinian rings. А 
F| EXAMPLE 13. Let F be a field. Then F! 
[x]. The strictly decending chain. DUE. 
: pru ra pii ninian 
ofi Bixee js not 3 
dud = d а Eur x Hence PIA amid, if at all F[x] is Arti- 
б rve that as F[x] 18 
A Corollary 15.19: 
a we shall get that F[:1159 77 а by Core е right Noetherian 
inally we give exam les О ian 
(Artinian) but not left Noetherian (Arun 
ab oes b,ce 9. * 


EXAMPLE 14. Let R=]\ 0 c 


f ideals 2 I7. 
. never terminate. 


f Noetherian (Artinian) 


s Noectberian, Q [x] is 


tinian. Z is a subring of Q, 
Theorem fails to 


s Artinian. Consider 


n. We 


Then R is a ring under mat 
Claim that R is right N therian bU E 
For any non-negative integer K> 60 


А8307 
Then A, is a left ideal of R- Further ED 


a 0 1/253 
nd i I & Ar ; 
on-termt 


2%= 2т]25+ 


ending chain As hi 


nating strictly asc? 


Thus we get a 2 
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<A;<Ay<....of left ideals of А. This shows that R isnot 
left Noetherian. 1 

To prove that R is right Noetherian it is sufficient to establish that 
each non-zero right ideal of R is finitely generated. 

Let A[z(0)] be a right ideal of R and let «e, 4- Bes - Yes: A where 
ei, denotes the matrix with 1 in (f, j)* position and zero elsewhere» 
and «EZ, 6, YEQ. Note also that e;;je;,— €i if j=k and eijer? Н 

jk. Two cases arise. 

Case I. «340. Let 3 be the least positive integer such that Sent 
be,,--cej,€ A for some b, cc Q. Then we claim that either A !5 
generated by matrices 3e, e,,, ез. or by 3e,, and ej. Now Qe, bes 
+сез) 635€ A= ber € A> 8e,, (1/8)е,.=еЄ A= be, —ei (Des) € A. A 

Also ej-bey,--ces, € A> (Sey - bes ces) CE 47 dene“ 
Thus we get ce» EA. Now in case c=0 for all such 8 and b, A ^ 
generated by 3e;; and e,,. In the other case, cg, (1/c) ex € 4 and 
is then generated by matrices 8e,,, e,; and ezg. A 

Case П. «—0. In this case be,,-+ces,€ A. If all the elements of 
are of the type A(be,.+-ce.,) for some AC Q, then A is generated d 

single matrix be;,4-ce;,. Otherwise there exist b,, c, € О, such thà 
Һез+с,ељЄ А but bycAbe,. Then (bc, Боде Є А2 (bc, — bi 
(с, – Б,с))е Є A> eE Ay, Бе„Є A be, € A2 ces € А: БИ 
c=0 or е„Є A. Thus А is either generated by e,, and е. ОГ by © 
alone. Hence 4 is finitely generated. 

Consequently R is right Noetherian. 

EXAMPLE 15. Ist в={( E. ) a€9; сєк. 

Clearly R is a ring under matrix addition апі multiplicatio?- 
claim that R is right Artinian but not left Artinian. T 

R, asa vector space over O, is of infinite dimension, there exis 
real numbers dy, 45, оз»... .,а,,... which are linearly indepe? е 


over Q. For each positive integer k, put 4,— W 0a } ae subsp? 
оол 


of R generated by aj; акы, аз... that 4r 


} It сап be easily checked 6 
is a left ideal of R. Further 4,—4,.. as аА: Since the es 
(a5, а», аз... .} is infinite, we get an infinite strictly descending © P 


of left ideals 7,7 157157. . . . of R. This establishes the fact that 
potleft Artinian. 


Let 4,4, be two right ideals of R and «ej, mau 
where «EQ, P, YER and е; as defined in previous example. ee 
are called matrix units). If «40 then as proved in previous exam, 
either аепЄ А» eE 4А» е»ЄА, ог aen EA 645€ А» and y=0. In 
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forme E : 

еа NIA, («eyYla)en € 42 Èe en € de berti rie. 
е. ehe 1> As. In the latter situation 4; is ETE which is 
let ae, nd now 4,7 А„> Аз where A,isaright ideal ar. ез and 
be. A ре If а520 then (ae, +5e12) (Пађе Є 4, e R. Now 
thus [e ow if 50 then this implies ecce C dat € 
generated ру $ contradiction- Hence b=0 and consequently 7 m 
of А, "abus This at once proves that Ay is a minimal right 2 
© is finite. strictly descending chain of right ideals 4,7 4,745 

are te р a—0 then ge, +YenE e 
ideal and p À (Bes, +Ye22) for some ^ 
Otherwise 177457 (0) В the strictly descendin 
and e, as seen in previous example 42 1$ general 
In RE or by е only. 
Tope on generated by 612 
ge di done, In the case 42 15 generated by ёз 
then xis will'show that if 4,7 42 for some rig 
n each er A, is generated by ¢12 OF y dey. ЈЕ for some d, 
Gan case A, is a minimal right ideal of R. | i 
chain Er R does not 4 mit any infinite strictly decending 
right ideals. This establishes the fact that R is right Artinian. 


PROBLEMS 
erian then eve! 


Ideal Domain 


If ali other elements of Ae 
ER then A, is minimal right 
g chain of right ideals. 
ted by either ese 


mal right ideal of R 
and ё» а similar 
ht ideal 45 of R, 
JER. 


only; it is mini 


ry homomorphism 


1, 
Show that if a ring R ÍS Noeth 
R. Prove 


of 
R onto itself is 1—1. 
of a Principal 


2. 
түү Let Thea non-zero ide 
3 = Tis both Artinian and oetherian- al id 
- Prove that i ACC holds 02 princip? 
at in a UFD, ^. ring R with unity h maximal 


4. 
cee that every Noether! 
Lp Let F—-(J | J i5 ani 
-If Ris commutative TF i 
Ris Noetherian 


deal of Ran 


o 5 
кып (Artinian) the? 
t. Rx]/G) 2 К). К ; к 
6. экн 5 an m domain with unity has finite number 
sesses 4 finite 


of ide. 
als, then it is а field: nim 
nc Prove that every C? mutative Artinian 1108 
ч ber of proper prime Í 5. 
RT Prove that every ideal of ? 
eae a product of prit ideals. sae 
» Let Ry, Ry. + 9 Ra be” rings 20 


ive Noetherian ring 


* of n-tuple 
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i ring 
(à, an. . ., an) with a;€ R;jvi—1, 2,..., п. Show that К en ae 
under component-wise addition and multiplication. Ris is 1o 
External Direct Sum of Ry, Rs. . ., В, and we write R=R,® Re 
9R,. h i=l 
10. Let R be the direct sum of rings Ry, Ra. .., Ra. For eac 
ith place 


—— 1 
2,..., n put R/—((0,0....,0, a,...,0)| a€ К}. Prove that Q 
Each Ri’ is an ideal of А. (ii) For each i, R; =R;. RIRGE 
11. If R is a direct sum of two Tings R, and R, prove that eviow 
R’, and R/R’,=R’, where R, and R, -are defined as in РГ 
roblem, LEER 
R 12. Let R be the direct sum of Tings R,, К,,..., Rn- Show dt 
is right Noetherian (Artinian) if and only if each R; is right No 
rian (Artinian), 
[Hint. Apply induction on n and use Theorem 15.9]. ing of 
13. If К is right Noetherian (Artinian) prove that R, the T! 
пхп matrices over R is right Noetherian (Artinian). һепїаб, 
14.(Gilmer) If К is a commutative ring such that R[x] is Noet 
then show that R contains unity. ments 
15. If in a Noetherian ring R every ideal generated by two ele 
is principal show that R is a Principal Ideal Ring. 


are 
16. Let R be set of all element of type ho where f(t), a(t) t 
polynomials in Z,(t), where Z, isthe ring of integers modulo 2 d d 
8(t)40. Show that R is Artinian ring under usual addition ; is 
multiplication of rational functions and 6: R—R given by 60277 
1—1 homomorphism which is not onto, pov 
REMARK. This shows that dual of result stated in problem ] ? 
is not necessarily true for Artinian rings 


16 
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Rage of Chapter 12 we proved that corresponding to each 
cias a basis of a vector space K over a field F, there is a unique 
sociated with a given Jinear transformation on V. For 

hoose a basis so that the 


practi! p i 
ша purposes it is often desirable to C 
sponding matrix P ina form”. By nice form we mean a 


matri 7 
GU which mostly resembles 2 diagonal matrix. Such forms are 
МЕ ЧУ amenable to further alegbraic treatments. Inthis chapter 
isc i : 
TCA), the problems of choosing such bases of V for a given 
1. Minimal Polynomials and Characteristic Roots 
а Definition 16.1. ТЄ AV) is called right (left) invertible if there 
ie S€ A(V) such that TS-I (57= 1) where / is the identity trans- 
ormation on F. 
Note. S is called a right (left) inverse of T. . 
ti Definition 16.2. TE. A(V) is called invertible OT regular if T is both 
ight and left invertible. 1 
Lemma 16.3. ULE A(V) is regular then there exists SEA) such 
that ST=TS=l. 


Proof: Since T is 
h that Т5'=1 2n 
/ 2, S” we get that 


both right and left invertible there exist 
d s'T-l. Now S'2IS'-(S'T)S' 
TS-ST-I.m 


uH S’E A(V) suc 

—S'(TS)-S'I-5'". putting $=5 Я 

Remark, It can be show? that if Г cA(V) is regular then there 
Ts-ST-l. Sis called inverse of T and we 


exists unique S sucht а 
denote it by Т^. 

EXAMPLE 1. Let у=. Соп ез) of V where 
€,—(1, 0) and e, 00, V^ Define TE A(V) by T(e,) — 7e; and T(e)— 
3e, We claim that T is regular. SceAQ) be defined by 

е ; 1 
S(e,)= а and S(¢s)= F Then it can be easily Ve 
gular. 


sider the basis (e£: 


rified that ST= 


TS=I. Hence Tis © 
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EXAMPLE 2. Let V=R[x], the vector space over polynomials 
with real coefficients. Define S, TE A(V) by S[f(x)]— € [70] and 


T[fG) = i одах for all f()eRpj Now ТОЕ 


S [f f(x)dx |= This gives that Sis right invertible. 


Агай TS fGXjr[ se) |= [|+ [2 ]e- [79 T 


—f(x)—f(). Since in general f(1)40, TS#1. Hence S is not regular. 
[Cf. Lemma 16.3 and its remarks]. 


Definition 16.4. T€ A(V) is said to be equivalent to SEA(V) if 
there exist regular transformations P, 
Definition 16.5. TE AV 


algebra of dimension п? j 
; ve Fh 
For a given ТЄ A(V), а-а T4. "D . Uds te 
аат. ата PTE AV), (T) will. deno 
Definition 16.6, TE AV) is calle 
| 5 d ial «(9€ 
F[x) if (7) —0, the zero linear tr E 4027 of a polynomial 20) 
Ы Ben For the sake of conveniente ation on y, ce 9i 
Tor zero vector or кш etae ag all use O or O in Pi 
T tor ; Ontex А 
Theorem 16.7, py 210 lincar ranges "text Whether O of gr 
1 


Ormatio for zero 5 igh! 
On -zoy n, or un! 
n(x)e Е bà 


Е а 
Such that € A(V) there exists 


: КШ 
nd only if m(X) divides 

mr a Fe 3^ only if v j 

l f! 

Yen, ltcan be asy y 

H Ы X! -5 b 

AV) is b Pon G х] FUT] defined bY 


ES F 
уус СЛС XE co 
e thy np т, УРО) for some р fe 
Ker c. go S поп. ota Ee t5 T"? are L.D. OV |. of 
n : 

)ang Poly, "O such that afta! * ^ pan fh, 

mia] ау За $ Omia ут) Hat: " 4 uf 
Туу He Quence р(х)-#0; also сё! 1 

Nee deg p(x) 2 0. 


CANONICAL FORMS 447 


сана) where « is the leading coefficient of р(х) and m(x) i 
Ker ic polynomial. Then Ker c—«m(x)». Now by d. e 
с, m(T)=0 and for any gE FDI, g(x)=0eg(x)E Ker or 

o= 


omen | gto 
Мел) satisfies (i), (i) and (iii). Let m'(x) be another monic 
E nomial over F satisfying (i) and (i). Then by Gi), m'(x) | m(x) 
сы) | m'(x). Consequently m'(x) - 8mC9 for some 8(50)€ F[x]. 
sit paring the leading coefficients on both sides and noting that 
m ) and m'(x) both are monic we get that B=1. So that m(x)= 
(x). This proves the uniqueness of т(х)-а 
Definition 16.8. Let T(z£0)€ 40): The monic polynomial m(x) 
B —a4xF—, , .— а over F is called the minimal polynomial of T 
if (i) m(T) - T* - TtT ‚.—1=0 and (i) for any 
вође Flay, (Т)= 0 if and only if m(x) divi st). ; 
Theorem 16.7 show that the minimal polynomial of a linear 
ial of least degree of 


t 
Tansformation T on V is t lynom 


= xk 


he monic Po 
it was seen that T is 
* Hence the degree 


n 
901 of а polynomial of Cf Indeed we shall 


the minimal polynomial of T ca 
€ that it cannot exceed п. 
т Dheorem 16.9. Let T(z:0)€ АФ) and 5 n 
and S“TS have same minimal polynomi? Kee ia FIX, (S? T5) 

= TS. "n= 


y) be invertible. Then 


sar. 
"S for all integers mz0. 2 
абар. eges seS lelte nat “if, m(x) and 
7-S"'g(T)S. Hence s(T)- es T9 di eon respectively then 
(2) are the minimal polynomials 0 and > o, The definition of 
"(T)—0, m'(T)=0, m'(S?18)79. 7 draw 
Minimal polynomial yields т(х) tes roves t 
ово), since both are in c. in ү . Then A(V)e MC» 
et n ordere i : A) МАЕ, 
the "MIN aa ee ove F under the roa i s А amis 
Süch th $ M (T) where (0.7 the TA an isomorphism it 
to "pecus (^ Ya c те Sine о En RE ^ where 
rdere as p'- 2 = 

follows that for КОШ g у О x is the minimal 
Dau. Hence in particular ШШЕ? 

9lynomial of T. „ also the min 
‹ md Гр sl We вау that т(х) 15 

Omial of the matrix 4- nT: VV і regular 

á nS) formation ^ * 
T e ransf non-zero constant term- 
s minima 


e 


imal poly- 


if and 


Jynomial as 
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Proof: Let m(x)=x* a,x! gk —a, be the minimal 
polynomial of T. Then T'—«T*3—...—a«,,T—a«,I—0 yields 
ТТА —a TI ак) (T1 — a TH, а)... (1). 


Let T be regular. If a,—0, then as T*-! exists, (1) implies that 
Te3 el, lup. 

This contradicts the fact that deg m(x)—k and Т cannot be a root 
of any non-zero polynomial over F of degree <k. Hence «40. 

Conversely if 0,50, then (1) yields that TT'=T'T=I where 
Т'= (T^? —a,T^7—...—5, 11). Hence T is regular.m 

Corollary 15.11. If T€ A(V) is regular then T- is a polynomial in 
T over F. 

Proof: Vf x"— axt- a xt -—«, is the minimal polynomial 
of T over F then as we have seen in the proof of above theorem; 
«770 and T =u (Ta, Th .—«"-], polynomial in 
over Fm 

EXAMPLE 3. ConsiderV—Q:, Let (е о e ) be its standard 
basis. Let ТЄ A(V) have the corresponding Шаш with respect t° 

2 
standard basis, given by 4— ( ; o) Then 4—2/'—=0 where 
0 0 2 


OVI 
the monic polynomial x—2. Since the minima] polynomial of Tis? 
monic polynomial of least positive degree, of which T is a root» 
get that x—2 is the minimal polynomial of T. 
EXAMPLE 4. Consider linear transformation Т: 92-0 such 
that T(e,)=e,, T(e;) —e;, T(e.)=e,, white (e's. А. Tus standard 
basis of Q?. The matrix of T with Tespect to this basis is 


001 ота 1 

: 0 0 j 

a=(1 0 о) е-е oaii И" 
010 100 We - 

(х) 


Hence the minimal polynomial m(x) of T divides x —1. So deg” 
<3. If deg m(x) 21, then m(x)=x~« for some «€Q, gives 47 
=0, ie, A=al', a diagonal Matrix. This is a contradiction. H° [2 
deg m(x)>1. If deg m'x)=2, then m(x)=x2—ax—8 for 50 
о, BEQ. Hence A'—«A—B1I'—0 implies that А 


Оо сеа oe. ug. бА 
Too 1600) ово) ооо) 
100 0 « 0 008 000 


4) 0 0 
Tiss ( 1 o) Hence T~2/~0, This shows that T is a root of 
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Le. =p 3d 000 
== ЕВ ) = ( 0 o) 

Hence 1=0 T. == È 0 00 

We get deg nt Ere absurd! Hence deg m(x)>"2. So as m(x) | x!—1 

E Toe miri oe nr o шретш] 

Or ga 5. Consider the vector space V of all polynomials 

tion operato Bree mot exceeding three. Let D: VV be a differentia- 
ow (1, x Б D isa linear transformation (Chapter 12, Example 1). 

Dee) уу , x2, хз) is an ordered basis of V. AS D()-0, Р(х)=1, 

x and D(x*)=3x", the matrix of D relative to this ordered 


basis ; 
asis is given by A= 


It 
eon checked that 440. AAO: с 
» y: "des yt, Since 4240 and only non t factors Br ye eu 
r 25, y, we get that y' is the ninimal polynomial of 
trans 


Defy iy: 
T dn 16.12. Let T: Vo V be à Jinear Р 
ЄР, Any v€ is called an eigen vector [ T if T()-«v for some 


ш i оу for some 
cu Any «€ Fis called an eig?" value of т if Т0)=° 
БИ 
iij à 
T ) For any eigen value ® of T, any ye ils 
belonging to « if T0)— ^5 set OF ДЕЕ а кн 
«лт =v; i TN 
ae to an eigen value * is called Eee Space incar Hoe 
fop t 4 be an nx matrix over Ё 20 LA E 
"mation such that A i$ the matrix 0 relative fO we je р К 
os B= py гү. Then by an eigen value o we mean 
n ei E. [71 5 
pon value of 7, and ап n-tuple (sie Soe ч 2 E 
gen vector of A if ay En al Я char 
igen vectors and eigen V? dm 
ратон values (ог геа vector. Of TEA) then 
ma 16.13. (a) If vis 4^ -z€ 
Fs, MA 2 
ch that Tiwy=e 1$ unique- j n 
) Sei А i space !5 a 
Spar, 0" any dicen value a ©, Г, is eigen P 
Pace ofp 
Proof: (a 1». 
(aur f: (a) Let. T()--7" ап T 
This )v—0. As vÆ0, WE get 27 
Proves the uniqueness of 2. 


eigen vector 


is called ап 
vectors of T 


‘EF. Then 
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(b) Let Wa be the eigen space of а. By definition of eigen value, 
there exists v(40)EV such that T(v)-«v. Thus vEW. and hence 
WaA(0). Let v, WEWa, A, pEF. Then T(Av-+-pw)=AT(v) ЕТО) 
= (ау) 4 ы(ази) = (Ар-ар). Hence Av+-pwEW,. This proves that 
Wa is a subspace of V (Theorem 11.6).m Е 

Definition 16.14. For each «ЄР, dimension of Wa, the eigen 
space of a, is called the geometric multiplicity of a. | oh 

EXAMPLE 6. Let T: Q>Q bea L.T., such that its matrix wit 


1 0 0 
respect to the standard basis (ex, е,, ез) is A= | 010 | Theo 


000 

T(e)—e— le, Tle,)=e,= le, and T(e,)=0=0e,. Thus еу, ез, 6з E 
all eigen vectors and 1, 1, O are the corresponding eigen valsi 
although ез, ej, e are LL, 1, 1, O are not distinct. Let us determin 
eigen spaces. Now any ze; +Be,+ye,EW,, the eigen space belonging 
to 1 if and only if T(ae,+Be,+ye,)=1 (ae, 4- Ge; --ve;) 
e «T(e;)- 8T (e,)-} YT(es) — ae; 4- ge, -- Ye, 
e Cei Bes —ae, -- Ge, Ye, eo y — 0. :gen 
Hence HW, is the subspace spanned by (e, ej. Similarly the €!£ 
space belonging to 0 is the subspace spanned by (ey). 

Theorem 16.14. Let Т(50)є A(V). y 

(a) Let v be an eigen vector of T and “EF be such that ТО) 
Then for any f(x) F| [x], v is an eigen vector of f(T) and [fF 20) 
fley. 

(b) Let ar, ao, . . ., am be distinct eigen values of T and vy, Yz» A 
be non-zero eigen vectors of T belonging to а u о, respective y» 
then v, Voy. . E ^ ues 


=a'v. T) = T[T*(v]| — T(a*y 


Е ТУ) 
oe Вах Ер} E f(T) Kv) =( 1467 a = Boyt OH Y. 
ATO... BRT ар. «Биги 0) D) 
(Bo-t- Bie. . .-- B, yy) — : 
(b) n mal, ind "fy. This Proves (a). 
always L.I. over F, We z 


result holds for т] eigen vectors, By induction hypothe’ 05 
Ye es ey Ym аге LIT. over F and also Y», Y. Vn are L.I. 
on the contrary; vv, | 5 Ym be Er E Р. There € 
(1<i<m) not all zero such that x 
By ov, t. , Bay 
If 8,,—0 then the linear independence 


xist ^ 
0 


B 
na, А we 
of істі will yield 
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B,—0 
¥ del, 2 i 
(сс NEUE This contradicts 
D the f: 
(уе eae not all zero. So suppose that 5,220. fidus 9:6 
T(v)3- 8T) T° - 13m TWm)=0- However oe 2n 
i) = kiN; 


(<). Непсе 
Multi 8,247, 27 82027 30У =O 
plying (1) by «, and then а Басе it from e we get SE. 
Sa(aa— aVat: - £8 (ка a) m=O 23) 
—a) of Ym is non-zero. 


As р 
m0 and a, £a, the coefficient C 
D.T. This contradicts that Ys, Vg - - -> Ym 


Th 
аге], РУ (3); уз, Vay + + +» Ym ATE 
p пе Vis Vg es 59 Ym BIO L.Im 
tiza ne ae 16.15. A linear trà on Т of V cannot have more 
Proof: lim V) distinct eigen yalues. 
Wallies As seen in the abo 
dim E. of T, corresponding 
msn. EA V cannot have more 
Corollary 16.16. Let а» ®® +”) be gst eigen abies, С 
1 y.1 Ws Woy + , Wm are subspaces 
е шт №, +71. e за 


апу т distinct eigen 
Are ЕЛ. Howevenpas 
rs. Consequently 


ve theorem, m, given 
m eigen V ctors 
than п L.I. yecto 


ine 
T trasformation T: VV. 
"ging 10 ш, аз, + + эйт respectively» then ‘he 
c» direct. —— ч 
roof. Let _0 for some "i w, («im We 
c ЕЕЕ 
laim that all n аге Zero. "Su pose that our on js not true. 
is those v;'s which are equal to Zero. we get " 
yu ty yu 4-02 vate 
SUR v (Lir) are ай non-zero vectors. ce these "i; P P 
though the corresponding eigen M di, тада all dis шо 1 
This contradicts the above t theor al the э1'5 are 27ГО. This 
Pro ji 
Tha that W VEM us т ‚ VV has n distinct 
мни 16.17. ff 4 linear rans? T ordere red basis Ges Tm 
values о, a +" een 
Puch that the matrix of т relative ! tot Yo Prts is A 
dane 0 
f go 4 0 0 
Oe ien 
0 p;longing (0 a (17): Ву 
В. Уз». on 


Proof: Let v, be a? eigen vector plo г Е. Henc? 

i rorem 16.14, уу» Y ^ 7 е y, 816 ee 22. 

s Di? ry 1E 
aper (cor ye ge a 

Ti y;)-— cii 
elative to B is equal t° 


e matrix of T 


ich 
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ёо 0 
0 


0. ws 
0 "0. о, 
О ОЕ ео 

This proves the result.m , 

Definition 16.18. ТЄ A(V) is said to be singular (non-singular) if 
Ker T is non-zero (zero). 

REMARK. For a finite-dimesional vector space T is non- singular 
if and only if T is regular. 

The following theorem is of significance in the determination of 
eigen values. l 

Theorem 16.19. «€F is an eigen value of ТЄ AV) if and only if 
T—al is singular. 

Proof: Let 2 be an eigen value of T. There exists /(5:0)Є V such 
that T(v) = су. This gives that (7—21)у= Т(у) — «y—0 and so (40)E 
Ker (T—«I). Hence T—4/ is singular. 

Conversely if T—«I is singular, Ker (T-a) (0) yields that there 
exists v(z£0)C Ker(T—«l). Then (T -alw=0>T(v)=avaa is a 
eigen value of Т.а 

Corollary 16.20. If TE AV) is singular 
value of T. 

Proof: Since T—01— T is singular. 
above theorem.m 

We shall show later that every root in F of the minimal polynomial 


of a linear trasformation T is an eigen value of T Here we prove the 
converse of the above statement, 


Theorem 16.2]. Every 
minimal polynomial of T. 

Proof: Let m(x) be the minimal 
eigen value of T. Then for some 
16.13, Lf(T v) —/(z)v for ever 
—imn(z)r- This yields that m(a)y— 
520. Thus « is a root of the mi 

Now we discuss some additio: 

EXAMPLE 7. Let V be the Vector space of all. polynomials over 
Q of degree not exceeding 3. Let p be the differentiation opzrat?" 
on V (Example 5). Suppose that П) EE RETE ELO 
eigen vector of D. Then for some :Є0, у Á 

ie. yt Deak eiii. ааа 58), 

Comparing coefficients, we get = 


then 0 is always ап eig?’ 


» the result follows from the 


eigen таше of T€A(V) is a root of the 


Polynomial of Т. Let «ЄР be 2° 
non-zero vC V, T(y)=ar. By Кош, 
Y fG)€ F[x]. In particular [”(7) 
0, since m(T)—0. Hence mi(z)=9 * 
nimal polynomial of Т.т 

nal examples, 


=a, Zugadi ^ 3437 
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02. : 
з. So if «zu then these equations will give &4—0—«,—« 
з y 


i, 
e., f(x)=0. Henc t : 
. Henée no non-zero rational number is an eigen value of 
above equations, a,=0, «,—0 


D. Now i 

у e we get from the 
is an ge ы a constant. Thus every constant БОШОН 
ра). end (х) =20,--бхзх. If fO 
Отрагі f(x) for some «EF; ѓе 
f asso E the coefficients we get 
E Ln Hine equations vield f(@)= 
Sale untae So that f(x) =% -41*- Thus Р}? has nc 
ar the only non-zero polynomials which are cig 

€ of degree <1. 
and ROME LE 8. Consider ИК. Let (е, ез) be its standard basis 
Pose Т T€ A(V) be given by The) =t: and T(e)=— €» oe 
ae ae V=2,e, -+22 is an eig i ; п 
опе аё) ==а(аүеу-Е- 0463), ЕЗ, eo: 
Paring the coefficients of ¢1 6: we obtain ^ 
а, ogame ie. a(1—9)- 927 ni Qo 
Multi ау 93—992 Ёё aa (1) we get 
tiplying (2) by (1—9) and subtracting from 

Q-2)-9 


Gs! 


gen vector of D' then 
(ig 1-2, X - Hax"). 
2u477 70 баз =а01, 0—24» 0= оз. 

0 (as before). If «=0, we 
no non-zero eigen 
en vectors of 


) is an ei; 
Pag Hót X =T 


T. " 
Т hus if аза М2 then a =O 
9. Hence if «=y2, (2) yields %27 
1 
t ›=в+ү у? 
2 is an ei 


Lu 

irv2 

Partic e, is a non-zero 
ula : s 

r taking a, 1, we 8°! rid gen value of 


ipe 
n Vector of such that т()=У2" Hence 


а 
7—42then = 75 ^ 
$^ — 4/2 l 

е, is an et 


Sigen 
longi value of T and њљ=67 I-V? по! еї 
oy to— 4/2. Thus T has t i 

А " cannot have any 0 he E Y 

nd the fact that dim P ce B— (ro 9 
M that {v,, v, is a LI. subset and Ре» v, 50 the 

SEP. “As T(»)— /2 (7) 4 

0 1. (see Theorem ` 


Ti 
lative to Bis ( / 
б c. polynomi 


Veri 
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Proof*: We apply induction on n—dim V. If n=1, then for any 
non-zero Є V, V= Fy. Thus T(v)=av for some «Є Е. This in turn 
implies that (T—«1)v—0. Since 0] is a basis of V, we get T—«/=0. 
In other words x—« is the minimal polynomial of T. As degree of 
Xx—a is 1, the theorem holds for nal 

Now suppose n7-1 and assume the validity of the theorem for all 
vector spaces W of dimension <n. Let dim V=n and let 1(520)Є/. 
Then n+1 vectors v, T(v), Т(у), . . +, T"(v) are L.D. over Е, so there 
exist «;'s€ F not all zero such that 

arta T(v) Т(у)... -+a,77(v)=0. 

Obviously the degree of Јо) — a taxt... a, x is less than or equal 
to n, and [ (T) —0. If [ f(T)y.—0 ¥VEV, we get that f(T)=0 and 
so m(x) | f(x), where m(x) is the minimal polynomial of Т. As а 
consequence deg m(x)<n. So the Only case remains to be discussed 
isthe one in which (S(T)WA(0). Let W=(y | [f(T)v=0}. W is а 
non-zero proper subspace of W. Let dim W=ķk then 1<k<n. Let 
T, be the restriction of T to W. Since for any wel, [f(T)w=9 
SfMTMI=ITATIWw)=0 = TWEW, = ти) T,€ AW). 
By induction hypothesis degree of P (x), the minimal polynomial of 
T, is less than or equal to k. 

Again consider the quotient Svace V/W. dim V/¥=n—k<n as 
k>1. Define T, : VIW-«VIWw by Tv--W)— ту) ру vreV. Since 
for v, v'€V, y+ W=v'4W = »—v € W-. T(v—v)ew-. TG)--W— 
TW)+W. T, is well-defined, те can be easily verified that 
Т.Є A(ViW).. Again by induction hypothesis, degree of m(x), the 
minimal polynomial of T. is less than or equal to n—k. Now 
my(TVIW)— 0 m(TVCW, so mmn (Ту ІС mcr) m 
= (0) = (Т) m (T)|V= (0) m(x) | (x) m(x) > deo т(х)< 
deg m,(x)+-deg mx)-- deg m(x)<k-+n—k, Le, n. 5 


Hence the theorem holds for vector spaces of dimension п (00.8 
PROBLEMS 


polynomials of each of the follow 
any of them is non-singular find also Í 


1. Find the minimal 
matrices over Q and if 


inverse. 
О 0 24:070 
4 2i E 9 93 k[ <1 9 8 
10:8 00 0 


*This proof is due to M 


iy» 
December 1973 D. Burrow. The American Mathematical Monih 
ecem . 
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[Hint, Use the analogue of Theorem 16.22 for matrices.] 

0 1 0 0 
2. Show that the minimal polynomial of 0 0 0 1 
1 —1 0 3 


is З 12.0, 

3. Construct a linear transformation T on a two-dimensional 
vector Space V over Q whose minimal polynomial is x?--1. Let 4 be 
the matrix of T relative to some ordered basis of V. Find the eigen 
Values of 4 regarding A as a matrix over C. 

4. Let 4—(«;;) be an nxn matrix over F: . 

G) Show that any (21, ds). . ., «,)€ F' is an eigen vector of A if 
and Only if for some «ЄР, (d, t, - + - Cn) = (5, Qos o < o Qy) А. 

qu) For any eigen value « of A, the set of all eigen vectors of 4 

Clonging to і ace of Fi”), 
ES Beste fein values and eigen vectors of each of the 

atrices in Pr ; А 

Using ee qe prove tha. given any пхп matrix 4 Mon 
, 8 field F such that А has л distinct eigen values in Fthen A issimilar 
Eos diagonal matrix over Е, i.e., there exists a non-singular matrix 
in М, (Р) suck that p-148isa diagonal matrix. - iix 28 
N n (ie de le азу. ® be the totality of hon 
«eet Values, Suppose that each of х; has its eigen ks s h that 
ПОП 1. Show that V has an orderd basis (vj, Ys +++» Yn) suci 
pe Matrix of T relative to this basis is of the form 


т) 
P Lc we 
0. Q0 L. ex 

о |B 


-) matrices and О is n—kxk 
pete 4 is kxn—k, Bis (n—k)X(n—&) matrices а й 
STO matrix. 
3 


2.39 
Кын, that eigen values of ( 0 10.9 | are 3, 10 and 6 o sr 
0 


0° 6 
9. Determine ени belonging to each of these eigen values. 
“tify that the йе Ad of these cigen spaces is Q” itself, 


int, 16.16.] 

* Let ТЕД] oe that T'=T. Prove that V—W,&W, 
Where Wy. and D. are subspaces such that 7(W,)—(0) and T(w,)=W» 
Mipsis à 

ЗЕ, 


Wy 
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10. Show that TE A(V) is singular if and only if and only if there 
exists SE A(V), SAO such that ST=TS=0. pom 
11. Prove that ТЄ A(V) is right invertible if and only if it is left 
invertible. 
In this result true for infinite-dimensional vector spaces? 
[Ans. No] 
12. V is any vector space over C and ТЄ A(V) satisfies P=T: 
Prove that V-=-W,@®W,@W, where for each ЄЙ, WEW, w,€ Ws 
T(w,)—0, T(w;) —w, апа Т(иһ)= —w, respectively. f 
13. If char F=0, prove that ТЄ A(V) can be written as a sum 0 
two regular transformations. 
14. Definition: A subspace W of V is called invariant under апу 
T€ AV) if T(WYC W. А 
Let Sbe a projection on V and TEA(V). Prove that S (И) d 
invariant under T if and only if STS=TS. Prove that both S(V) an 
Ker S are invariant under T if and only if ST—TS. 
15. Show that a non-zero TE A(V) is regular if and only if when- 
ever V=W, B W., W,, W, being subspaces of V, then 
TV)=TW,)@TW). 3 
16. Consider Rè, Define TE A(R’) by T(ejj—2e, and T(e)— 
€; 4-2e, where {e,, ej) is standard basis of R?. Let W, be the subspace 
of R? spanned by e,. 
(a) Prove that W, is invariant under T. ы 
(b) Prove that there is no subspace W, of R? which is invariant 
under T and also has the Property that R?=W,@W,, 


2. More on Minimal Polynomials 


- s E 4 К ег 
As in the previous section V is a vector Space of dimension” OV 


is Ks 
Lemma. 16.23. If degree of the minimal polynomial m(x) of T i$ 


then (i) (5 T, T*,...... ‚ T^ forms a basis of Е[Т\ over Е; (ii) dimen 
sion of F[T] over F is equal to К. «fo 
Proof: (ii) Let m(x)=x* —а,х®-' d nn —a,. Now mer 
yields T*= 0,7" 4a Tres , Hal et 
qeu Гоа ТАНЕ HaT Q 
=o (4 TI ES TE, ta Nba TEAL. opas к e 
Ву (2, T is clearly a linear combination of 7, T, T^, 


А {го 
T*^. Again multiplying (2) by T, and substituting value of T" fF 
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т Ме that - is also a linear combination of 7, T, T"..., T:-1 
B ion з ел we get that every T! (122) is a linear com- 
ie hear со a T... т=з. Since every I(T) = T+ We JAT 
value of JUS o LT Trsso if s>k—1 substituting the 
is a linear co dies in terms of J, T, T2,.-.. T*-! we obtain that f(T) 
Space over p ination of /, T, T>. T^^. Hence F[T] as a vector 
over F then P generated by I, T Tss: 7*7. 1f these were L.D. 

ave or some B (O«i«k— 1) not all zero we would 


BoI-- 8, T-1-...... БТ! 0. 
nomial over F, of degree ck 
m 16.7. 

, T^? are L.I. over 


Thus 7 ; 
Eur aroot of a non-zero poly 
8 m(x). This is against the result of Theore 


the linear transformation 
ince degree of x-2is 
[T], so 


Rz : 
D For instance in Example 3, 
One, we Ra as its minimal polynomial. S 
Sota that dimoQ [T]—1. But Q is embeddable in О, 
МЫ Bx as rings (hence as fields). 
minima ee 4, the linear transformation Ton Q9 has.x*—l 25 its 
at as ке. So tt T, T?) is a basis of Q[T] over Q. Notice 
Polynomial Р. ч an irreducible polynomial over ©, the minimal 
чор 13.18). inear transformation need not be irreducible (Cf. 
heore, ‘ 
9 E 16.24. Let ТЄ A(V) and m(x) be the minimal polynomial 
(9) тр УС) | FEF 
у= i 
Containing y (Су) | /XT)€ FIT]) isa non-zero subspace of V 
(b) Ther, ахї 
е exist. i 2 , 
Such that (i) т) 0 non-zero monic polynomial т. (х) over F 
(ii) For an х 
pF y f(x)e Fix} 17 (T= 
y mx) | m(x). duisi cue о 
iy 4 
T. Fane m,(x) — dime F[T]v. Indeed (v, Т(у), T'(»),...... T} 
Prefs. of F[T]v where t=deg m,(x). 
and сапу ОЄЕ[Т}». Also for апу [f (7)]», [8(7)»Є F[T]v 
[4 UCM )-IeCr)»- LA (7) -s (Dye FIT and al f(T 
1 FIT] w [T]v. It follows that F[T]v is a subspace of V. As 
Subs e get v--Iv& F[T]v. As vis non-zero, F[T]v is a non-zero 
i Es of V. 
b) Let W—t f (x) | [f (T)W=0}- Since m(7)—0. m(x)e W. Thus 
goQ9e"m and 


Wi 
S a non-empty subset of F[x]. Now for any Jo. 
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AEFI, LF(T)0)—0, [g(T)l0)=0 yield that [f(T)—g(T)I) 
L£G)I0)—[e(7))9)—0 апа [A(T)] [S (TIO) — T) Uo) =0. 
Consequently f(x)-g()€ W and 4(x)f(xX)€W. Since F[x] is in 
commutative ring, f(x)h(xX)CW. Hence W isa non-zero ideal 9 
Fix]. [Recall that m(x) (40)EW]. Hence it has a unique monic 
generator, say, m,(x). (This sort of argument has been used В. 
see for example Theorem 16.7). Thus (i) follows. As іп Theorem 16. 
definition of m,(x) gives (ii) immediately. Since [m(T)]»=0, (i) = Gi) 

Finally let deg m(x)=t. Then m,(x)=xt—A, x0? =A 
—....—À, for some A,EF. Hence, [m,(T)v-—0 yields (T)v— 
МТ (y) РА, ,T'72(v)4- ......... Ауу. Using similar arguments as 10 
the preceding Lemma, it follows that (v, T(v)....., TOO) б 
basis of F[T]v. Hence dimr F[T]v— t—deg m,(x). Consequently G 1 
is proved.m 

This theorem motivates the following : 

Definition 16.25. Let T be any non-zero linear transformation ОП 
V. For any non-zero vector vC V, a monic polynomial m(x) Over 
is called the minimal polynomial of v relative to T if (i) pa (T)0)=9 
and for any /(х)Є Е[х], [f(T)v=0 yields that m(x) divides f(x). 

Note : Deg m,(x)>1 for vzz0c y, 

Definition 16.26. Let T be a non-zero linear transformation 00 
V. For any v€V the ideal W={ f (x) € Fx] | Uf (Туу=0} of Fix] is 
called the annihilator ideal of у with respect to T. 

Clearly m,(x) is a generator of the annihilator ideal JV of v- 

Thus we see that the minimal polynomial m,(x) of y relative li 
T is a factor of the minimal polynomial m(x) of T and for no non 
zero polynomial f(x) of degree йер m(x), [ /(Т](у)=0. We wr 
sider m,(x) for each (vz50)€ V. Let m,(x) be their LCM. Since €€ 
mx) isa factor of m(x), m(x) | m(x) and [,(Ty=0 а 50 
that m(T)=0. Consequently we get m(x) | m,(x). Thus mG)em o» 
the LCM of all m,(x) (for all vz£Q e y). 


Note : As for each v(2:0) c y, m (x) | m(x) and deg m(x) 8 F 
positive integer, number of distinct m(x) s must be finite. So 
are justified in talking of LMC of m,(x)’s. 

The above reasoning yields the following. 


jal 
Corollary 16.27. For any non-zero TE AV), the minimal polynomi? 


А e 
of T is the LCM of the minimal polynomials relative to T of all th 
non-zero elements of V.m 


2 


EXAMPLE 9. Consider the linear transformation Т: a2 
whose matrix relative to the standard basis (e;, 


(3) 


ез) is 
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Since 4? —24 —31'—0 where I’ = (4 1 ) and as A is not a 


scalar matrix (i.e. of the type «/' for some x& Q), A connot be a 
root of a polynomial over О of degree 1. Hence x*— 2x —3 is the 
minimal polynomial of A and hence of T. 

Now T(e,)=es, T(e;) —3ei-2e: yield that T(e,4-e;) — T(ei) 3- T(e;) 
=3(е,--е,). So for v=°;+ 2» (T—310)-0. As x—3 is a monic 
polynomial of degree 1 and (Т—3/) (v)=0, x—3 itself is the minimal 
polynomial of v relative to T. It can be similarly seen that the 
minimal polynomial of w— — 3e: €: relative to T is x+1. 

Clearly x: —2x—3 is the LCM of x+1 and x—3. 

Consider v=2e,-+ e> For any «EQ, 
Gr «I)9)-- TQe,--e) — al 2ey -e)—21(5) +T) — 286—9 
—(4—a)e4-(8—22)ez20; since for any «, 4—«—0 
апі 3—2«=0 cannot hold simultaneously. Hence no monic poly- 
nomial of degree 1 is in the annihilator ideal of v, relative to T. 


This shows that the minimal polynomial of v must be of degree at 
least two. Since (T:—2x—3)0)— 0v—0, we get x!—2x—3 is the 
minimal polynomial of v relative to T. So we see.that Ө? has a vector 
Whose minimal polynomial relative to T' is same as that of T. This 
fact holds for general situation as we shall see below. n 
Lemma 16.28. Let v, w be two non-zero vectors in V such. that their 
minimal polynomials relative to a non-zero linear transformation T on 
V are relatively prime to each other. Then the minimal polynomial of 


v+w is the product of the minimal polynomials of v and w. 
1 polynomials of v and v 


Proof: Let f(x) and g(x) be the minima 
Tespectively. We are given that (f(x), g(x) )=1. Now LAO) v=, 
(&(T)] v—0 yield f CyeCTDyo-Ew) ea DSO f Ce (1-80 
-H/(T)0—0. Hence the minimal polynomial m(x) of v4-w divides 
f (x)g(x). As f (x) and g(x) are relatively prime we get that m(xX)— 
ЛО), (х) for some f(x) |f (x) and g(x) 1800) and LAG); l=! 
As m(x) is monic, both f(x) and g,(x) can be taken to be monte 
Polynomials. Suppose /(х)5/(х), then 
deg (х) дев f (х) and hence [ f\(T)"#0 . Cl) 
Also у(х) в (х) | ЛО) 0) S 0—f (D) Tow) 
=f (TITI) as [g(T))»—0 „@) 
As [f(x), в(х)]=1‚їһеге exist A(x), В(х)Є Fixl such that /(х) 40) 
+g(x)B(x}=1. (Corollary 10.20). Consequently in ЁТ], f(T)A(T) 
"EE(D)g(T)— 1. 
Therefore у= I—[B(T)e(T)] 9). as Lf (] 0)=0 0 
Operating B(T) on (2) we get г ; К 


0=[B(T) /\(Т)е(Т)] =f) —LAQO)] v by (3). This is a con- 
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tradiction to (1). Hence deg f,(x)=deg f(x). In ther T J He 
=/(x). Similarly it can be shown that g,(x)=g(x): Henc 
—f(x)g(x).m " " 
oe) 16.29. If non-zero vectors v(i—1, 2, ..., 5) ш 4 ага 
pective minimal polynomials f,(x). (i=1, 2, .. ., s) езе 0 irs then 
transformation T such that f(x) are relatively prime ME PANS ‘tal 
——— has the product f(x) fo(x)...f(x) as its min 
Iynomial. 
eos : For s=2 the result follows from Lemma 16.28. To и 
induction let s>2 and the result holds for 5—1. Then iem e je 
re Bas а G)-48) 6)./.,6) as its minimal polynomial. As 
ГЛ), fio] 1 for all 1<i<s, we get [g(x), f.o)]=1. Hen бә. 
Lemma 16.28, v—»,-Ev.--...-Ew—w--v, has a(x) f(x) =f) fe | PE 
f.) is its minimal polynomial. Thus the result follows by inductio 
The following lemma is easy, we leave its proof to the edes "T 
Lemma 16.30. If the minimal polynomial of a non-zero vE V ге a "d 
to a linear transformation T on V is m(x)—f(x)g(x) where fi (x) Ня 
&(x) are monic polynomials їп Е[х], then the minimal polynomia 
f(T) vis g(T) relative to T.m 
Theorem 16.31. Let T be a non- 
Then V has a vector v such that the 
relative to T are equal. е 
Proof : Let (v,, va,..., v,) be a basis of V. Let for each i=1, 2, · > 
п; f(x) be the minimal polynomial of v; relative to T. Since F[x] 15 


a UFD, we can express these f;(x)’s as products of powers of distinct 
monic irreducible polynomials. 


- ГА 
zero linear transformation a ort 
minimal polynomials of T and 0 


f) — mr Gori, (x), (i51, 2,. . an 


Where 2:70 for all i, j and II,(), 
ducible Polynomials (we can 


) 


Io), ..., T(x) are distinct d 
take same irreducible polynomials fo 


all f(x) by allowing zero Powers, and T(x) stands for LEON 
(cf. Proof of Lemma 10.31). For each j=1, 2,.... £, let 2) 
%5=MAX(Aj,, аз, ..., 9) in 
Then ZCM of fi), fax), s f(x) is 
foe)n ejns Gy... Пп; (x) 
Now 235—345, for some i. So 
Лб) па). I6] 


" m Я :nimal 
Hence if o, =[ II (Т)... П (T)] vi we have that the minim? 
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Polynomial is I? (x imi | 
ial of w, is ш (x). (Lamma 16.30). Similarly considering 


Hs 
2 Qas +. ., Œg WE get Vectors o, Ws ..-, e; Whose respective minimal 


Polynomials relative to Т are IS? (х),...... FH. (x). Then as 
= 

n'G)... II?! (x) are relatively prime in pairs, by Lemma 

16.22, а= 0,4-0... -+w has minimal polynomial as 


J= Gn? (х)... TIF‘ (х). 

Let m(x) be the minimal polynomial of T. Let v&V. Then >=, 
+В... BEF 

Thus [f (T)y— 3, f (T) 4-95 S(T) Yn 

—0, since f; (T)v,—0 and f; (x) | Cv i. 

Hence f(T)—0. This yields m(x) | f (X). Also f(x) | m(x) for all 
1<i<1 (Theorem 16.29) and f(x) is LCM of these fi(x)s we, get 
Л (x) | m(x). Hence f(x) | mx) апа m(x) | f(x). This yields that 
J(x)=m(x), as both are monic. Hence the minimal polynomials of w 
and Т are the same, viz., m(x).8 

Theorem 16.22 now follows as 
Theorem, 

Corollary 16.32. For any non-zero T€ A(V), degree of its minimal 
Polynomial is <n, the dimension of V. 

Proof. Theorem 16.31 gives that V hasa vector v such that the 
Minimal polynomial of f(x) of v relative to T is equal to the 
Minimal polynomial of T. Now ЕТ» being а subspace of V, 
dime F[T]v<n= dim V. However by Theorem 16.24, deg m(x)== 
dimr F(T]v, Hence deg m(x)<n- This proves the corollary.m 

Corollary 16.33. For any non-zero linear transformation T on V, 
ad root in F of the minimal polynomial of T is an eigen value 
of Т. , 

Proof: Let m(x) be the minimal poly 
m(x) in F. 

Then m(x)— (x —a)ym;(x); m 
а vectorv whose minimal polynomial relative 
m,(T v0 and if w—=m,(T)v, we see that 0=n(T)v= 
Tiw)== zw, Hence а is an eigen value of T.m 

EXAMPLE 10. Consider the polynomial f(x)=(?+1)*=x!+2x" 
+1. We determine linear transformation on С! whose minimal 
Polynomial is x!--2x:--1. Let (ej, €» ез, e4) be and ordered standard 
basis of C1. Define a linear transformation T on С! such that 
(е) ез, T(e;) —e;, T(es)-- e; and T(e)- = &—26s- So Ties) e 


a corollary to the above 


nomial of T and « be a root of 


WEF]. By Theorem 16.31, V has 
to T is m(x). Then 
(T—a)w yields 
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Theorem 16.35. Let Д(х)=х"— а-1Х”%—...—@х—а, be any 
monic polynomial over a field Е. Then three exists a linear transfor- 
mation T on a vector space W of dimension m =deg f(x), such that the 
minimal polynomial of T is fix). Е 

Р ter Qs dh en an ordered basis of !Y, Define a linear 
transformation Т on W such that Thri) =>, Т(у) —-vs,..., ТО) = 
ТО) аә... ы-у. Now {у TO), T0), TO p 
== {Vis Vos s Vn} is а L.I. set, so by Theorem 16.24, the degree of t 
minimal polynomial of v, relative to T is at least m and hence т, as 
dim W=m; also degree of thc minimal polynomial of any vector 195 
of a linear transformation cannut exceed the dimension of underlying 
vector space (Corollary 16.32). Now the defining relations of T give 
Т") аа TQ) 4-2, T* (v, 2 4% mq—yT™-1(y,) 
Le. ("тоо ре 


Prof: eit et ge eR аш be the minimal polynomial 
of T€ A(V) where dim V=k, By Theorem 16.31 there exists a vector 
*,G£0)€ V such that f(x) is minimal Polynomial of v, relative to T- 
Hence (v, 7(v)), T*(».), ....., T^-(v) is a basis of y (Theorem 16.24). 
Put Ya Т(у), =T- (0)- Tu), "a b Р ThA = T (gy) Now 
(Yo. У) is an ordered basis of V such that Т(у) -v,, T(Y) ^ 


Yn n Tn.) v, and T) = Т) асуу Ea T (04) 1.12547 702) 
as f(T)v,=0. 


This gives that T(v,) aw, uU EN The matrix of T 
relative to the ordered basis (У, Vs, ..., Ve) is 
0 0 0 o 
i 0 0 а 
КК 250 э 
канкы кт s ECU). 
ORO ice Gente} 7 
0 0 І & 


Mm hem 
Corollary 16.37. Let A be an nxn matrix over a field F. If the 
minimal polynomial of f(x) of A is of degree n, then there exists a non- 
singular matrix P over F such that P-14p is C( f(x)). А 
Proof: Let V be ап n-dimensional vector space over F and T 
(iy Vj, х0) be an ordered basis of y. Let T bea L.T. on) vo 
metis relative to B is 4. Then the minimal polynomial of T is als 
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um ет 16.9 (a)]. Since deg f(x) is т, there exists an ordered 
4'— Co) E: > Wa) e es matrix ва to B' is 
(^, Way s., W,) then ый 1240). I1 e M 
Ce)m = я e PAP 
E брі 16.38. A linear transform 
B uie be cyclic if there exists v&V 

я оп V is said to be a cyclic space ге 
nr 16.39. A vector space Vis cycle 
Mini ion T on V if and only if dime V is sam 

nimal polynomial of T. 
pr Por: If V is cyclic relative to T; then there exists vEV. such that 

=F[T]v. By Theorem 16.24, dimr F[1]v— deg m, (x) where nix) is 

€ minimal polynomial of у relative to T. So deg т.(х) 2 n—dim V. 
а ? (x) is itself the minimal polynomial of T(Theorem 16.24 and 

rollary 16.32). 

Conversely let the degree of m(x) the minimal polynomial of T 
Pol К where n=dim V. Now V has a vector Y whose minimal 
16 шщ relative to Tis m(x) and hence dim F(TW=" Mc 
relati (5) (iv)]. Consequently V=F[T]v. This proves that Vis cyclic 

“lve to T.m 
linear transformation ol V 


Definition 1640. Let T be à cyclic | 
—a,X—% be its minimal polynomial. 


ation T on a vector space V is 
such that V— F[T]v; in such a 
lative to T. 

lic relative to a linear trans- 
e as the degree of the 


(х) "a, axi s 
en 1 a ; 
the companion matrix of f(x) "=> 


0 O D % 
1 0 . 0 
me^ 
ae à “is 
s 0 0 Ann. 
Is called 
< «d Jordan ix A 
eee OL is be a monic polynomial over Faf 


h 
eg orem 16.41. Let f(x)- (0G) беа т eee 
€ n with q(x) being any monic polynomial of degree m (i.e. ne mk). 

Poly 'S cyclic linear transformation on V such that f(x) i5 the minimal 
пот; i ; т ОҢ, pu 
Tis mial of T then, ^ [aue to some ordered basis of V, the matrix of 


of the form 


` ре эе 


№ 
here Ca i 
= СА DN is the m x m matrix 
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Proof : Now for some ve V, V=F[T]v. 
Define 
у= [a(T)Y vy, ve=T[g (T) v, .... Vm=T"[9(T)}, 5 
Уһ [D )] "©, vsus T[q( T)] 7v, ..., у= T7-[g(T)] ^v, | 
Уот (АСГ У, Уз» = T[q(T)] 7v. ..., v — T"? [q(T)] v, ( 0) 
PS T : х T j^ : à ee арлат Tee 
Thus each of the v,’sisof the form g,(T)v with g,(x)4<0 and 
deg g,(x)<deg f(x) —n and the minimal polynomials associated with 
these v/s are of degree-n. Now for some a; € Г, Xav,—0 gives 
i 


Vik-1)m+1 == 


Xeg(T)v—0. If some «,:40, the polynomial g(x)— x«;g;(x) is non- 
zero and is of degree deg f(x) and [g(T)]v—0. This contradicts the 
fact that f(x) is the minimal polynomial of у (see Theorem 16.24)- 
Hence the п vectors уу, Vas sees Vim (=v,) are L.I. 


Let g(x)=x"—a,,_,x" 4 —, , —@үх—@\. (2) 


The definitions of v/s given above yield the following: 
Т(уу)=у» 
Т(у) = 


T(v,) - T"[g(T)] 3v 
(ТАСТ), since [q(T)v—0 
= (ola, T+... maT) (q(T) py 
= (ТЈ ves T[a (T)? v4... Pg (TH y 
This implies that 
Т(у) =u оуу... а, лут 
Т(у) Vas 
T('m+2)=Vints 
T(Ysn-a 2m 
Т(у) = T"[q(T)?v 
=T 14-17" (туа (Туру 
SVM ol rn T Eas TY (Туу 
This gives that 
T(Yam) 7 Ya FEM intr d Yun s. bey 
Continuing in this manner, we get 
T(V2m +1) = meta 


Wom. 
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Т(у) уз 
нена 7 


To) ka vn SEU 


T( 


у. 
луу 
tas nee УЕ 


Le. anime 


th column of 


matri 

„іх (и, : 

tions pm entry is the coefficient of У allthe above equat 
at the matrix of T relative to (v Yo 5 Vem) is 

2mth column kmth column 


mth column 


kmi 
h 

rwloo ой 06-09 0 

С ОМ ONON 

о Ou OE 

‘| aoc, ? 0 

ооо Ocet O С 

hep 00... 04 
e B 0 
C is mx m matrix { 0 0 * cao) and N 


00-.- 1 Zm- 
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0:0 OI 
is the mx m matrix ( 07020 s А 


his proves the theorem.m | | К 
Benen 16.42. Let g(x) be a monic polynomial of deg e 
say m, over a field F. For any positi 


CNO. оо 
OGN оо 
ENS TIMER Bu 
ооо O C trix 
where C is the companion matrix of q(x) and Nis the mxm ma 
oona 1 
00.0 0 
уте 
00. 


007 
is called the Jordan Matrix of Ix) = (q(x) relative to q(x). 5 
EXAMPLE 14 e ier fe) өч: f: of degrem б 0 
Q. Here W(x) = 24-р. © Companion Matrix of g(x) is 
3 ОС 1 
Gi 


We have a lin 
nomial is f(x) (Th 
= (ih, Us, Ug, 
this basis is th 


l imal poly” 
ear transformation T over Ос whose minim asis 
corem 16,35 and there exists an ordere 

Us, Us, и) of Qc 


* relative 
А "І that the matrix ор Т relative 
€ companion Matrix of ) 


2-37 
f(x S(x psu qs 3x : 
000 00 zl 
10000 0 
i.e. 4= (10 9 0 
00 10 0 0 
000 m. s 
d 6 00 0 1 0 aed 
a ian time, Theorem 16.41 Yields that ее ET on Ne 
asis B' —(y » Vos Va, y, у i zi 
€ No "Ber Qs Such that the matrix of T 
m OCN Where y. ( 01 
оос у 
0 wy] 0 
ER UT 
/ Ü nS 
Thus 4'— y x 1 0 1 
0 0. 0 0 ^ 0 
0 060 0 | z 
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Soif Pi А 
Te die matrix of B' relative to B then 4'—P^14P. Н 
lelitive io Ped matrices, A’ is the Jordan mie of "C 

EXAMPLE 1: : 

ааа а and Л) (- 2^ 

"Сух" 1g Cx" 2a? —. t E D" where for 
1<r<n, "С,= n(n—1)...(n—r4- 1) 
So i 1:2:3.-.г, ч 
the companion matrix of f(x) is 


000... 0 (—1)"а" 
РЕ 100... 0 (—1)" "Cx" 
=l 0101.000 


At thes : 000... 1 "С 
ame time the companion matrix of а(х)=х—® is (о). If 


N= 
(1), then the n Xn matrix 


CNO0..0 20. 00 
Poe 0CN..0 021... 00 
Par pars i = "ea m 
00..0€ 000...0% 
linear transformation on 


ices of same 


Sin 

c 

e A and A’ are the matr 
i.e., there exists a no 


n) 
Pew and A’ are similar, 

cal ) such that A'— PAP (Corollary 12.40). 
ARK. Example 15 is to be looked into more carefully. What 


Wea 
c : i 
tually see is that given «€ Р, the nxn matrix 


n-singular matrix 


ad O10 90. 0 
0010... 00 
PM (eile prt ее 
0000 al 
0000... а 

is the minimal polynomial of A (Theorems 


alue of A is a root of its mini- 
s « as its only root, we conclude that « is 
nly eigen value of 4. This matrix A, which is a special case of 

is called by many authors, a Jordan 


every eigen V 


that’ os 
Born in Definition 16.42, 
ti 
hus we can immediately, say that the matrices 
QUE 0 5 1:050. 5 
, 
( о: | ) 0—1 lp К 7 : 0 
0 2 от l 
0005 


So if we can 
; once We know 


7 MVIERIN ALGEBRA 


the latter, it is very easy to determine its eigen values (there happens 
to be only one), r 

Definition 16.43. Let T be a linear transformation on a bd 
space V. А subspace W of V is said to be T-invariant subspace of 
if for every xc y, T(X)EW, [i.e., TQWW)CW]. р Ts 

REMARK. For any T€ A(V); V, (0) and T(V) are always T-invarian 
subspaces of V. 3 

Given a T-invariant subspace W of V, we can define a linear 
transformation T" : WW such that T'(x) - T(x) for every xc W. T 
is said to be induced by T. 

Now we have the following. А 

Lemma 16.44. Let V= МФУ, and T be a linear transformation 
from V to V such that V, and V, are both T-invariant subspaces. If T: 
G—1, 2) is the linear transformation on V.(i— ], 2) induced by T, then 
the minimal polynomial f(x) of T is the LCM of the minimal polynomials 
of T, and Ty. 

Proof : Let Si(x) be the minimal polynomial of Т;. Since /(Т)=0 


and Т; is the restriction of T to V, we also have f(T;)=0. Hence 
Fix) | fe) (Theorem 16.7). 


Therefore the LCM g(x) of these f,(x)’s 
also divides f(x). 


Now for any x,€ p 8(T,)x1=8(T,)x,=0, as g(T,)=0 [note that 
AQ) | g(x)]. Similarly 8(Т)х„=0 for every x,€V,. Hence [g(T)]F: 
=(0) and [s(T)]V,—(0). This yields that &(T) V—(0) as V=V,@V2- 
Hence g(T)—0. Consequently f(x) | g(x). 


Jor some. T-invariant subspaces V; of V such t 
to V; is a cyclic linear transformation on F; with [ fi): as its minimal 
polynomial. 

Proof:Since T is a cyclic transfor 


mation on V, y—r(T]v for 
some vEV and f(x) is the minimal Polynomial of у relative to T. 
Define v, — [/,(Т)]®...[ /(Т)®ъ, v, 


= ТЛО) Љу. Eft + 
п LACOPSUDP.. 4 f, (Туре vy 


Then the minimal polynomial of ^: is [f(T] (Lemma 16.30). 
In general the minimal polynomial of v; is Lf(x)]*:. Thus by Lemma 
16.29, the minimal polynomial of 


W—Y le ...-- v; .«O 
is LA GO Г)? LA GOTH уо), 
» DN) pe. V=deg f(x)=dim FIT py yields that 
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Lety V=F[T]w 

a y А А -O 

Een (сй: Since ТЕГ): ЕЈ», we get that p 

i=F[T space. So if T; is the restriction of T to Vi, we ae 
а cyclic space relative to Ту. Since [fi(x)** is (ће mini- 


is 


Mal 

Pol ; 

Do Eod unl of v, relative to T, we also get [ /(х)]*# is the minimal 
inima] of v; relative to Т;. Hence T; also has LC) as its 
Since Polynomial, 

w= 

Wege itn. «ty yields V=FITWE FTI, +--+ FIT We 
We = MT 3 
clai И... И, 0) 
am that this sum is direct ; К 
omeno T), Hg(T)va rg (D)vo0 (4) 

S(T)», € V,— F[T]v.. Then 
(rw]-9 -> (5) 


Since ЛСТ). LATE: [e (D) -- - "dot 
и ТУро, 0 for all i, (5) yields that 
eT) fO). - LAO) 0. 
6.24). Conse- 


Then * 

Quen ДР: Le COLAGOJR- - LAC)! (Theorem 1 | 

Up, LAG) | gŒ), as [C292 15 relatively ‘prime to each of 

s0 a? 022). Hence g,(T)r, 0. Similarly #(Т)ә= =? g(O»i 
s Hence V— V, V8 


ере m (4) every term on the left is zero. 

Theop, This proves the theorem.& 

Pace |, ^?! 16.46. Let T be a cyclic linear transformation бп 
"отар апа fx) —t f(x) Pal LOOP?- „ШО. be the minimal о 
ver p S T, where fi(x)'s are distinct irreducible тоте партои 

the and %:>1. Then there exists an ordered basis B of V such that 


tion on а vector 
poly- 


Matrix. 
1X Of T relative to В is 
J, 
J: 
"here p j "m X 
topy, cach J (i= 7, 2 г) is the Jordan matrix of [FN relative 
Progr Definition 16.42). 
17 We can write 
fo aV, ^ (0) 
/—V.OV.O- - ‚© : | | 
Hem h that V; is cyclic relative 


invari ss Vr OF ASUS 
m ће паш subspaces / d [ACI] 
a] *striction of T to V: ane +! Е p 
We can find an ordered basis 


"sor d 45). " 

i urs, we саи Lors that the matrix of T, reiative to B; 

nq p rdan dod orl Heol relative to f(x), (Theorem 16.41 
finition 16.42). Now 


t 
$ 
to pome т. 
x; is the minimal polyno- 
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? 2 ty Wey. o eg Wine) 
B==(y1,, Wrasse cask Wn, W^ W's, emag Wn, 0 Why #%,..., 
is an ordered basis of V. Let J;=(b'im). Then 


: Але А I ..Q) 
ТО) Та) S b'im Wis x і, т 


7 à nation. оѓ 
Observe that T(wi,) is expressible as a linear combination а 

wh, Wia, . . ., Win: and the coefficients b'im are coming from J;. Кее 
DuA s E 

ing this in mind one can easily convince oneself that the matrix o 

relative to'B is 


Following is immediate. jal 
Corollary 16.47. Let AEM,(F) be such that its minimal ponger 5 
f(x) is of degree п, If fo) fios, . LAG)" where filx)’s if 
irreducible monic polynomials over F and «;>1. Then there ex 
a non-singular matrix P such that 
ў [p 
P'uA4p- J. 


COT" relative to f(x)m (see 
ental Theorem of Algebra ple 
degree n over C, the , сотр 


x— diis the Jordan Block 


e T 0 0 
0 a; | 0 
ООК 
000 
\9 0 0 


Thus Theorem 16.46 yields the following. m 
Corollary 16.48. Let 4€ M,(O) be such that its minimal poy ; af 
fix) is of degree n. Ifa, 7»... rare the distinct roots of fC jar 


ipliciti j й sing! 
multiplicities од, аз, „уа, respectively, then there exists а non-s 
matrix P in М, (C) such that 
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J, 
P74 p= Ji 
Where i 
each J, is the а, xa; Jordan Block 
ay 1 04-0 
@ а Т0 
be rice п 
Ow OF ОЕ 
0 0 0 ud 


be a cyclic linear transformation ona 


De T 
ve finition 16.49. Let T 
L Aœ], where fi()'s are 


“ctor 5 
пое ire rr and Лх) = Л]. 
Nima] ucible monic polynomials over Е and «21, be the 
Polynomial of Т. Then the matrix ^ 
Л 
J 
y 
ative to fi(X), is called 


еге Tas 
Classi is the Jordan matrix of [fi(x)]** rel 
Canonical matrix or Jordan Canonical form of T; the above 


atrix a 

e in | Eur called Classical Canonical matrix of the polynomial f(x). 

Pace pon 16.50. Let T be a linear transformation on a vector 

i Vi, Va.. . .. V, be T-invariant subspaces of V such that 

тес mt :ФУ,. If T, is the restriction of T to V, then T is called 
t Sum of Ty, Ty, . . ., Ty and ме write T— 7,9 TG - eT. 

И, п p is the matrix of Т; relative to some ordered basis B; of 

is the o -< of V, which is the union of all the B;'s 

oa e first those of В, 


ati 
t in the ordering, the members te тень be easily seen 
d so on. 


еде 
that 4 °Xt, those of В, come next ап 


nde A 
Matrix 4 of T relative to B is 
А, 


f 


4+ 


е5 “At 
А AY that 4 is direct sum of А å»: ., 4, and write A= 
9... 
linear transformation on Q? whose 


Ex 
mj; AMPLE 16. Let T be 8 E 
distin al Polynomial is J-E FDTD: x?+1 and x-+1 are 
monic irreducible factor of f(x). The respective companion 
0 —1 
0 ) ала J,=(—1). So 


ча 
trj 
ices of these polynomials are =| | 
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i i is the 
minimal polynomial of A (ie. the polynomial of which A is t 
companion matrix). А ja 
7. Let A,, A; be any two matrices over a field F. Show that t 
matrices ( d У ) апі ( T * ) are similar. 
2 1 | is 
[Hint. Let V, be a vector space over F having an ordered ed 
B,—(u, uo, . .., uj) such that A, is a matrix of a linear cpi 
tion T, оп V, relative to the basis B,. Let А, be the matrix of a ne 
transformation T, ona vector space V, over F, relative to an et 
basis B,=(1,, va, . . ., Vm). Consider V—V,GV, and T=T,@T2. T : 
the matrix of T relative to the ordered basis B—(u,, us, . . ., Un У» Yos 


oe aia) 15 ( ^ b ) and relative to the ordered basis 


B'= (уу, Va, ,.. Vms Uy, Us, .. ., uj) is ( = o ) ] 


A, 
8. For any k matrices С, Cy, ..., Cy and for any permutation 9 


ог 253; _... kj, show that the matrices 
[ C, Con 


Cy and Co 
\ C, Св 
are similar. 
9. A linear transform 
nilpotent if T*=0 for 
can be given for a mat 


> 5 e 
ation Ton a vector space V is said toh 
Some positive integer k. Similar definit! 
rix. Show that the matrices 


000 
^-( M d ) Аз=| 1 0 0 
010 
900 0, 
A P0 00 Й 
э Күй! о о [аге nilpotent. 
001905 


Indeed verify: 
(i) A47—0, 4,20. 
(ii) A9—O but 42-40. 
(iii) А,4+= О but 4,420; 5 
(b) If T is a non-zero nilpotent linear transformation on V 5 
that 77—0 but T7320, then k is called the index of nilpotencé 
T. Similar definition can be given for a matrix. | Р 
If Ay, As, Аз... Ai аге nilpotent matrices with pii 
nilpotence Ky, К, .. ., ke Tespectively, then prove that the 02 
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A= Ay is nilpotent 


А, 
and its index of nilpotence is = тах (ki), (I<i<t). 
(c) Show that a nilpotent linear transformation does not admit 
any non-zero eigen value. 
[Hint, Т(у) а= ТҶ) ау for all k> 1]. 


4. Some Decomposition Theorems 

Theorem 16.51. Let T€ A(V) be such that its minimal polynomial is 
[(У)=( р(х) for some monic irreducible polynomial p(x) and some 
nteger t>], Further let u€ V be such that the minimal polviomial of 
и relative to Т is f(x) itself then there exists a Tinvariant. subspace W 
FV such that V=W@F[Tlu. 

Proof : Consider the family F of all those T-invariant subspaces 
U of V which have zero intersection with F[T]u. Since the subspace 
(0) is T-invariant and obviously (0) FIT}¥=(), (€ F- Hence F 
Is а non-empty family. Since no member of can have dimension 
More than піт V, we can find a member W of F having largest 
dimension among all members of F- So W is a T-invariant subspace 
ОГУ of largest dimension such that WOFITE=()- быз , 

е claim V=W@®F[T]«. Suppose the contrary. SO there exists 


YEVs " 7 F(T) == r&W--F[T]u, but 
ee s Nee Ei n find a positive integer It 


Lor "n 

—0 is W--F[T].. So we ca x Iv 
Such that җә but [p(7)I' TIE EEUU a 
= A(T), Thus y is in V but not in W+F[T]u. Also р(Т)у 


7G» is in W4-FIT]u- 50 з 
,—w-+g(T)u. " 

f p(T)y—w xit отуру ГРС) p) 

9r some wc p and g(x) € ЁЇХЇ- Further 0=[ р(Т)]0 [ p(T) i 


SIAT) 1p остур!) 1 2 
As the E та 28. is direct we get [CDI ^w—0 and [p(T)* 
ElT)u—0. He d [род is the minimal polynomial of u relative 
Dd we де roy |e eie quaa En Hob DEDI que 
Bat e fate, Ge forsome e (OG АА Ben Rom (S es 
x)gC 


he Ty = EOS ...@) 
М Р(Т)[7— 1 ce ИИ FTI ss WOM. 


Consider the T-invariant subspa 


y= 81 
»-g(T)u--W. then we shall get У АЛ 
and hence Te tite +W. This is a contradictioa. Hen 


- This prove that W, properly contains W. So dim 


(T)u--w' for some иЄ 
ce y—g, (D)u 
W,dim W. 


C-— 
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Since, by choice W is a T-invariant subspace of largest dimension 
satisfying, WN F[T]u=(0), we get W,rYF[T]uz(0). Thus for some 
non-zero w, € W,C F[T]u 


wi=w АГ) - gu w Ew (4) 
As w,€F[T]u, we get 
w +A(T)[y—si(T)u]=h'(T)u al) 


for some /'(х)Є F[x]. Therefore 
AT)y=—w' (Т) (Т) А (TuE WFT] ...(6) 
If p(x) | h(x), then h(x)=p(>)h, (x), /(x) € F[x]. Consequently (3) and 
(4) yield w,—w +A C)p(TD)Di— 8(T)u]€ W. However by (4), w,€ [Т]. 
So that w, € WnrYF[T]u—(0). This contradicts the fact that W140. 
Hence p(x) does not divide h(x) i.e., the HCF of P(x) and h(x) is 1. 
Consequently 1=a(x)h(x)+5(x)p(x) for some a(x), b(x)€ Fix]. 
Hence 
T=a(T)h(T)+-0(T)p(T). 
Consequently y=Iy=a(T)h(T)y+-b(T)p(T)y, 
Since by (1), p(T)yEW+F[T\u and by (6), 
W--F[T]« is a T-invariant subspace of Vt 
that yEW--F[T]u. This contradicts the supposi 
Hence И= ИФ F[T]u.m 
Theorem 16.52. Let T€ A(V) be such tha, 
S(x)=(p(x))" for some irreducible monic polynomial p(x) and some 
positive integer k. Then V--F[T]u,& F[TY,G... F[T]u, for some 
non-zero vectors и; (List) such that the minimal polynomials of uss 
relative to T are ( p(x))*?s Satisfying the 


condition: к=, 
SPEI. These Кёз are uniquely determined by T. a 


Proof : V has а non-zero member u, such that the minimal poly- 
nomial of и, relative to Tis f(x) -(p(xy'i; k,—k (Theorem 16.31). 
mb) 


h(T)y€ W-- F(T]u and 
he last equation yields 
tion that y&W-- FIT Ju. 


t its minimal polynomial 


By Theorem 16.51, V—F[T]u GV, 


for some T-invariant subspace y, of y. If y. 
V,A(0). Clearly dim V,<dim V. Let T,b 
V,, then the minimal polynomial о 


1=(0), we are done. Let 
г € the restriction of cs 

T, being a fac х) (р(х) 
equals (p(x))"? for some ky<k,. If eg then (oar els 
that 0O—(p( D) V, —IV,— V. This is a contradiction "Ненов kzl- 
Again by Theorem 16.31, we can find a vector u in Р, such that the 
minimal polynomial of и, relative to T 2 А i 


: en 1 (hence relative to Tas T, i5 
restriction of (T) is (Р(х))' and by Theorem 16.51, we get 


"= FIT, QU 

for some T-invariant (hence T-invariant) subspace V, of V. Then 
V=FITW.® F(TW.@V,, $ 

If V, is (0) we are done, otherwise considering the restriction 7» 
of T, (hence of T) to V; We prozeed as we did for y or V,. AS 
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finite sezdim V,«dim V and dim V is finite, this 
то 

у many steps. So that we get EM а. 
V= F(T]4€ ЕТи® .. FIT ]ue (3) 

€ condit; ial of each of u; is (p(x)) sati fyi 
We m kek 2k2ks2-- 2l | Di 
MM = to show that ky, Ks. nit ofthe decom 
3). For this, suppose that 
Such that the mi уа ӨЙЫ, 
SEM e minimal polynomial of each ш is (PC 
E n kak! pk 2.2k52l 
Ы аа Ww-teVv | p(T)v=9}- 
y ЄЙ, pT Tw) = ТЕРС)" 
Let wel. By (3), 


Непсе prr =0 yield that 

М Ep Dye (O0 

get p(T)gdT i= 0v 1«i«t. This gives 
i minimal polynomial of иш. 


that 

а | р(х) (х) 25 (pC 

сә sequently (ООУ glx) ie MSN So if 
put иү=(р(Т)) wi WE see that озен Є}/ and every member of 


is of the form 
hy cs Ow ia 4 BT еї Пе 
: w,C 


i : (4) 
xy" satisfying the 


W isa subspace of V; further 
25 j-02 T0) € V Hence W is a 
уап! 
ariant subspace of V. wes gO». for 
^ і=1 


Som 
еа (х)Є Ех], (110): 
pe CT yu PT): Р 


Не 
Pith, ат rr eT ia АЕ y's di 
of қт üxi«r) and by (3) the sum of the F(T} § 55 direct, the sum 
Лг is also direct. In other words 
1 5. ЖЕШ»: (3) 


= FIT) ert Jwa 
e... FIT (6) 
Tyi Wis 1<1<5. 


Wh 
ES ozw;' UO 
minimal polyno- 


ie any non-zero „ЄЙ satisfies P\ е. t 
of w isa factor of p(x): Again since the minimal polynomial 
always of positive degree, ап р(х) 15 

Hence the 


of 
a Е 
non-zero vector 18 
is itself. is the minimal of w. 
Fix] 


irreducib 
ible, we get p(x) 
i Ge ap 
Consider К- Zpxy 


or wj is р(х): 
у> апа апу 


=g(x) + <p 


Mini 
imal polynomial of every Wi 
et (X07 


Kis 
a field (why). For any c?5 


Ww T 
m is well-defined. For let gi n0) for some g(x)» gel [л]. 
We зое <р(х)> ies р(х) | [ei — C2] en as D 
[e(T)—g(T))—0 2.6 e(T)w—e (Dv hes ge OP. now 


his shows that the product gaw is well defined. 


mm 


| 
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straight forward to verify that this definition makes W into a vector 
space over К. Clearly Kw=F[x]w=F[T]w. Hence by (5), W=Kw,® 
Kw.Q..... Kw. 
This shows that dim W=1. Similarly by (6) dim, W-—s. Hence 
1—5. This proves that the number t is uniquely determined by T. : 
So it remains to showthatk,—K,', ky==k,',...., Кү==Кү. For this 
we apply induction on the dimension of V. So we suppose that the 


‘result holds for all vector spaces of dimension<dim |’. Consider 


V'-:p(T)V. Since T(V’)= p(T)|[TV]Cp(T)V, V’ is a T-invariant sub- 
space of V. Further [p(T)]-7V'—p(T)V--(0), but [p(T)] 17520, 
we get эе. i.c., dim V'« dim V. So if T' is the restriction of T 
to V’, then, by induction hypothesis, the result holds for V’ and 
T'. Since k=k,>k.>.....>k,>1, we can find integer «720 such 
that k;—1 for all i2« and k,>1 forix;z. Then for i22, p( T)ui 
=[p(T)]"i u;-— 0, but for iz, P(T)uj40. Again by (3), VW’ —p(T)V = 
FIT) FAT)... F(T]p(T)us 

= FITW@...BF (Tra. (1) 
where ¥j=p(T)u(1<i<z), has [р(х]! as its minimal polynomial 
relative to T (hence relative to T^). Similarly we get 

W=FIT Wy OFITI ®...@ [Т] ...(8) 
where $ is an integer such that £,'— | for i»8 and k/z1 for iX 
and v/'—p(T)u;' has [p(x)]".7 as its minimal polynomial relative to 
T (hence relative to T"). 

By induction hypothesis we have “=8, k.—1—k, —1 for i5 

ie., ki=k;' for ii. Obviously as А, | and k/—1 for iz, kiki 


for i2. This proves that ki—k, for all i. Thus the theorem i$ 


proved.m 
Theorem 16.53. Let T be a linear transformation on V having 
SO) Dp) [ р.(х)}'....[ PAX) as its minimal polynomial, where 


PAX), р.(х),..., PAX) are distinct monic irreducible 
ў MEA 

k/s are positive integers. Then there 

subspaces Vy, V,...., V. of V 

Q..... T, where T; is the r 

minimal polynomial. 


polynomials and all 
exist unique T-invariant 
such that V— y a V.®....@V,, T=T,@T2 
estriction of T to V; and has [p(x)] as its 


т Дх) R 
le 6 suec for 1&isr, g(x) is the product of all 


those [p,(x)'5 for which js 

Define Ив (Т); Vier xD 
V; is a T-invariant subspace ofp, Since [р(Т)ү+ V; =[р:Т)] (Т) 
V— f(T)V—(0), we get that the minimal polynomial of the restriction 
T, of T is [РС D]. Since the HCF of g(x), g,(),..., 8,0) i5 b 
there exist polynomials q,(), q.(),..... g,(x) such that 
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He = (х), OAH) HHE), 0) 
mp 1=9,(T)q(T) 3-2 T)0 0) 0)900) (3) 
en for any v€ V 
у= Ir) =e, (Tq Tr 8D) 4e( TY ho FST) Dv 
=. Where v-g(Da(T)€Vi-s(1T)V. 


Hence V—V,--V, +... Vp 
To show that the sum is direct, let for some x,€V; (117) 
TANE US en | NS 
or any i, [p,(x)]s | (х) for j#i and [р,(Т)]+У;= (0), we have 
&T)V;— (0) for izżj. So from (4) we get 
g(T)x;—-0 06) 


Now р, (х), [ р,(х)] are relatively prime, so for polynomials a(x) and 


bix) in F[x 
E. (6) 


x0 


=a(x) gi) HPN 


ee 12 a (T) AT) ADIPI | 
Consequently х= /(Х; у а(Г) (Г) bU" x:=0, since 
&T)vi—0 [by (5)] and [p:(T)]" y,=(0). Hence in (4) every х:=0.. 
So that > 
V= VOV. €. ...(8) 


To show the uniqueness of these V;'s let also A 

f Veit Ө 00 h that the d 
Ог some T-invari s w, (1«i«r) such. t 

me T-invariant subspace 1 P ds taco. y e 


Polynomial of the restriction 7; 0 i» 
Рх) | gx). for every E. We have g(T)Wi=(0) for i7} 80 from 


(9) we 
get p А i 
gT) = o (TW OW ге ке 
Howeve given 2 ud w because of (7), we have 
er given any wie S CDD 


weg D) 
—g(T)a()6:€ 8 T 
Hence W,CV;. Consequently W;-Vi 
This proves that s are 01970 
Si Remark: We claim that V; кү ы 
Inc pi Т ki y= 
e [p (T) Vi= (0). [P ( aeie el 


"ey satisfy [p(T] N f (Хб) {ог зоте а, 
Р(х) is 1, pag (al ) атри)" v=g(T)a (TEV: Hence 
1 


епсе pe CD ae 
Vi me а;271›- | 
кое eei. ү tal Т! онот on Direct Sums). Let V be 
Theorem 16.54. eer a field F and T, а linear trans- 


апу vector space of di ү Iynomia apr o 


Jormation on V. is the T bos eyele Tinvaviant sube 
q»(x) sop of mo 
, each a power 
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spaces Wi, W.,...... Wm (not necessarily unique) such that V—-W,oW, 
ө. © Wm and the restriction T; of Т to W; has q(x) as its minimal 
polynomial. 

Proof: Let. f(x)=pix)[p.(x)}'2...[p,(x)' be the minimal poly- 
nomial of T where p,(x), po(x),..., P(x) are distinct monic irreducible 
polynomials over F and k; ore positive integers. In view of Theorem 
16.53 and Remark following it, we get 

V+V,@V.®...... ФУ,, (1) 
where each V; is a T-invariant subspace of V such that the restriction 
1 ofTto V; has[p(x)]* as its minimal polynomial, further V;= 
PEV 1 [p(x] v—0 for some «;>1}. Now by Theorem 16.52 we 
can write 

Vi ЕТФ FIT... F(T]uu, s (Q) 
for some non-zero vectors UIS уу) in V; such that the minimal 
polynomial of u,; relative to L; is [р‹(х)] Satisfying the condition, 
k;—ka2ka2...... 2 Kin. These k;;s are determined uniquely by L;. 
As L; is the each restriction of T to V, 


t i» We also get that the minimal 
polynomial of each и, relative to T is [p,G)]*9. Hence if we write 


à W,,— F(Tyu,;, I&j«t; Hir, ...(3) 
then from (1) and (2) we get ` 
WOW 2 ... Wi®... OW. OW. o. gw, (09) 


Each W,; is cyclic T-invariant Subspace such that the restriction 
Т, of T to W,; has [ p.(x)}" as its minimal polynomial, which is а 
power of an irreducible monic Polynomial. Hence the theorem will 
| follow if we show that these monic Polynomials are uniquely deter- 
mined by T. To this effect let 
V=W.OW.8...@W,, (3) 
where each W, is a cyclic T-invariant subspace such that the restric- 
tion of T to JV, has 4‹(х) as its minimal Polynomial and q,(x) is а 
power of some irreducible monic polynomial. Then f(x)—[p,(x)]..- 
Гр)" is the LCM of 4,(x), q. x), : In(x). Hence each 
qi) Pix) for some а, Та Ка and for some i, aj=K yi). 
By Remark following Theorem 16.53 we get IV, C Vj;. Further for 
each i—1, 2,..., r, some q(x) must be a power of р(х). Hence if for 
each /— І, 2, ..., r we take U; as the sum of those W's for which 
g(x) is a power of p,(x), we get UiCV,, therefore : 

V-UGUg.....eu, (6) 
with each U, being a T-invariant Subspace of апа U,CV;. Consider 
any xEV;, by (6), TSU ++... Би, This yields x—uj-Zu,€ 

izi 
yn (Z Vj)—(0) since u;€ U,CV, for all J. Hence x-u,€ U; Asa 
Js 
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he U;=V; for 1<i<r. 
ud Med B. isa Pies sum of those cyclic space JZ;s for 
Bi Theorem 16 at n of T to W; has ф(х) a power of pí(x); because 
Оу and th .52, the number of these w;€ W; is equal to г; [from 
i mea oo 
Definition 16.5% gel 7 E E й Е НЕСШЕ 
Space V and ae у п аг! ransformation on a vector 
T-invariant subs 1OW.@...OW,, be a decomposition of V into cyclic 
BES. minimal paces, such that the restriction T; of T to each Wi 
irreducible pol polynomial q(x) which is a power of some monic 
ynomial. 
Euh His Qn(X) are called elementary divisors of T. If Aisa 
divisors of relative to some ordered basis of V, then the elementary ' 
Neuer T are also called the elementary divlsors of 4. 
Co i These q,(x)'s need not be distinct. We shall see this 
Eu by Theorem 16.54, д (х) are uniquely determined by T. 
transfor ту 16.56. Any root in F of an elementary divisor of a lincar 
Pro апп Т on Vr is ап eigen value of Т. ; 
А Мом V—W,QW,. ..8 Wm in the notation of above 
ar. on. Since IV, is a cyclic Ti-space, there exists „Є. whose 
Enric Polynomial relative to Т; (hence relative to T) is qi). 
&x)e pr. any root « of ф(х) in F. Then a(x) ag(x)(x—a) for some 
Then [x] As deg g(x)<deg dC): [e (T). Put v=g(T)w. 
an ei (T ay — (T—ay[g(T)w] aT) —0 yields (y) 2". Hence « is 
Igen value of 7.m 
on SAMPLE 19. Consider Q'. Let T be a linear tranformation 
ba Such that T(e,)=e» T(e;)-— 0, T(ex) tv. T(e9--0 where 
tp, Eo» €) is the standard basis of Q'. Clearly T*—0, but M 
М ка the minimal polynomial of Ti which is a power О 
Los еа is trivially AO mem d iuis suos 
; = А ссі зраб. 
Since t Quaere Es of e, e, relative to T is x’, we 
Can Say th ninimal polynomia TIS je, ава Орле, havens 
x at the restrictions Ty 1: in the terminology 


3 
S thei ini jals. Hence 
or p, Peir respective minimal polynomials E 
"initi ce ya xfaret ontary divisors of 7, they 
ha lon 16.55, x°, + аг 


he two elem 
x tto be equal is this case. 
AMPLE 20, Consider the matrix 


1010 
A= o o-1 
Q1 2 


Le 
UT be the linear transformat 


с 5 


jon on Q’ such that 4 is the 
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matrix of T relative to an ordered basis (уз, т, уз) of Q’. Then 
T(w)—*. T(v)—v, and T(r,)=—¥.+2r3. Clearly the minimal 
polynomial of v, relative to T is x—1; which being of degree 1 yields 
that Ер, = Оу. | 

(T—Iyv,—(77—2T--1)»,—0, but (T~I)v,40. Thus as х—11$ 
irreducible, we get (x— 1)? is the minimal polynomial of v, relative to 
T. Hence Q(T)r is the space generated by [>,, T(v.)]i.e. by (ve Уз): 
Hence O[7]—Q».--Q», Consequently Q?=Qy,@(Qr.®Qrs)= 
OTI», e QIT)» 

Thus x—1 (x— 1)? are the elementary divisors of T. 

EXAMPLE 21. Consider the 5 х 5 matrix. 

0 d 079 OR 


HZ 00 0 
4= 0000 -1 
0,0. L 0 4 
0 0 (0,1 0 


Let T be a linear transformation on О? whose matrix relative 10 
the stardard basis (e;, es, ез, c, ез) of Q5, is A. 


oa 0 0-1 
If A-(1 2 ^i 0 +) 
01 0 
then as A= 4,6 4», we get that W,— —e, e>, Исе Cp 657 
are T-invariant subspaces of V and V—W,&W,. 5 
Let T; be the restrictions of Т to W,(i=1, 2). Then the matrix of 
T, is А. Now A, is the companion matrix of the irreducible 
polynomial x'—-2x—]. Since T(e,)=e, we get that W,—F[T]e; is 2 
cyclic subspace and T, has x'—2x— as its minimal polynomial. 
Again as T(e;)=e;, T(es)=es, we also have W,—F[T]e, а cyclic 
subspace. A, being the companion matrix of the irreducible 
polynomial x°—4x-+-1 yields that the minimal polynomial of T; i$ 
x8—4x+1. Hence the minimal polynomial of T is (х#—2х—1 
(x°—4x-+-1), and the elementary divisors of T are x2—2x—1 and 
x3—4x--l. 

REMARK. Given finitely many monic polynomials q(x), 6) - 7 
g(x) over a field F; each of which is a power of some irreducible 
polynomial over F, we can construct a linear transformation T on ? 
vector space Vr of dimension equal to the sum of the degrees of the 
given polynomials, such that 90), q(Q... 40) are 
elementary divisors of T. For this let Ai(1<i<t) be the companio”, 
matrix of а(х). Let m;=deg q,(x) and №, bea vector space over 
of dimension m;. Then there exists a linear transformation Т; 00 i 
whose matrix relative to an ordered basis В, is A; and its minim? 
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o € 

ү ши is q(x). (Theorems 16.35 and 16.36). As seen in the 
We. е Ар 16.35, W; is а cyclic Т;-ѕрасе. Then if V=W,@ 
rm E , and T=T,@T,®. . .®T, we have that each W; isa 
W, and es of V such that T; equals the restriction of T to 
do xd 9 is the minimal polynomial of Т; Hence qi(x), 4(х), .... 

ХАМ. мА, divisors of Т. 
inc 22. Let G--D, G--D*, (H) G94) be four 
Bolsmomí each of which is clearly a power of some irreducible 
ial over Q. Their respective companion matrices аге 


а= (0 1) а, ^-(13) 


1 —2 

k ao 40: Wo 
бу o o = ООо 
4,0 A4. 449 А,= О 20 PORNO 

00 0-10 0 

000 ооо 

60). о 1091 


So i : 

x 4 any linear transformation T on Q’ has its matrix similar to 

© above matrix, then (v+), (+1) (x-+D),(2+x+1) are its 
entary divisors. 


PROBLEMS 


es, show that the minimal 
le polynomial, and then 
T-cyclic subspaces. 


I + . 
Polyno, each of the following exerets 
А а of Т is a power of an irreducib 

( ent the vector space V as а direct sum of 


VQ: 
(b) b p T(e;) —2e T(ex) -2es- 
(c) y. Qs Т(е) = —e» F(e2)=e1- 
(4) у Me Tle) =e t» Tle) = 201— er 
(e) со, » Т(ёу==й,, T(e)) 726 — C2 ee Tle) 746—466 
(7) ^: 3, T(e) —es, Tha) 7^» т(ез) = —e Ae 
(g) pm. Т(еу)=е„ T(es) = 0s T(e) 26 
(4) pe О» T(e))= E T(e3) =» T(es =— 6р T(e) — es 
E T(ej) —es, T(es)-7 €» T(e)) -2e:— 6s €» 
(i) р Ti —4e.— 43+ 36 
xe I SQ: т" в. pos T(é)— 3e, 4-4e;— 2637 бё» 
S). 4 1 2 2e, 4-467365 7 66 
n a vector space 


Vy j ioo Елш, T(e)7 — 
di, the s © that for any linear trans 
Mengi um of the degrees of the elementar. 


formation T o 
y divisors of T equals the 
ons Tand T' ona vector 


i 

S On of y. 
formatt А 

d only if their matrices 


Sus Bro 
қае 5 s that any two linear trans? 
Atiyg’ have same elementary divisors» if an 

0 a basis of V are similar. 
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4. Prove that the minimal polynomial of a linear transformation 
Tis a factor of the product of its elementary divisors and each 
elementary divisor is a factor of the minimal polynomial. 

5. Find the elementary divisors of each of the following linear 
transformations T, and express the vector space V as a direct sum 0 
Cyclic 7-invariant subspaces. 

(a) V=Q?, T(ej) = e, T(e4) —3e, 

(b) V—Q', Т(е)=ез, T(e.)=e, 

(c) V=Q?, T(e)—5e;, T(e;) —3e, 

(d) V=Q’, T(e)—e--es4-e;, T(ej)— — es, T(e;) =2е,4-3ез 

(е) V=Q°, T(e) 2e, — e, —2e,, T(e;) = —6e,—3e,--2e3, 

T(es)—8e,4-3e, — 3e. 
(f) V=Q', T(e)— — e, T(ej)— e, T(es) 
(2) K=Q', T(e)— es Meader} ear bes, T(e,)=ey Tle) ее, 
6. If a linear transformation T on a vector space Vr has (pO) 
as its minimal polynomial, where P(x) is irreducible, then what poss” 
ble distinct elementary divisors T can have? ‘ 


—es, T(e4)— es. 


5. Jordan Normal Form 


Let A=(a;,) be an nx n matrix over а field F and V be ап ™ 
dimensional 


vector space over F with B=(b,, b,,. . ., b,,) as its one 
basis. Then the linear t ; а bi)” 
а inear transformation Т on V defined by 70» i 
me i 1<j<n admits А as its matrix relative to B. Let 40 


905), +, a Aan 
ФИ», Т=Т,ӨТ,Ф...Ф 


ob 
1 


i 


is such that the matrix © ;ple 


relative to B, is the Jordan matrix of q;(x) relative to the irred¥© 
polynomial of which qAx) is a powe 


d in) 
T=T,©T.®. ..®T,, yields that V has а basis В'-(67, Ба 807 


: n 
such that the matrix of T relative to B' is J—J,60J,0. ..€Jw “A 
А is similar to J (Corollary 12.40). We call J, a Jordan Normal en 
of matrix A. Since the elementary divisors of T are uniquely ete 


mined (Theorem 16 54), the Jordan Normal Form of A is unique? 
determined except for the orders in which J/'s are written. 

If a polynomial q(x) is a power of a monic irreducible polyn? 
p(x), then the Jordan matrix of q(x) relative to p(x) wi] be Si 
called the Jordan matrix of q(x), 

Theorem 16.57. For any AE MC), Jordan Normal Form 9 f 
matrix A is of the type 


тій! 
ply 


ihe 
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iO Q s 0 
Ө J. O ne 0 
оол . 0 
| ооо Ju 
Where cach J; is of the form 
yu 10 ш 0 0 
| O0 au f 9, 0 
D. uie mele жыл 
O 0 Q . & L) 
‚0 0 0 .. 0 йг 


Further each «; is an eigen value of A. 
beat Let ф(х), 245 (х) be the elementary divisor i 
А E only irreducible polynomials are of degree one, and cach, ae 
> * Power of an irreducible polynomial, we have qx) (1—4) or 
‘ome а € C and some positive integer К. Then the Jordan matrix of 
4.(x) is the k;x k; matrix 


s of A, Since 


a; L0 0 0 
о 0 
Je 0 wed | 
0-019 0 a er! 
0 O Ostat 6 


Hence the Jordan normal form of A is 


Jen Doe ТО 
sonenon= © en a) 


0 0 . J» 


The next 
Corollary 16.56. f A^. 
part follows from Сог Is (xt), (+1 (xi), 


XAMPLE i : 
TUN 23. Consider polynomia `- 
Gene over С. Their respective Jordan matrices (Jordan ae are 
y 3 —i 
(1), д La i] һ=( 0 i ) ana 1-6 0 edu 
i Q9 Lp 
The 7x 7 matrix 


0: s Oy BOR 

12.0 D aD 0 

Сероус ee 

соо % Ol fa ш. JUI. EN 

Oo OF йб. б 0: ОТ 

4 9.2 3 "ao EE 
оноолоо 


ig 5 \ am e above 
1 Jordan Normal Form and its elementary divisors аге Ш 
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given polynomials. Further 1, — 1, i, —i are its distinct eigen values. 

Definition 16.58. A linear transformation T on a vector space V 
is said to be nilpotent of index К>1 if T^—0 but T10. 

Analogously, definition of a nilpotent matrix can be given. It is 
immediate that a linear transformation Tis nilpotent of index k if 
and only if its corresponding matrix is nilpotent of index k. For 
example any n хл matrix, whose elements on and below the diagonal 
are zeros is nilpotent of index«. 

Theorem 16.59. If T€ A(V) is nilpotent of index k, then there 
exists an ordered basis B of V such that the matrix of T relative to B 
is of the form 


kr 
where k=k, 2k... >k, and for any positive integer t, M, is txt 
matrix given by 


0 0 0 - 0 0 
(Ig 05 ое 
M,= 0 1 0 ү " 2 
0 о o ? -0 


, Proof: Since 70, the minimal polynomial m(x) of T divides 
x", hence m(x)=x! for some /<К. As T'-1240. I&k—1. Hence 
n So that m(x)=x*, Let (х), ф(х), . . ., 40) be the elementary 
ivisors of T. Since each of them divides the minimal polynomial 
m(x)—x*, ф(х) — х": for some ki<k. So we can re-arrange q,(xj's іп 
Such a Way that k,>k.>...>k,. Asthe LCM of these 4,(x's i5 
х, We get k=k,. Now the Jordan matrix of g,(x)=x"i relative to * 


is by Example 15, the k;x k; matrix 


DM LIN "D „с у 
i 8 og 
0 0 0 = 1 
0 011710 D 0 


Since any matrix is similar to its Jorda 
ordered basis B such that the matrix of 


| Mr о о 


n Normal matrix, }’ has 4° 
T relative to B is 


N 
0 о M, 
REMARK. Since the elementary divisors of T above, аге uniqucl/ 
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determined, the integers Ку, K,,..., k, in the above theorem are 
th Iquely determined by 7. These integers are called the invariants of 

тшшен! linear transformation 7. 
AMPLE 23, Consider the nxn matrix 
б^ O жу 0. 0 
1 0 - 0 0 
A og 1 = 9 


(б б ЕИО 
This matrix is the companion matrix of foe. The minimal 


Pol R 
pe Ronin] of M is x", which being of degree л gives that M has only 
clementary divisor namely х" itself. Now the Jordan matrix of 


X" Telat: 
elative to x is the п x n matrix 
0 1 0 0 0 
o D 1-9 0 
J= s - 
бо 0 Op am l 
0 0 0- © жд 


He a 
"nce the Jordan Normal Form of M is J. Its only invariant is !'- 


all JA AMPLE 24. Consider the polynomial x^. Let us din 
mal ale Normal Forms for 6 х6 matrices having х? as ip D 
any sy nomial. All such matrices are nilpotent of index 3. Le не 
35k Ch matrix, If its invariants are Ky, Ks, +- ^» k, then we 
this for kom vA 2k, and kitkat.. R6. 
m only in the following three ways 
He 343, 34-2461, 341-4141. 
nce the only possible Jordan normal forms аге 


6 can be expressed in 


po. 1,130 0 
ro © "A4 0 б 
0 “0 
е ЛНЫН 675 
вр 0 О A4 
бор ш 9 j| 
о gin зо 8-9 
gp To sg D 0 
iO cie TEES OO 0 
TIME MNMTIL ID 
А EI eee 
=| 0 o 0 c0 € 0 
0 6 © 2.0580 0 
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Oise dw О $0. б 0 x 
0 о 1:0 0 0 | 
© 0 оо v 0 

"Eu ee 7 
0 0 о. о fo io] 
o 0 оо 6-i 0 | 


We advise the readers to determine 8 х8 Jordan N 
which are nilpotent of indices 3, 4, 5, 6 and 7. 
EXAMPLE 25. Consider the matrix 


1 1и : 
Е St o Г 
1 1 0 


4%=(0), but 4*2^(0). A is nilpotent of index 3, Since only 3x3 
matrix in Jordan Normal Form, which is 


nilpotent of index 3, 15 
0 1 0 
«| б" p MET ) A is similar to J. 


0 0 0 


ormal mat ces 


1 1 1 


Consider the matrix B= (^ —1 —1 ) It is nilpotent of 


0 0 0 

index 2. Clearly 4 and B can not be similar. Since the only way bi 
write 3=k,-+k,--...--k, where k; are positive integers заба 
2—h2k2..k.is 3=:2-4-1, we get that the Jordan Normal for 


2 0 1 0 
of B is | 0 0 0 |. 
0 0 0 


PROBLEMS 
1. Show that two linear transformations in A(1’) are similar if and 
only if they have same families of elementary divisors. "c 
2. Let T€ A(V) have fx) [p Gà poa... [opt a5 E 
minimal polynomial, where PAx)’s are distinct monic irreduc! 
polynomials and т> 


an 
1. Prove that the matrix of T in the Jord 
Normal Form can be put in the form 


| 5 


[0] — [0] 
x | 0 RUD 0 ) 
o отр Ус 
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such that à 
( C( p,G)ea) 
N 


X 
R= CPO) 
NS 


"NS 

C р(х)ен) 
Des; and where for any polynomial g(x); 
vi relative to go) 
Canonical Form). 
divisors of T, then 
ther those g) 


(Matrix A is also called a matrix in Rational 
i [Hint, If ¢,(x),...... .9(x) are the elementary 
ach of them is a power of some pi(x). Group tose 
Which are powers of same p;(x)-] the 
3. If T€ A(V) has all its characteristic roots in F, show ш hat 
Matrix of F in Jordan Normal Form, is triangular in the sense i 
all its entries below the diagonal are zero. 
M x Give a proof, using matrix computation 
n matrix with entries Ау, As......, A on the diagona 
m (АА) (A—AI)...-..(4 —М')=0 
еге 1 is the nxn identity matrix. 
5. Find the Jordan Normal Form of the m 
Sach of the following. 
G) T€ A(Q?) having elementary divisors x—2, x t3 
(ii) TE A(Q?) having elementary divisor x?4-2x—1. 
Gii) T€ A(Q?) having minimal polynomial, xxL 
(iv) TE A(R‘) having elementary divisors 
хт, xxl. 
(1) T€ A(C*) having minimal polynomial x°— 1- 
6. Write down all 4x4 matrices in Jordan Norma! 
Which have 1, 2, 3, as their cigen values. " 
7. Find Jordan Normal Form of each of the following matrices. 


m ( 7o | ey( 5 e 


€ 2 —] —1 2 0 
СТ) КТАД К TESI 1 ie (aed ed 
А SUP aod 


8. Write down all 6x6 matrices over ©, which are in Jo! 
Normal Form such that 
S Fach of them has x (x*-1-1) as its minimal polynomial. 
ii) Each of them has (x*--1)(x-+1 a as dits minima 
polynomial. Xx 14-2) 


that if A is а triangular 
], then 


atrix representing Tin 


1 Form over R 


ооо 


rdan 
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(iii) Each of them has (х--1)° (x+2)? (x-+1) as its minimal 
polynomial. 
(ir) Each of them is nilpotent of index less than or equal to 4. 


5. Characteristic Polynomials 


Definition 16.60. Let A—(z;)be any пхп matrix overa field F, 
then the determinant of the matrix 


х— Oy — 419 wae 4% Sin 
Us,  X— ta А 8 — on 

xl'— A= c € А ie a 
—@»1 —@һ» 


E I X—Enn 
is called the characteristic polynomial of A. (Here ]' donotes the 
nxn identity matrix.) 
Characteristic polynomial of A isa monic polynomial of degree 
n; indeed it is of the form 


x —x"-M( Sa gg) ne aas -+(—1)" det A. ' 


EXAMPLE 26. Let A= j^ E | ) Then 
X x—0 —1 
xI'—A— EAE ) 
det (x — 4) —x(x—3)—2--x:—3x—2 
2 is the characteristic polynomial of А. It can be 
easily verified that 4 is a root of its characteristic polynomial. y 
Lemma 16.61. Any two similar matrices have same characteristic 
polynomial. 


Proof: Let A, BEM,(F) and B—p- AP for some non-singular 
matrix Pin M,(F). Then 
det (xI— B) —det (xP^!I' P__p-1 4p) 
=det [Р-(хї'— А)Р] 
=det P^! det (xI' — A) det P 
=det (x/' — А), since det P. det P7! —1. 
Hence 4 and B have same characteristic polynomial.m 


Definition 16.62. Let ТЄ A(V) and A be a matrix of T relative (0 
an ordered basis of V. Then the characteristic polynomial of A, 55 
also called the characteristic Polynomial of T. 


Each linear transformation admits unique characteristic poly- 
nomial. For T€ A(V), if A and A’ are matrices of T relative to tw? 
ordered bases B and B’ respectively, then 4 and A’ are similar 
(Corollary 12.40). Hence by Lemma 16.61, A and A’ have same 
characteristic polynomial. 

Main purpose of this section is to prove that every linear trans- 
formation T is a root of its characteristic polynomial and eige" 


Thus x'—3x— 


CANONICAL FORMS 493 1 


value of T is a root of its characteristic polynomial. We shall prove 
this firstly by using Jordan Normal Form of a matrix and later on 
give an independent proof. We shall presume that the readers are 
acquainted with determinants over complex numbers. The definition 
and some of the basic properties of determinants over complex 
number can be easily extended to determinants Over general field, 
we shall use these results without proving them. For example any 
AEM,(F) is invertible (i.e. non-singular) if and only if det 4520. 
Thus a linear transformation T on V is non-singular or singular 
according as its associated matrix A has det A non-zero or Zero. 

| Theorem 16.63. Let T€ A(V). Then c€ F isan eigen value of T 
if and only if det(cl'—A)=0, where A is a matrix of T relative to some 
ordered basis of V. 

Proof: Now cl'—4A is a matrix of c/—T and c is an eigen value 
of T if and only if for some non-zero v€ V, T(v)=cve(cl— T)v=0 
cI—T is singular. But we know that a linear transformation is 
Singular if its matrix has determinant zero. Consequently cis an 
eigen value of T if and only if det (c/' —4)--0.m 

Lemma 16.64. For any monic polynomial Ло) "а ee 
—«, over a field F, the characteristic polynomial of the companion 
matrix of f(x) is f(x) itself. 

Proof: We prove the result b 
Polynomial. If n=l, then f(x)—X-— *o- 
f(x) is A= (0) and characteristic polynomial of 4 equals 

det (xI'—4)—x—« =S0)- 

Hence the result holds for n=1. То apply induction let the result 
hold for all monic polynomials of degree < ^1. Now the companion 
matrix of f (x) is 


y induction on the degree of the 
The companion matrix of 


0 0 E 0 о 


1 0 5 0 ay 
0 1 x 0 = 


A= 


n 0 m 1 Ani 
The characteristic polynomial of A is 


x 10) “0 0 —х 

zT x 0 ds 0 —du, 
ае А) х-ке 0 —L A: 0  —a | 
ii | 


“бук MIL. ра 


Expanding by first column, we get 
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0 0 —a, 
| MEN - 0 —a, 
row D TII 3s 
0 0 -] X—&, 1 
0 0 0 — ay 
E 0 0 —% 
als = x 0 —&3 
[б 00 0 —l xan 
<) 
—xB--C 
x 0 0 —%, 
=] x T 0 —a, 
where B= E t LEES E 5s and 
0 0 —1 х—@„ 
о о о CF VC А 
A x 0 0 FR 
te y 0 =й, 
rh wo =] жш, 


Clearly B is the characteristic Polynomial of 
of the polynomial дт шн лгы. a, 


a). 
As this polynomial is of degree n—l<n, so by induction 
hypothesis 


m deco S Е а; ...0) 
Expanding С by first row we get 
—] x 0 0 «s 0 
- a) NR U =] x 0 0 
C=(—1)"(~z,) 0 cm 0 0 
ОЕ a 
[а determinant with (n—2) rows]. 
Thus C-(—1y(— a) pin. = ‚..(@3) 
Hence from (1), (2) and (3) we get 
| xI'—A | =XC ш, yn See vas —9,)—a, 


ax — o f(x). 
Thus the result holds for deg fy) Hence the result holds for 


II л.м Я " 
a Lemma 16.65. Given any polynomial в(х)=[/ ON” where f (x) i5 

monic polynomial, the characteristie polynomial of the Jordan mat- 
a 
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н 
bur g(x) relative to f(x) is g(x) itself. 
oof. Let deg f(x)=k. Then the Jordan matrix of g(x) relative 


to f(x) is the km x km matrix 


c NOO 0 
же 222% О 
=| 0 0 GN [^ 


| 0 000 - C 
у + 
here C is the companion matrix of f(x) and 


б © ue 004 
00..00 


Niskxk matrix 


b. б, б О 
е characteristic polynomial of A is 
х"—С =N о ase 
Гау 8 gra —N out ШО 
Whe [0] о О O xi^ A 
o are kmxkm identity matrix and kxk identity ™ 
ctively. Using the block expansion of determinant, we see 
since ; | ara) en | t6 1s 
ER * in the block determinant all entries be 
Zero. 
pe by Lemma 16.64, !x/'—C | =/@)- 
B pex] =[ f 69] "—8C9- 
Um proves the lemma.m 
P owing lemma is easy to prove. 
тта 16.66. For any matrix A of the 
A, oO 10 
о Ag 50. 


atrix 
hat 


low the main diagonal 


form 
[^ 


At 
polynomial of 
A/S (il 2556-9 


[^ [2] [2] 
10 the гз are also matrices, the characteristic 
i; мара of characteristic polynomials o 
ME bor em 16.67. (Cayley-Hamilton Theorem). ANY 
Pro, 0н оп a vector space V is а root of itsc 
that A Let m(x) be the minimal polynomial о ы ане 
Show fhe. root of its characteristic polynomial fe! 
at m(x) divides f(x). Ги of Т 
Now let q(x), a ах) be the elementary divisors 


Where 4 ae qu 


1 
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(Definition 16.55). Theorem 16.54 yields that the minimal poly- 
nomial of T is LCM of these qi(x)'s. 
Now the Jordan Normal Form of the matrix of T is 


Л азо «a O 
ОТКО Â 
A= wee E tee eee wee 
OF ONE QU и. 


where each J; is the Jordan Canonical matrix of q(x). Now by 
Lemma 16.66, the characteristic polynomial f(x) of A (hence of T) 
isthe product of characteristic polynomials of J(i=1, 2,..., 1). By 
Lemma 16.65 the characteristic polynomial of each J; is qi(x). 
Hence 
Ј0)=(х)д (х)... (х). (4) 

Since the minimal polynomial m(x) of T is LCM of qj(x)’s 
(i=1, 2,..., t), equation (4) yields that m(x) divides f(x). 

Hence f(T)—0. This proves the result.m 

REMARK. The above Proof indeed shows that the characteristic 


polynomial of a linear transformation T is equal to the product of 
its elementary divisors, 


Alternative Proof of Theorem 16.67 

Let A be the matrix of T relative to some ordered basis B. of V. 
Then the characteristic Polynomial of Т is Ixi'—A|. 

Suppose | x/'—4 | FOTN eee Баһ ахаа yn with a;s€ F. 
Let B(x) be the adjoint matrix of 
elements of B(x) are the co-factors of 
they are polynomials in x of degree « 

| B(x) = By+-Byx-+ ... B, ax 

Where for each i=0, 1,2... n—I: Beisannxn matrix over F. In 
other words B's are independent of x, 

By a well-known Property of adjoint of matric 
[Adj Cr -AJr 
hus 


es, we get 
" A=B) | xr. 4 | d 
(BoB X+... +B, ax) (Co 

By comparing the coefficients 
we get 


4)— (ao +a x+... ca, хте)". 

of same Powers of x on both sides, 
—B,A=al' 

—BA *BÉ-ar 


—B, AB, а, үр 
nal 


Multiplying these matrix equations respectively by I, A, Ær.» 
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— B, AP B, SA = and 
14n— A” 
Adding the above matrix equations, We obtain 

al’ aA... yan An + An= 0. 
This in turn yields that 

agla, T+ .----- pan T+T"=0 
Hence T is a root of its characteristic polynomial. 


WORKED-OUT EXERCISES 


1 


ation) is said 


Exercise 1. Definition. A matrix (or linear transform h 
a 4515 


to be diagonalizable if it is similar to a diagonal matrix (has 
relative to which its matrix is a diagonal matrix). 
5 A T is in AV), then T is diagonalizable (if all the roots 
al polynomial are in F) if and only if whenever (т—=Му=? 1000 
and МЄ Е then (T--M)v—0. ; 
Еа, Let т(х) be the minimal polynomial of T. Since all its 
on s are in F, we can write m(x)=(x— А)". Q7" 
ere As are distinct elements bf F and for each jes, 2» 5 
are integers>1.. | 
Hence V—V, 9 V6 ....-- QV, where each У, іѕа 
space of V such that the minimal polynomial of Ti; 
T onV,is(x—A)'* There exists а basis of V, relative to which 
matrix A of T is of the form " 


of its mini- 


T-invariant sub- 
the restriction of 


A NON GS us. 
Dat Spe е 
E Л, 


where J; is Jordan matrix of (x—A)" relative to. x—Ai- Since for each 
VE Vig (Т;—А1)'* (v) 70, we get (T—AT)vi=0 by hypothesis. Hence 
the minimal polynomial of T, on V; is x—A;. In other words mi— 
M i1, 2,..., К. 
Hence for al 
element being Ai 


Thus T is diagonalizable. ' . 
Conversely suppose Tis diagonalizable. There exists an ordered 


basis (ез, €...» ^" of V such that T(e)—^e: м о D 
then the result holds trivially. 


=й # к; J, isa diagonal matrix, each diagonal 
s a consequence A is itself a diagonal matrix. 


__ ZT S — 
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Let vz£0€ V be such that [((T—A1)"]v—0 for some AEF, mEN. 
n 


Now v= X ше, шЄЕ 
iz1 
t 
= Heer 
j=1 


where tei. [2m eigtC (e, C»... Cn} and each Hi, IS a non-zero 
element of F. 


t 
Further [(T—A/)"]v 0 be Bi(T—AID)"6;,—0. 
j= 

Again 7(0;) = Ае; gives that Tei) = A, T(e;) =A te Proceeding 
in this manner it can be shown that for any Positive integer r, 
T'(ei) = (е). 
Hene (7-- А)" (А, er for all j=1, 2, 
055235, A, ICA, As, Asl. 


f 

Hence ((T—A7)"]y— 0. E 
7=1 

Spi; 0—5, )™=O0%j as h^ Cig sees ер are LI vectors over Е 
Since each ш, #0, this in turn implies that Àj =A v j=1, 2 
j ‚ 2, 


э f, and 


NS mt 0 


r 
Consequently (T—M)— x 
j= 


ej (T—Ale;, = 


Li 
X ш, Oi, А) êi 
І j=l 


=0. 
Exercise 2. Prove that if a linear transformation T on V 


satisfies T*=T, then Т ig diagonalizable, Further if S and TEAV) 
such that S*—S and T:—T then S and T are Similar if and only if 
they have the same rank. 


Solution. Note that in the solution of Exerc 


for first part the condition [(Т-—-АГ)']у—=0 implies (Т—АГуу—=0 for 


all v€ and for all roots X of Minimal polynomial m(x) of T, pro- 
vided all the roots of m(») lie in £F. In 


y this Exercise T?=T gives 
that m(x)=x—x., So the only roots of m(x) are | and 0, which 
obviously are in F., 

Now [(7-0/)"]y — 
gives T(v)—0. 

If m>2 then by the relation 72 
that [07—0/)"]=0=7(0)=0. 

Apain note tiat (Pre AD eat pegs M LS ns 
before this implies that for al m22, (I-T)—]—T. Hence 
Kr—D"p-02[0—D^l-09k 7 ыкы ку | 

Thusthe condition of first Part of Exercise 1 given above, i$ 
satisfied. Hence T is diagonalizable, 


ise 1, we required 


0>T"(v)=0 for any mEN. If т=1, this 


=T,T"=T, Once again we get 


CANONICAL FORMS 499 


Now su 
suppose Sand T 
nd T are simi i 
ilar then there exist 
s a non-singul 
gular 


U р 
тор. such that S=UTU™. 
Bet ruri? a Song 
pm let r(S)2 (7) = i 
Since S*=S "T; t 
pronn E. T:=T, both S and T are diagonalizable, there 
sis (ej €x- €n} and Uo fol of V such that 
S(e)e e v1 «ik 


dna —0vke«icn, 
T(f)cfiv 1<i<k 
таб =0¥k<i<n. 
UEAV) by U(e)--fi je-1, ба ЖЕ ШЕП U is non- 
Pede; For 


Singular a 
idk, Ке б S(e) -Ue)-fi— т) - TUN i=] 
)=0=T(f)=TU(e). This gives , that saro 


USU 
. Hence T and S are similar. 


PROBLEMS 
үг transformi- 


l. Sho 
tion ну the characteristic polynomial of a line 
s its minimal polynomial if and only if the linear 


tra 
ns ; 
formation is cyclic. 
ordan 


over Q, write its J 


^ 
En of the following polynomials 
matrix and determine its characteristic polynomial 
(2+ 1y, Ger D^ (e 2x D^. 22: 
agonal matrix if 


similar to 2 di 
(x) is equal to (x a7 42) Bic 
"rd 


3. 
and en nxn matrix A is 
ry eL its minimal polynomial m 
(Hine ty for some distinct elements zi, 4» > ` 
4. Show E Jordan Normal Form]. 
y direct computations that the none of the fo 


llowing 


Matric 
es over Q is similar to 2 diagonal matrix. 
ig. ea o 1 0 p =? б 
1 pr 0109} EO 
0 0 2 p «p 06 
p 019 
5. Sh 3 o E 
ow that the matrices ( | E ) and ( i Clee 9 
E 
io; QU 


üs 

matri i 

6. B over С are similar (0 diagonal matrice [ the following 
nd the characteristic polynomia We. 


matr; 
trices over Q, 
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Et uw 
De Ur) 


die 4-( e Je мв) with either 640 or c 50, show that 


the characteristic polynomial of А is f(x) —x? — x(a--d)--ad — bc and 
f(x) is also the minimal polynomial of A. Deduce that 4 is similar 
to a diagonal matrix over R if and only if (a+d)*—4(ad — bc) 0. 


NNU 
ооо 


APPENDIX 


1. FU. 
omae THEOREM OF FINITELY 
i -— ENERATED ABELIAN GROUPS 
er 
Was proved d Fundamental Theorem of Finite Abelian Groups 
theorem is exte көч 4.26), Here the decomposition part of that 
Definition "e ed to finitely generated Abelian groups- 
there exists a ы group С is said to be finitely generated, if 
азайа Set үсе subset S of G such that G— Sis called à 
or Э 
Subset ce uh every cyclic group is 
group, works has only one element name 
| =e; ah rae a generating set. Klein's 
a, b). In ee isa finitely generated Abelian gt 
Onsider M ct every finite Abelian group is 
, the additive group of 2x2 matrices OV 


is a fig; 
Ditely g 
generated Abelian group- The set S= 


<S>. 


finitely generated since any 

ly a generator of the cyclic 

4-group {6 & b ab | @= 

oup, generated by 

finitely generated. 

er integers. This 
1 


> 


0 0 


K : 0 
0 ) ( 0 0 
M is an; 10 P ( ў s one of its generating sets. 
n infinite 0 ! : 
group. 
Generated Abelian 


'eorem, 
Bee): cree ан Theorem of Finitely 

nite number ar generated Abelian group is direct product © 
its roof: Let G d its cyclic subgroups- a 
ele tating “с a finitely generated Abelian grouP. Among all 
Rene, ents. We ар those which have got. smallest number о 
i "ating set, Th call each of these generating sets, 2 minima 
. The number of elements in every minimal generating 


will 
іза ; Vr rene as rank of G. 
Cyclic anes à on rank of С. In case rank 6=1, 
fin; РРозе Pn p and the theorem holds trivially- 
siy generate that rank С= 21 and the theorem js true for all 
ed Abelian groups of rank less than ^ n 
^Y 


G itself 


Ie 

а 

„а, 

ME on veiba 

E " minimal generating 
$3, d 

=e Is " 

5 d'efor all i- b 25:58 k an 


d fof all integers 
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Ty Toys s ry. Then, if Hi=<ai>, Ну Hy . . ., H; is direct product of 
cyclic subgroups H; and, since {ay аз, .--,@} generates б, G= 
H,X HX. ..X Hy, we are done. 

Therefore, let us zssume that for every given minimal generating 
set (a, ds... а) there exist integers ap as... ор such that 
ау: del. .dy ke with at least one a;*iz£e. We say that œ; occurs 
as an index in such a relation (as index of ith generator). We can 
choose «;>0. Otherwise we replace a,%: a,*s. . . аке by the rela- 
tion а, 7% ay *s.. . ay ?k—e =e. Now—a;>0 such that а; * ize. In 
other words if «;<0 then —a;>0 occurs as an index in a relation 
satisfied by (aj, Gay. . ., ак}. 

Among all possible such relations for all minimal generating sets 
there is a smallest positive integer occurring as an index. Let this 
integer be t and let the generating set for which it occurs be (ci, €» +++ 

ci). Suppose t occurs as an index of c; so ct;4e and we have ch сз 

. .eyli—e. For convenience sake, we manipulate things in such а 
manner that ¢ occurs as index of first generator. If jz£1, we proceed 
as under. 

Put b;—c, and |,—n; for all i except i=1 and i=j. Also put 
b,—c;, bj=c, and [;= пу, lj n,—t. 
Thus we have a relation byn Буп» 


.. Dti e and Ьлу=су"=с,+= 
c;'~e. Further if for any generating set ЧА Aase АЮ, à №5 


hg h* р 
Ж е ese with at least one Aize, <h; for each b; occur- 
ring as index in the relation Àj; Aste... Аре. ‚..(4) 


We prove the main Theorem by means of several claims. 


Claim I. If Ре and Б, is of finite order then n;<0(b;). 
Suppose gi=0(b:)<n,. 


Now = i=Pigit+u; with 0<u;<q;. 
o (ar y sr 

Thus b, bi... В... bing e bn b,n 
Since b;u-b;nize, * 
index. 


2...bju ... Буке. 
we have a relation in which и; occurs as 


We can't have 0<u,<q;, since in that case u;<n, and statement 
(A) will be violated. 1 


Hence u;=0. This is turn implies that bi=b;"i—e, a contradictio? 
to hypothesis of the claim. 5 
Consequently our suppostion is wrong. In other words if b, is of 


finite order q;, then n;q;. In particular as Б me, if b, is of finite 
order then 7; «o(b;). à Qu Beo» 
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Claim II. If p bl P b e беш 


Let m=ng+l with 0</<л,. 
Now By bye... bye 
nytt pum LLL be hme ; 
á „у mous as Буто b, "2". EE 
Suppose b,e then / appears as index іп a relation satisfie UE 
1 bs, , bj). This in view of statement (A) forces [—0, a con 
diction to the fact Ье. 


ence 01:0, УР 
‚ If /40 then this implies that 0(b;)</<m. But then statement ( 
15 Violated . 
Consequently /=0 and m=mg>n/m. ig 
Claim IIL If for any i=2, 3,..., k; bite fe mlini i st 
p post that л,=та; у, Oscm. Take by =bybi, b: 7^ 
к ==, 


For any xEG, 
X=5,81 р,82,. . D, 4; &ez F 
—(b, bey baba, „bpr Pa ibane 
—(b,' Pi(b,' es, . (bi) Preta. Di) 
Hence by’, by’, by’. . „Ви generate E 
More Over (bi) (b, )ns. ў (b; (by) к 
=b," be... b;nitmtis . NM 
—byu bere, . bi. . bie 
луча violates statement (4) 
Буте, i.e. Бие. — "^ 
d oO then сои This is against claim'I 
T €refore y, — 


Now 
Hence 


a isfy the{following 
Finally put b "s e И NX where @: satisfy, thes! 
Conditions, $ 102 *2 03 


i а пе then take a;=0. 
If bizte then take mee and if ре 


1 
Let xEG, x=b,31 Б. b 3,EZ 


=(b kh a2 T Ыг) V i 
—(b,) bs 7981... bat SEY 


. bèk 


Hence {bi ba, by. . 4D) generates б. ler 
lso (bj) =ч basam bam . « ‚БЕ à) 
=b," byte... br"r =e 
Le 1 2 d 
po (bj*)u рз. . bpt =€ 


Ву " by by TOE ss, „Буке =e. 
claim П, 1,/s, so 5ү= үй» ŁEZ 
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Hence (b*)i = (6) — I uie by (1). 

Now let A, be cyclic subgroup of G generated by b,* and A, the 
subgroup generated by bz, by, . . ., by. ` 

Then clearly б=А,А,. Suppose xE 4,745, then х= (Ь,*)1= 503" 
.. byt. This implies (b,*)" b; ?» bg 0з. . by =e. 

As proved above this implies (b,*)’=e i.e. x—e, hence A,NA2=(e)- 
In other words G —4, X Ap. 

But now A, is generated by k—1 or less than k—1 generators, SO 
by induction hypothesis 4, is direct product of cyclic subgroups- 
Consequently G itself is direct product of cyclic subgroups. 


2. SOME COUNTER-EXAMPLES 


In the following we shall discuss three counter-examples which could 
not fiind place in text proper. In Theorem 10.4 we proved that in an 
integral domain with unity the elements a and b are associates if ап 
only if a | b and b | a. In Section 1 we give two elements a and b of 
ring R (which is not an integral domain) such that a | b and b | 4 yet 
a and b are not associates. In Section 2 we give two commutators О 
a group, whose product is not a commutator. Finally in Section 3 we 
give an example of a PID which is not a Euclidean Domain. 


1. Fletcher's Example 


Consider the polynomial ring F[x, у, 2] in three indeterminate$ 
х, у, с over a field F. (Note that we discussed in Chapter 9, Poly- 
nomial rings in one variable; here Ех, y, Z]=S[y, z] where 5= Ех] 
апа p S[y, z]=T[z] where T—S[y], thus F[x, y, 2]= T(z]) put 

x, Vez 
R =. Let A=<x—xyz> and let for any r& F[ » 7b 
7=r+AER. Then xCxz—Ü -3(155:)—0, but neither x—0 107 
=0, so R is not an integral domain. Put ся and b=xy. 51166 

ху=ту=аў we get that a | b. Also x—z—ü € =F 1# 
>b | a. \ 

Suppose that а and b are associates. Then a—bu for some unit" 
in R. This in turn implies that x—xyu4-(x—xyz) f for some 
f€Flx, y, 21. Further there exists у іп R such that uv—l, ^47 
uy—1--(x—xyz)g for some gE |х, X,z] Thus we can write ue 
and v=a7-++-xk for some «(40)EF and л, kc F[x, y, 2]. now 
xexyu--(x—xyz) f > l=yu4-(1—yz) f > Erein 0-72 1 
2. 1 — ya xyh-- (1 —y2) f. Comparing the terms independent of X of 
both sides of last equation, we obtain 1—ya=(1—yz) f(0, у, z)- TES 
JO, у, 271 and so z=. This is absurd! Hence a and b can not б 
associates. 
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Oe Example 

gh Si 

b p? S—(0, a, b, c, d, f, & , 1 Define ab=f, ac=g, ad=h, 
i le=y] =x for all xE $ and all other products to be equal to 


Zero S E 
- Sis a semi-group under the roduct defined above. “0 sider 
p ring г. (o, 1} the field of integers 


» the semi-o 3 
mod group mng of S over Z=, 
ulo 2, (Cf. Worked-out Exercise 4, Section 3, Chapter 8). 


1 c К 
Р x y 
ut °-\(о 1 х}|х,уєЄК ®- 
0 0 1 
p under matri 


It р 
can be easily verified that С is а grou 


ti 1 x NV L == t 
9n. Note that ( 1 ; 4L 0 1 =) Firstly We asset 
0 1 


x multiplica- 


001 \0. 
tha 3 Mas 
t every commutator of G is of the type ( 10 where 2 18 
01 
Comm 0 | "n 
5 хед) of the ring А (in other words! ze for 5 
for some 


L =- 
et g be a commutator of G. Then g—ABA?B 1 is. 
A L x 3N/U'w у ЇЙ =x ] tg 
aee s-(9 1 xn dou 0 Е oi 
a rp o 1/N0 "67€ 5 or on at 


т А 0 xu—ux 
0 1 0 ) Hence our assertion follows. 
0 1 
N 
dis h=ad=ad—da and i=be=be—cb are © 
all that da—cb —0). Yet, we claim, that h-+iis nee a 
9 
сх Bex 2,28) 
for Som i EA 
8&:=} 5 4 BEZ, and я =а, g2=b, 83—6O gad, ash 528, 
S we 8,—i and gs—1. Using the defining relations of semi-grouP 
d du eek aire Thabo B3) ect биби оч 
MS 949.,)i > eat a — 4B, 0 — (i85 — 9:81) and 2384-7 4481 = 
ü айз —aaBe- Now о; can take only two values namely 0 or ]. In case 
ins we get that 018,1 > a4 — Bil a > 1=0. This 
ur surd. In case «,—1, we get В„= «х1» Өз==®аЙ- Thus «„8з—®з9з 
dd = 0,091) — (2,8) —1 > 0—1, again а contradiction. Conse- 
ently our claim is established. 


ч 1.0 4 À 
Finally 107 

(: 10 )and( ото | are commutators of © for 
9.0 001 


ommutators of R. 
commuta- 


t 
Or of R. Otherwise, A+-i=( = ag X 92) 
j=1 j-1 
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1a0 140 
Ola Old 
001 001 


[ 
10h\ /101 1041 

But the product | 010 010 =| ото is not а 
001 001 001 


commutator, otherwise Ai--i must be a commutator of R, which is not 
possible by our claim, as proved above. 


3. Motzkin’s Example 


The discussion given below is a slightly varied form of the note 
written by J.C. Wilson of University of North Carolina at Asheville, 
in Mathematic Magazine, Vol 46, No. 1, 1973. 


Consider к-а. 2. (1-- V —19) | a, bez]. We shall prove 


that R is a PID but not a Euclidean Domain. This we shall do with 
thc help of several lemmas. 


Lemma 1. (i) Ris a sub-domain of С. (ii) R has unity. (iii) ane 
only units of Rare +1 (iv). For all a, bEZ, a+b V —19ER. 
Proof : (i) Clearly OER, so Ris non-empty. Let «, BER. The? 


b si 
a=at+ > U+v—19), pact to (1--V —19) for some а, b^ 
d€Z. Now «—Q-(a—c)4- $0.8 4 V —19)€ R; also «6 — (467 


5bd)--& (bd-- ad--bc)(1--V —19)є К. Thus А is a subring of С. Pn 
© is an integral domain, R is a subdomain of C. 


(i) 1514-2 (L-V —19)e n. 
(iii) Let а+5 (1-19) be a unit of R. Then there exis? 


eb (1+ —19) Є К such that 
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E 


ES з 
2 2 d 
Thus we act || a+ = ) HE ne +) + 
Bea (a? --ab-- SE: (c? ^-cd--54)) 21 
This gives that a?--ab--5b?—c?--cd-- 54? —1 

b\2, 19b: 30 
[ Note that ^ abc SP (a- 5) + 720 | 


2 19% 
In other words (a+ +) m 1 i zT. 


IP 6-20; then b>], 


ES icti = conseguente 
aj 4 2:1 and we get a contradiction so b—0 and asa 


a=] or a=+1. Hence the only units of А are +1. 
(v) a+b 19 (a-b) + 2. (1--У — 19) and 


a—b У —19 —(a+b)+ (a (1-- A —19) imply that 
aŁbV —19€ Rm " E 
For any хЄС we define N(x) to be 5" Thus if x ; 

Р 1 T 195 abo 5b. So 
T (+V -—19) then М(х)= (a+ 5) i P^ 
for each XER, N(x) is a non-negative integer. oe К ro) 3dd 

NO)=0eox=0, Observe that for all x, yea, №))= 
J0EC then N( y?) 2[N()] EQ. g in R with 
А Б elements %, д d 
| Lemma 2, If for all pairs of non mu p EET 
р (8) either В | a or there exist Y, 9 1" ^: " 
8) then R is a PID. f rove tha 
SN view of Lemma 1, it wil Ре pas of R, 
NEU non-zero ideal of R is principal. Let 
Terent from (0). B 
| ct S —(n€ Z | n>0 and there exists x 
(о), F is nib Let m be the least eos. NC) NO). 
"€ I be such that N(y)—m. Thus for any MF leat of R. Either 
b ow for all Y and 3 in А, xy—pdsETa Ner 92 ET 
Nae мү, SER or for some Y, ER, ty | x and Є «y 
Cray) >N(y) we get by hypothesis "Pw Syne kas parti- 
A the other case xy —8y—0 Y. à3cRexr-y VY» 
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cular X—Óy i.e., x€ <y>. So in each case X€ <y>. In other words 
quy >. Hence R is a PID.m 


Lemma 3. For all а, 8, ү, 8 in R, 0 <N(ay—83)< N(B) ай only 
hoc (Bs <r 


Proof : Now0<N(ar—83)<N(8)>8340>81€Q, Thus (= -s) 


=N(uy— 58) N($71).— a <I. As N(ay—B83)>0 we get that 


ocn (2 —8 ye. Conversely suppose that ол )<ı. 
М 8 
This gives that 0— MD <l. 30< Му 65) < Мв) а 
Theorem 1. Risa PID. 
Proof: Let X, y be a pair of non 
y}x in R, we shall Prove that ther 


N(xy—318)-—N(y). Then by invoking Lemma 2, we shall get our 
result, 


Sine x, yER эх, YEQ(V—19) and JHA, we get that Es 

EQ (4-19). In other words = 
un qv —19 

б rEZ, <a We can assume without loss 


of generality that (р, q, r)=1. Obviously r1 Otherwise y | x in R- 
Hence r1. 


Four cases arise namel 
Case I. r5. 
Since (p, q, r)=1, 


E х 
=e+BV—19, a, BEQ > ET 
with p, q, 


У (1) r>5 (rr) 7—2, (Ш) т=з, (IV) r=4. 


3 a, b, cEZ such that ap-kbq--cr—1. Also 


pb— 19aq—rs--t with r, 1Є2 and 0<t<r, Note that either о<г<- 


ог > <t<r. In case > <t<r, we put t' —t—r. This implies that 


r 
0< -—t'=r-t< — > and Pb—19aq=rs4t—=r(54.1) ge with —-5 


—19aq—rs--t with r, sez and 
URSS Now put z=b4e V279 and w—s. c. —19, By 


«t'. Thus we can always write bp 


Lemma 1; z, “ЄК and G) ere is) (b+av —19)— 
ttv=I5 


(eV 719) = “== As te ig; Шота 
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- < T a we obtai x 1 
Р 4 e obtain that № ж\е г 1 
y 41.362 


28. 7 
36 = Serb x 
9 Hence o<n{(=)-—w ja Further r=5>. 6, 
12419 124-19 


Since z i 

tisani 

n integer, | t | <2. This gives that —=— = 95 
n 25 


Al 2 
30 N (X yv EFI Soi =A 
m oifr»5thenr > 6 > -7< 1 
S36" 
9 


aS 


Then using 


єй, 
55 <!. Hence once again 0<N (Gyr ta 
Case II. p= y . 


As (p 
both of des r)=1; both p and q cannot be 
m be odd. Put р=2т+ 1, а=2п+\ 


Then ~ — pt —16 ‘= 
y Bae Qm) Qe DV — Leen =) 


туе) 


absurd 

‚5 

cae " Eus of p and q must be eve 
always an even integer. Та 


w= P-1--q4 —19 

ETIAM 1 а = 
_p-4q-l 

2 = 2—1. P йлн 


even simultaneously. Let 
for some т, nEZ. 


r ofx which is 


ER. This forces y to be a facto 
er, odd. Thus 


n and the oth 
king z=! and 
we see that 


5) = 
( 3 zo РИЧ Д9 p— J 

ptqv —17 qv —19 1 

2 — кокон #0 


| 


y» 


imul- 
2 


Since ay r=3. 
tanously, T. q, r)=1, both p and 4 cannot be multiples of 3 5 
нета: for some nE Z. Then for any 4€ ^ ped 
7-1 or kd +1 > 3 |00492) then зім i 
on E for some mEZ. For q=3m, 3 | +) 3 
23151 He „3 1. aras 124, Now fort 
S3m+2 "qvi 34 (pi--q). Similarly it can ; 
19g: Т 4 Gre? Further tay to ee 
+ Taking z—p—qv —19 and pene, WES pap 


shy 
» Oy 
<3, (by our earlier discussion 320), We get 
y 


x — 
( y ) z—w— (pay Н» 49-3 * 


о 
0< м 2 

Ca (оу) 5<) s v<3)- 
зе Iv, r=4 


Sing 
e and 
(р, q, r) —1, both p and 4 C? п. Suppose Á 


nnot be eve 
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q are of opposite parity. Then 44 (p*—q4?) otherwise 2 | (p+q) or 
2|(p—q) which is absurd as both of p+g and p—q are odd. Also 
D*-- 194? — (p*—q*)--209g* 24 (p*4-194?). Take z—p—qwv —19 and 
wu where p?-- 199* —4u--v with 0<v<4. Then 


ice жы, аНЫ. 
(s) x d wt ae 


So о {(= )e-# }= esi 


Ultimately let p and q, both be odd. Then p—2m--l, q—2n4l 
for some m, n€Z = p'L3g'—4m(m41)Lb12n(n4-1)-4 > 


a " 34° 
4 | (+34) апа PEBE mp ED: D). Now 2 т) 


and 2 | 3n(n-+1)=8 } (p?+3q°), otherwise 2 | (exe ) > 2| 1! 
Further p’-19q°=(p?+-3q*)+16q°=> 8 } (0%4-194"). Then р2--194° 
Z8 уй 7 ing 2 Р-9У 15 

=8/+j with 0<j<8. Taking z= —po-P a+ 


—— EL x 2 1 2 + 
4 —19) € R and w- we got (3-) си — IS __ а © 0. 


a 2 
So 0< N 102)» = a <1. 

Hence A is a PID.m 

Now it remains to provc that R is not a Euclidean Domain. 
Unless otherwise mentioned, in the Jollowing R is a 
with unity. 

We shal! denote by Rg, the set of non-zero elements of А, Since 
R is an integral domain RC Ry. | 

Definition І. A subset P of Ry is called a Product Ideal of R if 
PRCP 

Note that РАу={ху | хЄР, y€ R,) and Ry is product ideal of К. 
If P=¢, the empty set; then PR,—oC o implies that $ is a product 
ideal of R. For any non-empty subset S of R, we put 

S'—(x€ S | y-+xRCS for some »€ Rm. 

We denote (5°) by S”, (S^) by S” and so on, in general we denote 
(Se) by S'? for any ne М. 

Lemma 4. If S is a non-empty subset of R such that SCT then 
S'CT'. Further if S is a product ideal of R then so LER e 

Proof. 1f S' —4, nothing remains to be proved. Suppose that S’4¢ 
and let хЄ S". This implies that x€ 5 and 3y€ R satisfying y-+-xRCS- 
But SC T so y--xRCT. Also x€ T. Hence x€ 7", Thus ST. 

Now let 5 be a product ideal of R. If S’=¢ then S’ is a product 


n integral domain 
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xes. So xES and 3 yER 
S is a product ideal xz& S = 
CS'. This prove that S’ 


ideal o 

such ii Suppose that S’4¢ and let 

y+xzRC y+xRCS. Let 2Є Ry, since 

isa сар = xz€S'. Hence S'R 
EE gr а | 

(P о ood D К is a Euclidean Domain t 
G) R cy ideals with the following properties 

= Py DP; DP2DP3D---DPnd- 


hen there exists a sequence 


(ii) A 
ah Р„=$, 


(Шу Р, 
m C P,., for each nENN {0} and 
[oi o nENU({0}, С Pp. 
put ate a Euclidean valuation on К. For each neNUO}, 
ideal. In the oth | 8(x)>n}. Note that if Р, is empty, Pn 32 PE 
er case let xE P, and ZE Ко. Then Xx2)230) 7 
t ideal of. R- 


8(xz)> 

n - 

—xz€P,. Hence Pp, RoC Pm і.е» p,isa produc! 
So let Paz and let 


Consid 
XE Рә. E If Р,21=%Ф then Р„ӘР»+ 
eines! от Seen? ХЕЛ т 
, clearly R,— P,; so we get (i). 
2x€P. 


© 


5и 
рроѕе tha 2 
hat M P,#ġ. Then there exists xx N P» 
п=0 


is absurd as Sis a function 


"ENUS n=0 
fro {0} > a(x) en nE №470). This 
m Ry t © 
TÉ о to NU{0}. Hence n p,—4. This proves (ii). 
e ca i б а п= 
EVER ack aa. ive, Assalti Pa Т x€ P, then 
lgorithm that y--xXRC P,. AS x40, there exist, i 
P= 4 x(_, q, r€ R such that yexqtr wit. 
his Е = гЄР,. Asa result of this 740 and 
i that (х) >"> a(xypatl MEPs ei. HR p, СРа+1“ 


is 
Pr FEE 
Finally; (iii). 
ВВ,» =P Ps by UD So (ir) holds fF 
(Y € Pia b Lemma 
i roved.Bl 


Suppose that RUP C Pa: Then Ro 
cp, Thus (0) is p 


(üi : 
d а again we obtain that Ro” C£» | 
. If Ry = Воч then К is not à Euclidean Domain. —. 
Й т 0 к» proceeding 


=]. 


Using 


Y Proof. 
in this к = Ry" > R" (К) TO) = Ro =" 
Eug anner we get that Ryo RU for all "© di 
idean ы © а Р, 
Domain then by Lemma 5, we have R= fay A ү 
© 


cp vnen? fi 


*A/C A р. Si 
аре Since by Lerma 5, P» 
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N Р„=$. Thus 
=0 


п 
Ry'= d, which is against the hypothesis. Hence R is not a Euclidean 
Domain.m 

Lemma 7. К, —(x€R | xz£0 and x is non-unit). > 

Proof : As R/ C Ry and OR, we get that ОА, Let x be a unit 
of А. There exists уЄ R such that Xy—l. For any zc К, z4-x(— yz) 
=0ERo>xXER,'- Let x40 and x be a non-unit. Now —1+xy=40 
v¥yER. —1+xyE R YyER > —LEEXRCR,9xE€ Ry. Hence the 
Lemma follows.m 

Definition 2. As element x of К, is said to be a side-divisor of y 
in Rif there exists 2ЄК— К, such that x | (v+z). 

Definition 3. As element XER,' is called a universal side-divisor 
if it is а side-divisor of every element of R. 

Lemma 8. Ro"=Ry'—U, where U is the set of all universal side- 
divisors in R. 

Proof : Let R,"—4 and let ХЄ К, and yc p. Since хе А," —y 
+xXRER,'>ItE R such that—y-E xré gy. Now x | J+(—y+xt1)h>x 
is a side-divisor of у. As y was chosen arbitrarily we get that x isa 
side-divisor of every element of R, Hehce x isa universal side- 
divisor. This means that Ry'CU, ie, U=R,'. Consequently R —U 
=ọ and so Ro" = К — 0. 


Ѕиррсѕе now that К," and let X€ Ry. Then X€ К, and yC R 
such that y--xR€ Ry'. Suppose that x | (0+2) for some z&R,. 
This means that J+z=kx for some k in Rand 215 either бога 
unit (Lemma 7). Now Y+x(—k)=~z and y+xRC Ry’ LER! 
= —z0 and —zisa non-unit>2340 and z is a non-unit. This is 
against the hypothesis x | (у--2) for some Z€ R— Ry. Hence x&U. 
This implies xE К, (апа so Ri'C Ry—U. Conversely let x€ Ro’ 
—U. If xé& Ry, then for each y in R, Y+XRER,'. In other words 
foreach уіп R dw in R such that JcXxw&R.. So either y--xw 
=0 or y--xw is a unit. Thus forces Y+xw=—z where either z=0 
orz is a unit. Thus y-Ez— . y, with ZER—R,'=>x | (y+z) in А. 
Hence x is а side-divisor of у, Since this holds for all y in R, x 
is a universal side-divisor, But X&U, so we get a contradiction. 
Hence x€R/—U-x€ Ry. Consequently Ro'—UC ку and then it 
follows at once that Rj'—R,—U gm 


(n PNP, =A P,. But by the same Lemma 
n=1 n=1 


b — 
Theorem 2. R= { + 7 + V-D) la, bez} is not a Eucli- 


ean Domain. < 
== In view of Lemma 6, it jg Sufficient to prove that 
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Ry-R. 3 
Then į x oki this purpose we show that the set U is a null set 
units, this wi ор Lemma 8, R,—R, and as Ку has non-zero no З 
Consider will in turn yield that R” =R; Z$. n- 
Some z in i side-divisor of 2. If xE К, is such that x | (2+2) for 
get x| 1 ЖЕЗ. then either z=0 or 1 or —1. In case 2=—1 we 
nae dede unit >xgR,'. This is absurd ! ; 
We claim th we have x | 2 and in case z=1 we have x | 3. 
at 2and 3 are irreducible elements of R. Suppose 


E te $ a+v=5 M ct а+у=—% рава b dez. 
hen хо)=м{ at (14+ I9 i "IT v=} > 


a= ( b\2 "n 

a+ +) 19° d V, 19d? 
19: - 19 3) 7^3 (e+ > )' 3] If 640 then 

z— bM 2 

A hs siad (22) +1904, This is impossible. Hence 
°=0. Simi А 
10 turn aie сы it can be proved that d=0. So we obtain 2=a4c. This 
€—2; or int that either a=2, c—1, or a=—2, c=—l, ora=l, 
is a unit i: c——2. In each case one of the two factors of 2 
» hence 2 is an irreducible element of R. 


Again з=] ari (1+ V —19) H ot (+ ¥=19) } with 


а, b, e dez.s-[ (2+ + * 196 d +h, E if 
2 4 IL et mili 
Р 19 =9. (The only 


3, is 9 itself). Then 
0 and с= +1. In other 


5-0 

then 195° > 19 b 

factor of 9 a 723? (a+ = ) 
in Z, which is greater than 


з d\2 
ey 4)? , 19d? 
2 ) +321. This implies that d= 


Words c d - Ah d. y 
194: +> (1+ V —19) is a unit. If 5—0 then а? (a5 ) 
2 
b Siora E dy 19d? 
a?=1 or 9. If а2—9 then again we get ( e) WESE- 


4 


15а 
0sc=+1 апа c+ 4 (15У 19) is a uni 
Fat 4/—19) is a unit. 


t. Ifa=l then 


«=ч 
and b—0 together imply that 4+ 


Hen 

[SENTO 

Now E a irreducible element of К. Мү. 

for 29 а side-divisor of 2 is in Ro’, it must be 4 non-unit. Since 
or z—1 it either divides 2 or 3 in К, We get that the only 


Side. div; 
lVisOrs of 2 are +2 and +3. 
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Now a side-divisor of ip ER must be a non-unit divisor 


i ү =19 —19 
IET refer MM! 1 or EE 


-1 
2 


с En The norm. of these are 5, 7 and 5 respectively. 
Further we know that if х(520) divides y then N(x) | N(y) and norms 
of 2 and 3 are 4 and 9 respectively. So no side-divisor of 2 can be a 
a 12-4 —19 
side-divisor of X: ^ 
Consequently if Ry has a universal side-divisor, say и. Then и 


—19 
must be a side-divisor of 2 as well as a side-divisor of быс, 


This is a contradiction to what we have proved above. Hence А, has 
no universal side-divisor. Then by our statement in the beginning 
of the proof, R is not a Euclidean Domain.m 


3. FUNDAMENTAL THEOREM OF ALGEBRA 


In this part of the appendix we give a proof of “Fundamental 
Theorem of Algebra". We assume, of course, that the readers are 
acquainted with the elementary results of Real Analysis. First of all 
we state and prove Intermediate-Value Theorern, usually attributed 
to Weierstrass. 

Theorem 1 (Intermediate-Value Theorem). f(x) is a real-valued 
function, continuous on the closed interval [a, b] with f(a)<0 and 
f(b)>0. There exists at least one cE] a, b [such that f(c) —0. 

Proof : Suppose that the theorem is false. Determine real numbers 
a, and b, (n—1, 2, ...) such that 

(i) a,—a, b, b Ж 
(ii) a,447 ап» Onti=4(Gn=b,); in case f [}(a,-+b,)] is positive. 
(iii) b, c, bs, In+1=1(Gn+b,); in case f [3(a,-1-b,)] is negative. 

By our choice, it is evident that a, < а, < a; <..........---: LE 
b> b: > b, >... Further ab xi€N and b,>a ¥jEN. ge 
{аһ} is a montonic increasing sequence which is bounded о 
{b,} is a monotonic decreasing sequence which is bounded below- 
Conscquently both the sequences are convergent. Since Ё» —4" 


E (b—a)-0 as ne, we get that lim a,— lim b,—6, 88У: 
214 п> о пэ _ de- 
As {йу is monotonically increasing and (5,) is monotonically 


0 
creasing a,<c<b,vnEN. Hence c€[a, b). Al o note that f@n)< 
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and /(b,,)>04%nEN. Because of our assumption f(c)#0. 
wt f(c)>0. As f(x) is continuous at х=с, there exists 8CR 
(8>0), such that f(x)» 0s x in the open interval ] c— 3, с--8[. 


Now lim а„=с = Эп Є № such that | a,—c | <8 for all n>n. 
п-> © 


This implies that а„Є]с—8, c+3[¥n>m. Similarly lim 5,—c 
no 


> IEN such that b,€ ]c—3, с--8[ эёп п». Let пз =тах (m, n). 
Ten both a, and b, belong to Je—8, c--3[ for all n>- As f(a;) «0 
nd (by) >0 for all nz», we get a contradiction. 
Similarly Гс) <0 leads to a contradiction. 
ee 2. Every polynomial f(x)E RIx] of odd degree, has at 
one root in R. T. 
E : We may, without loss of generality, assume that f(x) isa 
monic polynomial. 
Let f(x) хохат аздт... а with 0; 


integer, 2. 
as а real pumberzsuch latc L and eza] Gli Ja: | + 
a Vn | . 


Now f(c) = сп аст p ase"? n 
=n z 93 E a" 
=с {i+ ras +...4 сп | 


's ER and n, an odd 


>c” fı- йүз | a 

a "cs c y 

2с" {i- (4 TE Last qd ie )} 
[4 c^ Cn 

[25] 


AO 


«іа 1 lel tutia 
с c- 
hat 


= a 
" ess Es s 
his together with the fact that c>1 implies t 
Uni a 

ro>e {1— ( ES + es qusB ay Jl 


As c> n 
A | e; | we get that /(с)2>0. 


1 
Again с) саставе" Hn as п is odd 


“here B; (очур F BH) 
=(= agi, 2,..., n. 


"ui s 6: |. 
| 6: a 


| =] læ; | vi=, 2, ..., we See thatc> 2 
e proved that 


Sin 
8 the arguments given earlier, it can b 
n of X. Using 


С c) en — 0 r f(- o9 
С =en 8971... 8.20 0 r 
епу Јо) is a real-valued continuous functio 
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Theorem 1 ме get that there exists at least one real number 
d€]—c,c{ such that f(d) —0.m 

Lemma. 3. Every polynomial in C[x] of degree 2, has all its roots 
in C. А 

Proof : Let ax*--bx-: cE C[x] with az£0. We can write 


ax*--bx--c— zl a*x?--abx--ac ] 


жаы) у 5 V. b'—4ac 

sallet 2) 7 ] 

= "(o.4 84 BE b VE) 
| а (ax ae + axt == 


D ON 
I2 


Thus the roots of ax?-- bx--c are = ыш апа 


а 
МИЛЛЕТЛЕ | 
LECT ig any extension of C. We show that y 5? —4ac € С. 


Let b/—4ac—«--i$ where о, BER. Consider real numbers 
У 46 ) and Уа-а). As both of them are positive, 
we can find real numbers y and 3 such that Y —dM d V a+ p) and 
= КУ «E —«). Then 80У ар: and үз 5:0. So «+ 
а OES PS Qr 893 (gr)? B= 4:213. 


g- +ò) >= 
Hence b*—4ac = ү: —8'-E2y8i— (y 4-81): > V 6 —4ac ү+&ЄС. Con- 
sequently both the roots of ax?--bx-+c are in С.ш 


п 
For any polynomial f(x)= X а'ЄС|х] we denote by Јох), the 
= 


n 
polynomial M z,X* where for each 1E{0)} 15:2) 5; na, is complex 
{= 


conjugate of a;. It can be checked that f(x) (де R[x]. 

Lemma 4. For any non-constant polynomial f (х)є Сх], the poly- 
nomial g(x)=f Œ) Ј)Є R[x] has a root in © if and only if f(x) has 4 
root in C. 

Proof : Let c€ C be a root of f(x) then f(c) 0 implies that g(c)=9- 
Hence c is a root of g(x). 

Conversely let cec be a root of g(x). Then g(c)=0=f(c) с) =0: 
In case f(c)=0, nothing remains to be proved. In case f(c)=0, let 


1 


5 4 then f(x)= S aa Now f rz aici 0 
fe 2 EE d uli Sed 


x 0161—02 С is а Toot of f(x). Аз ёЄС we get that f(x) has а 
z% 


i 
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Now we 
T Theoren rj Ped for the famous theorem. 
Es . amen 
prec | er 
constant агне D 4 it is sufficient to prove that any no 
Жы бен du eel has at least one root in C. Let ft) E RD 
mENU{0}. We e can write d —2" q for some odd integ l 
For m=0, f( e shall apply induction on т d 
Toot in R di iy is of odd degree. Hencei 
pe let m> pee As RCG, we get. the result. 
a] of degree 27; 5 the theorem Бе true for all polynomials in 
onsider f(x) M r €NU(0), r<m and s, an odd integer. 
à К be the splitting field of f (x) over R and let 


t hasat least one 


Xy x, 
penny X, b 
а be all the roots of f(x). Then f(x) í (хх). Let € 
і=1 
Xp» (1<i< <). 
И dways and for 
et the n x; are equal, we 
umb S 
Чи се олен Ща xx) is equal to Ф). The 
Hence ig s of type xixixi is й. 
-d(d—1) total number of elements Ji; 
3— +d, ie, MD 
, 2 =2"-1q(d+ 1). Since di 


n add integer. 
f degree 2»-1q(d-4- 1. The 


be а 
n агы 
Clear] rary eleme 
bi. к nt of К. Put уу =: i 
Xx, yw Since each x; aon калу | 
o elements x;-4-x,--cxiX» Xi Xi 05 


(1<1</<4) is equal to 
s even integer, 


441 ; 
I$ odd 
е eo consequently q(d--1) is a 
mial SQQ. (хуг) is 0 
ns ОЁ); 5 over 
h coefficient in 
y co- 


Сое A 
R ficients of g(x J 
ax) ) are elemantary symmetric functio 
E. "s over R. Thus eae 
pent Consequent! 
y symmetric func- 


hd 
н тди polynomial in x: 
etric polynomial of x/s over R- 


f elementar. 
y Х;ХуХК» 


Sin хуу, 
a fc)e REI Xa be the eleme 
SO. rahe all the o;'s ER. Consequently st 
ence eios is a complex number say Ze fof X 
xist integers (с), HEC 2,..., d) such that 


We 
‘Bite know th z,—Xig ш СНО , - ied, is 
at the set of ordered pairs (i, D with <i jS 
ist two distinct real num- 
enienc 


be. "hil y 
т; ең А 3 
Sake c and c эз infinite set. So there exis 
е put ith i(c,)=i(c,) and sje 62 For б x4 
r=i(c,)=i(c,) and ioe” МАЙ E 


ч 
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GXX,€ C and = 25X7- Xs HCX, X EC. This gives that (с,—с„)х,х, 
EDS. EG as ¢;—¢c.A0ERCC., This in turn yields that x,+-x, 
=z, ate X, ЄС. Hence both x,--r, and Х%,Є С. But x, x, are 
1 Xs à; 

the roots of polynomial X Qo EX)x--xx€ [x]. By Lemma 3 its 
Toots are in C. In other words x,, X,CC. Hence at least one of the 
Toots of f(x) is in C.m 

Note. Rigorous proofs of Theorem 5 were given by d' Alembert 
and Gauss for first time. That is Why, this theorem is also known as 
d' Alembert and Gauss, Theorem. 


4. TRANSCENDENCE OFe 


In this part we prove that eis а transcendenta] number, that is, e 
does not satisfy any non-zero polynomial in Z[x]. 

Firstly we prove a Lemma. 

Lemma 1. Let hi) 80) where SE 2[х]. Then hUX0), the 
J" derivative of h(x) evaluated atx= 
Moreover, with the possible exception 
hUX0) are divisible by n+], Jf 
divisible by n4-1. : 

Proof: Let с; be 


OQ) = 


0 is an integer for j=0, 1, 2,...... 
1 Of the case j=n, the integers 
divides g(x) then hX0) is also 


the coefficient of xi in x"g(x). Note that 


1 è 
ur Ї©(Л!)]. As 80)€Z[], Ez. Clearly there is no term 
хі in h(x) for jn. So W100) =O j— 1, v 
A(x) (by definition), SO we have j 
divisible by n--1 for all j—0, m 


and so, AU(0) is an integer, 


э "—1. For j—0, ho(x)= 
‘"0)=0. Hence AOXOVEZ and qs 
тэ 7—l. If J2n then n! divides ! 


In case jn, — jj p), (n 1) E 
оп] 2]. j! Ч 
(HI) divides = э (тур, 


900). Hence the first part of the 
Lemma follows. 

For j=n}hM(0)=¢,, If x divides g(x) then £(x)—xq(x) for some 
or, 16 anoitar ху 
peach toh mC) Me 

Тїїёогетї 2. èis a transcendental number. 

Proof: (Niven). ' Let ametan emy А, -++a,e-+a,=0 ...(A) 
for a/s€ Z with at least one of /S, a non-zero integer, We can 
assume, without loss of generality, that WF. 

i 1 2-392 0)" (x. 5, i 4 f 

Put Д e Ae G =)? where р is an odd prime 


to be specified later. 


7 
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Let F(x) SOAS ALON) 4-...... fitr) 
For 0<х<т, we have 
Pl mr); LN P. mrri- 
S ow [°F (x) ета (x) —e F(x) =e F(X) – ЕО) 
=e Lf’ (x) AS ?(x)--... frt (3)—f (x) 
—f'(x) —f (x) —... fmt) 
Зо d ter] езуд). 
"i m»*(x)—0] 
[As f(x) is of degree mp--p— 1, f "?**(x)—0]. 


(2) 


Again 
2; f ео) а —eF() Ji zl ендо] 
No 
—a;F(0)—aje-iF( j ). 6) 
Multiply (3) by е and sum over j=0, 1, 2, ...... Ut 
m m 
Then ae |’ e-f(x)dx = F(0) ajei— bi ajF(J) 
= |. 25 i=0 
Sa aF), by (4) 
j-0 Р 
т тр+р- 
-— y a Sue 
j-0 ot й 
"s ^ a, f ^U) (4) 
L i=0 


j-0 S ferm, 
"ih PPly Lemma 1 in succession to f(x), /(х-Е1), feum be 
у h replaced by f and n replaced by p—1 in each puris of (4). 
Aga. eger for all values of i and jin the sum oi Ч the case When 
3-5 by Lemma 1, f 9 j) is divisible by p except tor 
Si) and i=p—], 
OW coefficient of x?! in f(x) is 
(2—1)! Dy) 
Hence го-о) CDY... ! 
F (р—1л 
=(—1)(—2)?.....(— m. 
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Thus if we eise pom, then f'^-9"(0) is not divisible by р. 
Further if p is chosen to be greater than |а, | then right side га 
(4) consists of a sum of multiples of p with one exception, namely 
—ay f 7X0). Therefore the sum on the right side of (4) is a non- 
Zero integer. 

But the left side of (4) satisfies the inequality 


Im m 


> а;еї f S(xje*dx <> 
0 гч 
zi | = mP+p—1 
[> | а; | je Ter 
m 
45 |a; | Jen 


m 


m+-1\p—1 

< > | a; І parus ) 

Le (р—1)! 
j-0 


a;e Í e^? f(x)dx 


<l 
as p can be chosen as large as we like, 
This is a contradiction.m 
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